























~_ 





ACL 


a 


+ : ADI} i : 
PRESS os aes om on | 
; ‘Ty $ 





cy 
A 
re 
é 
{ 
4 
+e 
be * 
i 
. 








THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 


Votume 115 
Second Series 
Jury 1-Serremper 15, 1959 


Published for the 


AMERICAN PHYSICAL SOCIETY 
by the 


AMERICAN INSTITUTE OF PuysIcs 
Incorporated 





THE 


PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. N. Nichols in 1893. 


Published by the American Institute of Physics 
for the 


AMERICAN PHYSICAL SOCIETY 


Officers 


President 


G. E. UHLENBECK 
University of Michigan 
Ann Arbor, Michigan 


Vice-President 


V. F. WetsskKopr 
Massachusetts Institute of Tech- 
nology, 
Cambridge 39, Massachusetts 


Secretary 


K. K. Darrow 
Bell Telephone Laboratories 
(retired) 
Office: 
Columbia University 
New York 27, New York 


Treasurer 


S. L. Qurmsy 
Columbia University 
New York 27, New York 


Local Secretary 
for the Pacific Coast 


WiiiiaM A. NIERENBERG 
University of California 
Berkeley, California 


Managing Editor 


S. A. Goupsmit 
Brookhaven National Laboratory 
Upton, Long Island, New York 








BOARD OF EDITORS 


Editors: S. A. GoupsMiIT AND S. PASTERNACK 


Associate Editors 

1958-1960 
P. G. BERGMANN 
Metvin Lax 
F. E. Low 
Maria GOEPPERT-MAYER 
A. H. SNELL 
J. W. Stout, Jr. 


1959-1961 
SANBORN C. Brown 
Keith A. BRUECKNER 
FRANK HERMAN 
GeorGeE E. PAKE 
James L, Tuck 
GrorceE H. VINEYARD 


1957-1959 
L. L. Fotpy 
KENNETH GREISEN 
THOMAS LAURITSEN 
H. W. Lewis 
C. P. SLICHTER 
C. N. YANG 


Manuscripts for publication should be submitted to S. A. Goupsmit, 
Editor, The Physical Review, Brookhaven National Laboratory, Upton, New 
York. The authors’ institutions are requested to pay a publication charge of 
$30 per page which, if honored, entitles them to 100 free reprints. An addi- 
tional $8 will be requested for prepublication of the abstract in Physical 
Review Letters. Instructions will be sent with galley proofs. 

Proof and all correspondence concerning papers in the process of publica- 
tion should be addressed to the Publication Manager, American Institute of 
Physics, 335 East 45 Street, New York 17, New York. 


Subscription Price 
U.S. and 
Canada 


Elsewhere 
The Physical Review 
To members of the American Physical Society. . 
To nonmembers 
Bulletin of the American Physical Society 


(Series IT) 


$10.00 $12.00 


43.00 


6.00 


Back Numbers’ 

Yearly back number rate when complete year is available: 

Prior to 1929, and 1942 to 1946, inclusive: $30.00 

1929 and thereafter except 1942 to 1946, inclusive: $45.00 
Single copies: $3.00 each. 
General index, 1893-1920: $4.00. 

1921-1950: Paper binding, $10( Members) ; $14( Nonmembers) 

Cloth binding, $12( Members) ; $16( Nonmembers) 


Subscriptions, renewals, and orders for back numbers should be ad- 
dressed to the American Institute of Physics, 335 East 45 Street, New York 
17, New York. 

Changes of address in the case of members of the American Physical So- 
ciety should be addressed to the Treasurer; in the case of other subscribers 
to the American Institute of Physics. 


1 For Series 1 (Vols. 1-15, 1893-1902) inquire of Physics Department, Cornell University, 
Ithaca, New York. 





The Physical Review is published semi-monthly at Prince and Lemon Streets, Lancaster, Pennsylvania. 


Second-class postage paid at Lancaster, Pa. 





THE 
PHYSICAL REVIEW 


CA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





SeEconD Seriks, Vor. 115, No. 1 


JULY 1, 1959 





Remark on Recurrence Times 


M. Kac 
Department of Mathematics, Cornell University, Ithaca, New York 


(Received February 13, 1959) 


A simple derivation is given of the mean recurrence time of a linear chain of harmonically bound particles. 
The derivation is based on a formula of Smoluchowski. 


N a recent paper Hemmer, Maximon, and Wergeland! 
derived a formula for the mean recurrence time of 

a linear chain of harmonically bound particles. 4 
It should be pointed out that their result follows 
almost immediately from a formula of Smoluchowski,’ 
though the answers are slightly different due to a slight 
difference in the definitions of the mean recurrence time. 
If observations are taken at times 0, 7, 27, ---, 
Smoluchowski’s formula for the mean recurrence time 


6 is 
Beiigasa ss 
u(A)—p,(A,A) 


where y(A) is the (invariant) measure of the region of 
phase space (assumed to be of total measure 1), from 
which the system starts and u,(A,A) the measure of 
those points of A which are also in A at time 7. 

Fcr the system considered by Hemmer, Maximon, 
and Wergeland, the phase space can be taken to be the 
(N—1)-dimensional torus 0< ¢;<2r (j=1, 2, -::, 
N-—1), while A is an angular interval {A¢,,---,Agn-_1}. 
Thus 


N-1 Ag; 


u(A)= II as, 


j=l 29 


1Hemmer, Maximon, and Wergeland, Phys. Rev. 111, 689 
(1958). 

2 For an exposition of the work of Smoluchowski see, e.g., M. 
Kac, Bull. Am. Math. Soc. 53, 1002 (1947). A more complete 
discussion will be found in M. Kac, Probability and Related Topics 
in ning Sciences (Interscience Publishers, Inc., New York), 
Chap. 3. 


1 


Now, u(A)—u,-(A,A) is the measure of those points 
(¢1,°*+*,¢n—1) in the angular interval {A¢,,---,Agn_1} 
for which (¢gi+17, ---, ¢v-1+ww_iT) is outside that 
angular interval. In other words, the set of those points 
(¢1,-**,¢n-1) in the angular interval for which either 
¢itwy7 is not in Ag, or ¢;+wer is not in Age or «++ or 
gn-1t+wy-it is not in Agy_. 

Using the familiar “exclusion-inclusion” principle, 
we see at once that to first order in + 


N-1 w 


p(A)—n,(A,A)=7 TT —. 
j=l Ag; 


Thus in the limit 7 — 0 we get 


N-1Ag;\N-1/ 20 N-1 Wj; 
o-(1- 1) (=) /E —, 
i=l 2m / i=l \Ag; i=! Ag; 
which except for the first factor is identical with 
formula (17) of Hemmer, Maximon, and Wergeland. 
Had we adapted the definition of Hemmer, Maximon, 
and Wergeland with an appropriate modification to 
cover the case of intermittent observations, we would 


be led to the formula 
” 


Pen peewerenterreceoemy, 
u(A)—p(A,A) 


which, in the limit s— 0, would yield formula (17) 
referred to above. 


Copyright © 1959 by the American Physical Society. 
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New Approach to the Theory of Superexchange Interactions 


P. W. ANDERSON 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received February 4, 1959) 


The theory of indirect exchange in poor conductors is examined from a new viewpoint in which the d (or f) 
shell electrons are placed in wave functions assumed to be exact solutions of the problem of a single d-electron 
in the presence of the full diamagnetic lattice. Inclusion of d-electron interactions leads to three spin- 
dependent effects which, in the usual order of their sizes, we call: superexchange per se, which is always 
antiferromagnetic; direct exchange, always ferromagnetic; and an indirect polarization effect analogous to 
nuclear indirect exchange. Superexchange itself is shown to be closely related to the poor conductivity, in 
agreement with experiment. By means of crystal field theory the parameters determining superexchange can 
be estimated, and in favorable cases (NiO, LaFeO;) the exchange integrals can be evaluated with accuracy of 
several tens of percent. Qualitative understanding of the whole picture of exchange in iron group oxides and 


fluorides follows from these ideas. 





I. INTRODUCTION 


N spite of a considerable literature, a qualitative 
understanding of the superexchange phenomenon 
has been lacking. Superexchange may be defined as the 
exchange mechanism taking place in transition-metal 
salts in which the ions are fairly well separated by 
normally diamagnetic groups, and in which conduction 
is poor at all normal temperatures.!* The experimental 
fact which is most striking is that in almost every known 
case this interaction is antiferromagnetic; very few in- 
sulators are true ferromagnets.’ (Ferrimagnetism of 
course results from antiferromagnetic interactions.) This 
generalization suggests that there may be a distinct, 
reasonably universal mechanism for superexchange, and 
perhaps even that it is related to the Mott mechanism‘ 
which prevents conduction. 

Aside from not convincingly explaining this experi- 
mental point, the theories which have been advanced 
have all suffered from one major difficulty: although it 
is obvious that a perturbation technique is correct, since 
the exchange effect is small compared to most energies 
of the problem, the perturbation problem is very diffi- 
cult to define satisfactorily. Usually electron interaction 
problems are solved by starting from some suitable set 
of single-electron states satisfying an assumed one- 
electron Hamiltonian, and introducing the interaction 
as a perturbation; but the appropriate one-electron 
states here should have the symmetry of the problem, 
ie., be running waves, while clearly the outstanding 
feature of this problem is that the electrons are localized, 
and actually the localization is caused by their inter- 
actions.‘ In addition, another large effect is the overlap 
of d-electrons onto neighboring diamagnetic groups, 
which is neither small nor easy to take into account, 
especially because of the problem of orthogonalization. 
As a result of these difficulties, it is not even clear 
whether the apparently very different schemes which 
have been proposed are actually distinct, or what their 

1H. A. Kramers, Physica 1, 182 (1934). 

* P. W. Anderson, Phys. Rev. 79, 350 (1950). 


*R. R. Heikes, Phys. Rev. 99, 1232 (1955). 
*N. F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949). 


relationship is.’ We shall suggest here that many of 
them are roughly correct in that they represent various 
ways of looking at parts, larger or smaller, of the same 
physical mechanism. 

The subject divides itself naturally into two parts. 
First we have to write down the rather abstract, general 
theory of d-electron spins and their interactions. The 
first and most important part of this job is to under- 
stand the concept of a single d-electron in the presence 
of the diamagnetic lattice. Such an electron is actually a 
quasi-particle like the polaron, because it carries with it 
a cloud of associated electronic polarization. In particu- 
lar, it will have an associated spin polarization.* The 
two most important properties of these particles are 
their kinetic energy, or desire to delocalize themselves, 
and their repulsion when they are too near each other. 
Whenever this repulsion predominates and prevents 
metallic conduction and the formation of bands, we 
show that the opposite tendency to delocalize causes a 
necessarily antiferromagnetic interaction which we 
identify as superexchange. 

The physical basis for this is simply that antiparallel 
electrons can gain energy by spreading into non- 
orthogonal overlapping orbitals, where parallel electrons 
cannot. This term is the first in a series of types of 
interactions, of which we discuss the first few, including 
all suggestions so far made. Quantitative estimates 
verify that superexchange dominates when it is present. 

The superexchange interaction may be expressed 
simply in terms of parameters related to other properties 
of the crystal. In the second part of the paper we choose 
to estimate the most important from ligand field theory’ 
(which may be thought of as the theory of the isolated 
quasi-spin). We find that we can make at least a semi- 
quantitative comparison with experiment for oxide and 


5 A number of these are discussed in J. Yamashita and J. Kanda, 
Phys. Rev. 109, 730 (1958) ; also see R. K. Nesbet, Ann. Phys. 4, 
87 (1958). 

® It will occasionally be convenient to have a name for these 
particles. We call them “quasi-spins” or “spin quasi-particles.” 

7 For a review see J. S. Griffith and L. E. Orgel, Quart. Revs. 
(London) 11, 381 (1957). 
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fluoride antiferromagnets, and explain most of the quali- 
tative regularities in the data. 


II, ISOLATED SPIN QUASI-PARTICLE 


As was remarked in the introduction, the only satis- 
factory single-electron wave functions in a solid-state 
problem are running waves, and we indeed start the 
discussion with a single running-wave d-electron isolated 
in the diamagnetic crystal. We must imagine that the 
nuclear charges are adjusted in such a way that the d- 
electron sees a potential not far from what it sees in the 
real crystal; this is not difficult. 

This d-electron in the real crystal is not very accu- 
rately simply a superposition of atomic d-electron func- 
tions, for three reasons in order of numerical im- 
portance: 


(1) It must be orthogonalized to all of the wave 
functions of the electrons already present. In particular, 
the O— or F~ electrons will have formed partially 
covalent bonds with d-orbitals on the ions, according to 
the Van Vleck “molecular orbital” scheme as adapted 
by Stevens and Owen,*’ so that the wave function has 
an antibonding admixture of anion functions, Since the 
quasi-spin is assumed to be in principle an exact solution 
of the one-electron problem plus the diamagnetic crystal, 
there is no need to confuse ourselves with any additional 
one-electron transfer effects,’ as opposed to the true 
polarization effects we discuss shortly. 

It should be emphasized that the main virtue of the 
concept is this negative result, that it contains from the 
start all one-electron effects. 

We shall soon show that the most important part of 
the exchange results simply from these altered one- 
electron functions; what the spin quasi-particle concept 
does is to isolate these one-electron effects from polariza- 
tion effects, making it possible to estimate them sepa- 
rately and show the latter are usually small. 

(2) The electron, being a charged particle, is sur- 
rounded by an accompanying cloud of electronic dielec- 
tric polarization. Note that we must not take into 
account lattice polarization because most of the motions 
of our particles will be virtual ones with such large 
perturbation denominators that the motions are too 
rapid for the nuclei to follow. This electronic dielectric 
polarization is unimportant except for its numerical 
effect in reducing somewhat the Coulomb interactions of 
the particles, because it is not spin-dependent ; we shall 
not therefore even write it down. 

(3) More important for spin effects is the spin-de- 
pendent polarization caused by the exchange effect. For 
running d-electrons this takes the form of virtual ex- 
citations from filled bands into empty ones, while the 
d-electron jumps to a different k-state in the d-band; 


8 J. H. Van Vleck, J. Chem. Phys. 3, 807 (1935). 

°K. W. H. Stevens, Proc. Roy. Soc. (London) A219, 542 
(1953); J. Owen, Proc. Roy. Soc. (London) A227, 183 (1954). 

© P, W, Anderson and H, Hasegawa, Phys, Rev, 100, 675 (1955), 
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parallel electrons in the full bands go to parallel states, 
while antiparallel ones exchange spins with the d-elec- 
trons. The full expression, in perturbation theory, of 
this effect is explored in the Appendix. 

In second-quantized notation," we can call the many- 
electron wave function of the diamagnetic lattice Vo, 
and define a fermion creation operator s,,* such that the 
many electron wave function of a single quasi-particle of 
momentum k and spin g is 


W(K,o) = 5yo*Wo. (1) 


The s’s are a set of properly anticommuting fermion 
operators. We should also note that really there are 5 
bands of s’s, which may be of complicated degenerate 
forms, especially in cubic crystals. An s might be ex- 
pressed in terms of a series of the true one-electron 


operators ¢ as (see the Appendix) 


Suo* Cue + x 3 ¥xo(4,e,f) 


k’,q,0’ e,f 
d* er * 
XCktqyo’ Cx’ ,o’ Ce’—q,o" 


+ordinary polarization+---. (2) 


Here the c*’s are the creation operators for a complete 
orthonormal set of one-electron wave functions, which 
are chosen to be in some sense the best possible such set 
(presumably obtained by a Hartree-Fock method). One 
might define such a set precisely by the criterion that in 
(2) only one one-electron term should appear. Here a c* 
refers to a one-electron d-band function, a c* to a func- 
tion for a nominally empty band in the diamagnet, and 
a c/ to a nominally full band. In terms of this complete 
set the electron field operator u,(r) may be written 


holt) = DAD Cue! oul (1) +Cxe yx 4(r) 
+2 Cuo’¢u*(r)}, (3) 


1 P, Jordan and E. Wigner, Z. Physik 47, 631 (1928); for a 
clearer treatment and applications to such problems as the present 
one see W. Heisenberg, Ann. Physik 10, 888 (1931); V. Fock, 
Z. Physik 75, 622 (1932). A brief review for those somewhat 
unfamiliar: cx* is an operator which is thought of as creating a 
single electron in the one-electron orbital y, (7), while its Hermitian 
conjugate cy destroys this electron. The operator ny=Ccy*c,. 
counts the electrons in state & in the sense that a state with exactly 
n electrons in k diagonalizes it with eigenvalue m. The Pauli 
principle and Fermi statistics are insured by the anticommutation 
relations, 

Ca Ca +CKCe* =SK’, 
CuCk’ +CK'Ce =0, 


the k=k’ relation limiting m to 0 or 1 and the rest enforcing 
antisymmetry. The assumption we make is that the “clothed,” 
physical quasi-particle operators like the sx*, which create and 
destroy the electron together with its accompanying polarization, 
also exist and obey the same relations. This rage genes is, though 
unproved except in perturbation theory, basic both to usual solid- 
state theory and quantum field theory. The field operator u*(r) 
introduced in (3) creates an electron at point 7 rather than in state 
k; clearly the relationship is the linear transformation (3). Even 
this much knowledge of second quantization will not be necessary 
to understand the physical ideas in this paper. 





4 PW: 


where the g(r) are the complete orthornormal! set of 
space functions. The second term in (2) is the spin- 
polarization accompanying the d-electron, and as we 
indicated the true quasi-particle operator contains also 
polarization terms (which look like spin-polarization but 
the operator combination is c,-**c,:/c,") and also higher 
many-electron terms. 

The most important property of the s’s defined in (2) 
as single quasi-particles is their kinetic energy 


Ex=% e(k)sxe* Sk; (4) 


k,o 


again we understand that the sum really contains five 
bands. 

If «(k) were a constant, an equally satisfactory set of 
one-electron starting functions would be the localized 
Wannier functions formed from the s’s, 


s*(R,o)=N-? > e*k-Bs, ,*. (5) 
k 


Even when the variation of « with k is simply small 
relative to other energies in the problem—as it will turn 
out to be—the localized function represents a good 
starting point, and the variation of « may often be 
treated as a perturbation. This variation is small be- 
cause it does not come from the direct transfer of an 
electron from the diamagnetic ion to the paramagnetic 
one, but from the higher order effect, transfer all the 
way from cation to cation. Here we see one of the 
advantages of the quasi-spin concept: in starting with 
these localized functions we have already included all 
the interactions of the d-electrons with the diamagnetic 
ions, which may be large; we use as a perturbation only 
the overlap from one metal ion to another, which is 
much smaller. 

A second useful feature of the localized spin quasi- 
particles is that, neglecting e(k) in the large energy 
denominators involved in the many-electron parts, the 
expressions for such things as the spin-polarization 
greatly simplify, as is shown in the Appendix, and take 
on the form one expects for truly localized functions. 
This form is almost identical with the corresponding 
spin-polarization around a nucleus which causes nuclear 
indirect exchange.” 

To get a full set of five localized functions the sums in 
(5) must actually be confined to any appropriate set of 
five bands in turn. The resulting five localized functions 
form a reducible representation of the ion’s point group 
and so, in for example the cubic case, can be recombined 
to form the usual irreducible sets: ¢, of symmetry like 
(xy,yz,ex) and e,(y’—2?, 22?—2*—~y*). We shall intro- 
duce a new index m and call this set of localized quasi- 
particle operators s,(R,o). Explicitly, we can write the 
running-wave quasi-spin in the jth branch of the d-band 

2N. F. Ramsey, Phys. Rev. 91, 303 (1953); M. A. Ruderman 
and C. Kittel, Phys. Rev. 96, 99 (1954) ; N. Bloembergen and T. J. 
Rowland, Phys. Rev. 97, 1679 (1955). 
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in terms of the s, as 
Sx,e7 = N-3 » anj z e~ tk Rs. *(Roo), 
n R 
and this, inserted in the kinetic energy expression (4), 
gives the energy in terms of localized functions 
Ex= > €enSn*(R,o)s2(R,o) 


n,o,R 
+ & 


n,n’, RAR’,o 


br_r’””’Sn*(R,o)Sn/(R’,) (6) 


(by group theory the first term must clearly be diago- 
nalized by the symmetric functions s,). 

The e,, are the energies in the crystal field, which may 
be somewhat larger than the constants b which play the 
part of one-electron “transfer integrals” for the localized 
functions. In principle both can be obtained by Fourier 
transformation from the a,,’s and the e(k), but in actual 
practice one will compute or measure them from prop- 
erties of the localized functions. We shall regard the 
e.’s and the b’s, the latter of which are in practice ap- 
preciable only for near neighbors, as fundamental con- 
stants of the theory. The only purpose then of this whole 
excursion has been to make the following observation: 
that the s,*(R,o)Wo are a set of many-electron functions 
representing spins localized on cations, for which the only 
off-diagonal matrix elements of the full Hamiltonian are 
the transfer integrals br_r’. Thus, aside from these 
transfer integrals, all the further properties of the spins 
must follow from true many-electron interaction effects. 
(We shall find that the 6’s are of the order of half an 
electron volt.) 


III. INTERACTIONS OF QUASI-PARTICLES 


Having set up the picture of individual quasi-spins, 
we shall now write down their interactions in the order 
of their numerical importance. The first few are simply 
the various electrostatic interactions of the purely one- 
electron parts, which may be written, down by starting 
with the electrostatic energy 


v=1f dr fdr! & weM(e)¥e%(0) 
e 
x- -he(r)te(r’), (7) 


|r—r’ 
and expanding ,(r) in terms of the localized functions 
analogously to (3), 


v.(r)= > $n(R,o) f,(4—- R) +> other bands, (8) 
R 


n 


fn(r) being the one-electron Wannier function as nor- 
mally understood. Actually, (8) is just the first terms of 
a series which is to be understood as the inverse of (2), 
an expansion of tf (or the c’s) in powers of the many- 
electron operators s, Higher many-electron terms in the 
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energy, however, are more easily written down by direct 
perturbation theory than by writing the w’s in (7) and 
(8) in terms of many-electron functions. 

Inserting (8) into (7), we get as the largest term the 
Coulomb repulsion of the electrons when they are on the 
same ion: 


Urep=} pe 


R,n,n’,¢,0’ 


Unn'Sn'*(R,o’) 
Xsn*(Ryo)sn(Ryo)sa(Ro’), (9) 


where 


se f dr f de'| falt)|2| far(e) [22 [4-2 |". (10) 


The coefficients U,, are of the order of 15 electron volts 
for free-ion functions, but are reduced in the solid by 
dielectric polarization. To a rough approximation the 
U’s do not depend on m and n’. What dependence there 
is, is given by the so-called Slater integrals, and will be 
discussed shortly. For the present U,,,=U. The effect 
of the large magnitude of Up is that where possible the 
electrons remain equally shared among the ions. It costs 
an energy 

mU —(m—1)U=U, (11) 
to take an electron from an ion with the correct number, 
m, of electrons (and thus m—1 repulsive interactions 
with the given one) to one with m+1 electrons and 
thus m repulsive interactions. This in fact is how we 
estimate U. 

Because Un» is so much bigger than the transfer 
integrals bg_p’, the zeroth approximation we use should 
diagonalize the energy U;., rather than Ex: that is, 
should occupy the localized wave functions s(R) with 
individual electrons rather than the running-wave func- 
tions sy. The lowest states will be those with some exact 
number m of quasi-spins on each ion; the perturbed 
virtual states, states with one or more electrons trans- 
ferred to other ions. These lowest states form a zeroth 
order degenerate manifold because of the various possi- 
bilities of spin o, and of orbit n.¥ 

The next interaction in order of magnitude does not 
further split this degeneracy. This is the true Coulomb 
repulsion between electrons on neighboring ions: 


> >» DY U(R—-R’)s,-*(R’,o’) 


RR’ n,n’ 


X 5n*(R,o)sn(Ryo)sn-(R’,o’), 


u(R-R)= ff | folr—R)|*1fo(e’—-R) 
Xe |r—r’|—drdr’. (13) 


3Tn the actual many-electron ions the U,,»-’s of course differ 
slightly from one , n’ to another, by the so-called Slater integrals. 
These, the €.(m), and the shortly-to-be described Hund’s rule 
internal exchange integrals give us a single-ion problem whose 
diagonalization is the main province of ligand field theory. (See 
reference 7.) The result, however, is, except for the cases of V+ (d?) 
and Co** (d’), rather simply described as an unambiguous occupa- 
tion of certain ¢ and e orbitals. We shall return to these “‘single- 
ion” complications in the experimental section. 


(12) 
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Equation (13) will obviously not depend much on and 
n’, Since in all zeroth order states the occupation is 
uniform, (12) has no effect except to reduce the cost of 
transferring an electron from R to R’. Two electrons at a 
typical ionic distance in oxides, 4 A, repel each other by 
perhaps 6 electron volts; subtracting this from the 
isolated-ion 15 electron volts, an upper limit on this cost 
is about 10 electron volts, further to be reduced by 
dielectric polarization.* (Note that the observed activa- 
tion energy for d-band conduction will be even smaller 
because of ionic polarization; this might be 2-4 electron 
volts, while the effective U,» might be 5-10 electron 


volts.) 
Next comes the true exchange interaction within the 
individual cations. This is the Coulomb repulsion of the 


overlap charge: 
) J nnSn'*(R,o’) 


X5n*(R,o)sa(R,o)sn(R,o’), (14) 


where 


Inu far f de fo) ful) 


Xfar*(r) fale e|r—r' | (15) 


is the usual exchange integral. Note that if we confine 
ourselves to a subspace in which 


Sn¥(+)5n(+)+5n*(—)5n(—)=1, 
nn(+)+nn(—)=1 
(i.e., orbital state 2 is certainly occupied), then 
na(+)—nn(—)=25,", 
su*(+)5a(—)=Sy"=S."+iSy", 
Sn*(—)Sa(+)=S_"=S."—iS,", 


(16) 


where the capital S"’s are the spin vector associated 
with state m. Using these relationships, we arrive at the 
well-known identity between (14) anda spin interaction: 


X Tnn(F+28"-S"’). (17) 


R,n#¥n’ 


_ 1 
Vex™ =—% 


This interaction will remove the degeneracy of relative 
spin orientations within the single cations, according to 
the usual Hund’s rule reasoning (see reference 13). 

So far no terms have affected the degeneracy of rela- 
tive spin orientation of spins on neighboring ions; now 
we shall bring forth the largest terms which do. 

By far the largest, when it occurs, is a spin-dependent 
force resulting from the terms already presented. The 
mutual repulsion U,, of electrons on the same ion 
prevents the permanent occupation of ionized states, 
and thus makes the d-band substances insulators; but 


4 There will also be an additional reduction, similar to the 
reduction of 10-20% in the Slater integrals and spin-orbit coupling 
in ligand field theory, (see reference 8) caused by the reduction in 
the amplitude of the wave function on the central ion due to 
spreading to the ligands. 
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by virtually occupying, to a small extent, ionized states 
which are connected to the ground state by the transfer 
integrals 6, the system can gain a certain amount of 
energy. However, only ionized states in which the 
electron transfers to an empty state m, o can contribute; 
since the transfer integrals b carry the electron without 
change of spin, this means that the energy is gained only 
in the presence of an antiparallel neighbor, which means 
an antiferromagnetic effect. Clearly this part of our 
theory is a generalization of the “alternant orbitals” 
idea'® whereby the wave functions for opposite spins 
need not be orthogonal to each other and can spread out 
on to each other’s respective sites. What is new is that 
we have extended the idea to much more general situa- 
tions and shown that it is closely connected with the 
insulating property of the transition-metal salts. 

First we shall write this interaction down for the 
simple model of one orbital per spin which has been the 
province of most previous discussions of superex- 
change®:*; then we shall write down the more general 
expression. 

In such a simple model all the degenerate states in the 
ground-state manifold have exactly one electron per ion, 
while all the excited states with one transferred electron 
have energy U. Between any pair of ions at a distance 
R—R’ there is only one bg_p’; this must act twice to 
return the state to one of the ground manifold. Thus the 
second-order perturbation of the energy is 


9 


-s*(R,o) 


br_R’ 


AE=-— ¥ 


R,R’,¢,0’ U 


 s(R’,o)s*(R’,o’)s(R,o’). (18) 


The combination of quasi-particle operators is much 
simplified when we realize that in the ground states one 
and only one orbital per ion is occupied, so that the 
identities (16) hold. Then 


s*(R, +)s(R’, +)s*(R’, +)s(R, +) 
+s*(R, —)s(R’, —)s*(R’, —)s(R, —) 

= ${nr(+)[ne (—)+1—mp(+)] 
+np(—)[mp(+)+1—mp(—)]} 
= ${1—[ner(+)—mr(—) ][me:(+)—me(—)]} 


=4—25,(R)S,(R’). (19) 


[Note that here the constant term has opposite sign to 
that in (17). This is a real difference and may be 
observable. | Also, 


s*(R, +)s(R’, +)s*(R’, —)s(R, —) 
+s*(R, —)s(R’, —)s*(R’, +)s(R, + 
= —[S.(R)+7S,(R) J[S.(R’)—iS,(R’)] 
—(S.(R)—éS,(R) J[S.(R’)+iS,(R’)] 
= —2S,(R)S,(R’)—25,(R)S,(R’), 
16 P.O. Léwdin, Phys. Rev. 97, 1509 (1955). 


(20) 
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so that 


2 
AE=const+ >, —————Sr 
R,R’ U 


This is the antiferromagnetic exchange effect. Our esti- 
mates would put the effective exchange integral at 
1/50-1/10 electron volts, or 200 to 1000 degrees. As we 
shall see, all other effects are orders of magnitude 
smaller, so that it is not surprising that this has been the 
outstanding effect experimentally. 

The above mechanism leads to a nonvanishing result 
only when R, o’ and R’, o are occupied states; i.e., when 
the d-states from and to which transfer takes place are 
half full. This corresponds to the “both more than half 
full” case of Anderson? and in fact that reference con- 
tains, without understanding it, a clumsy but in prin- 
ciple correct calculation, as to a greater or lesser extent 
do later papers.® 

In the more complicated 5-orbital d-band, there will 
be many exchange integrals of this same kind, between 
each pair of occupied orbitals. There will in addition be 
off-diagonal exchange terms like 


br_r’”™"’ br_R”™”’ 


U 


sn*(R,c) 
X snr (R’,o) sy°*(R’,o) Sn (Ryo), 





(22) 


and more complicated types. These off-diagonal terms 
will usually connect to states which are higher than the 
ground states by crystal field energies, although in the 
anomalous cases like Cot* they can play some role. 

We shall discuss the numerical aspect of the above 
superexchange mechanism in the next part of the paper; 
now we go on to other effects. A third-order perturbation 
effect seems to be one of the major contributions when 
one of the states to which transfer takes place is com- 
pletely empty. This is the third-order effect of transfer 
together with the internal exchange effect (14). Suppose 
that state » on R is half full, state 2’ on R’ is completely 
empty (presumably because of the crystal field effects), 
and bp_p”’ is fairly large. Also suppose that there is a 
state n” which is partially occupied on atom R’. Then 
there is a third-order interaction 


[bre | nrn 


AE;= ms 


oe’ a" 6°" BR’ U2 
Xs.*(R,o’”)sq" (R’,0"”’)5y7°*(R’,0")Sn*(R’,o”” 
X5ar(Rlo”)5y(R',0")5n*(R0)sy(R,o). 


This interaction operating on a state with n’ completely 
unoccupied vanishes unless ¢’=o and unless o’””=o”, 
(that is, J operates only on the transferred electron 
n', o) and since state nm’ is empty the combination 
Sn(R’,o)s,/*(R’,o) is just unity. Inserting these two 
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facts, we get 


Jone” |Jnrn 





AE;= ya 


o,o’ U? 


$y*(R’,o) 


X 5n*(Ryo’) Sy (R’,o’)s,(Ryo). (23) 

This is then like a positive, ferromagnetic exchange 
between n, R and n’’, R’ [we could again show that this 
is equivalent to S,(R)-S,./(R’) ]. This is the “less than 
half full” interaction of previous work’; we see it is less 
by the order of J,,./U or about a factor 5-10 than the 
antiferromagnetic effect, so will only appear when that 
is absent and under conditions where 8 is large or U 
small. 

The next effect is the true direct exchange, which 
comes by taking the Coulomb repulsion of the overlap 
charge: 
Ex=}4 DL DL JIre”’s,*(R’,0’) 


R,R’,n,n’ ¢,0' 


Xs5n*(R,o)s,(R’,o)s,(Ryo’), (24) 


where 


Jnwnv'= fa far fn*(t—R) fa (1—R’) 


X far*(r’—R’) fa(r’—R)e?| r—r' |. (25) 
This is, by an obvious general theorem, always positive 
(ferromagnetic). We can understand why it is usually 
less than superexchange by an order-of-magnitude argu- 
ment. All of these interactions will be estimated by 
assuming that the overlap of neighboring quasi-particle 
wave functions really takes place entirely on the 
intervening diamagnetic ion. Suppose that the 
amount of overlap is e: i.e., 


fi=ba—e,(O—); 


Then each of the f’s in (25) must be of order € because 
this is the amplitude in the overlap region. Aside from 
this factor «4, (25) is just an atomic exchange integral 
J,, on the O-— ion, of the order of 75 ry. 

The expression bg_p’"”’ contains é and is, aside from 
that, a one-electron term value 7, or energy of inter- 
action between the O— electron and the one-electron 
potential ; as a general rule term values are ~1 ry, and 
are thus an order of magnitude bigger than exchange 
integrals. U itself is a repulsive Coulomb interaction 
between single electrons, which is usually intermediate 
in magnitude between term values and exchange 
integrals. Thus 

PUA ft PU DJ at, 


(26) 


the ratio being slightly more than an order of magni- 
tude. On the other hand, the ferromagnetic effect (23) 
is 2&U— multiplied by a factor J,,U~, and so may be 
expected to be at most only slightly larger than direct 
exchange ; both are, however, ferromagnetic so they add. 
Actually (23) is just the direct exchange with the 
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transferred part of the wave function, so (23) and (24) 
are two halves of the same effect, direct exchange with 
the “alternant orbital,” nonorthogonally overlapping, 
function. 

We use, here and later, the fact that true ferromag- 
netic exchange integrals are always small. This is be- 
cause they are the self-energy of an overlap charge 
which, because of orthogonality, must be as often posi- 
tive as negative, and almost always has a node where 
the wave function itself is largest. 

The last effect we take up here is the third in this 
group of interactions which are only an order or so 
smaller than true superexchange. Undoubtedly many 
higher-order interaction effects exist, coupling groups of 
three spins, etc.; but these will be clearly smaller than 
the smallest of the effects we consider. This third effect 
is essentially exchange between one spin and the spin 
polarization of its neighbor, and is the complete analog 
of the Ramsey-Kittel-Ruderman-Bloembergen" mech- 
anism of indirect exchange interaction between nuclear 
spins. So far our interactions have really been electron- 
pair effects depending on the direct action of the ex- 
clusion principle : superexchange because the antiparallel 
spins can transfer over on to each other’s ions, while the 
other two are direct exchange, in the first case of the 
transferred ‘“‘superexchange” charge, in the second of the 
actual overlap of the wave functions (clearly effects of 
closely the same order of magnitude). In all three cases 
the sign is unequivocal. 

The true indirect exchange interaction is probably 
best written down directly as an energy perturbation, 
starting from the one-electron approximation. In the 
Appendix we show that, in the approximation that the 
quasi-spins are fairly well localized, the effect of the 
part of the exchange which causes spin-polarization on a 
localized spin is 


Vc,7 (Ryo) = pm 


ae tO 


J ,.(e,f; ,k’) exp(ix- R) 
Ken@ (Ryo )ew or Acw ele (27) 


where 


J dtd: wk’)= fardr eir—r' | 


XK fn* (2) fn(r) oul (2) oer a*e(4). (28) 


The second-order perturbation comes from applying 
(27) twice, the second time returning e, k+« and f, k’ 
to their proper places (thus maintaining the identity of 
o and o’). The result is 


p it Cn 2*(R’ 0’) en 4(R’ 0) cn * (Ryo) 


n,R,n’,R’,c,0’ 


Xcn4(Rio’) > exp[i(k—k’)-(R—R’)] 
k,k’,e,f 


= 
k.= 


|Jalefs k—K’; k’) 2 
x nn ‘ 
€.(k) — e/(k’) 





(29) 
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The sum over k and k’ in (29) is rather hard to estimate, 
but we can get a rough idea of it in the following way. 
Except for the rather small variation of J with k and k’, 
the sum will vanish unless both ¢,(k) and e,(k) are 
functions of k. This reflects the fact that both the 
electron and the hole must actually travel from R to R’ 
in order to recombine there. Thus, taking into account 
that the electron and hole are probably in fairly deep, 
narrow bands, we expand 


e(k)=E,+> exp(tk-2)6,+---, 
d 


(30) 
eg(k)=Es+> exp(ik-2)6)’+ Ads 


and expanding the denominator in (29) under the as- 
sumption that 8, and 8,’ are small, we get 


J n(ef) |? Bre Bre’ 
(E,—E;)? 





Low 


E.-E; 


where J,,(e/) is an exchange integral with the Wannier 
functions of bands e and f/: 


r fs*(r’)fnr(r’). (31) 


€ 
BP = f arir f,*(r) f.(r)— 
r—r 
fy we know, since the only core bands which could 
propagate effectively are the s and p bands on the 
anions. f, is probably some combination involving s or 
p functions on the cation; so J, will be of order e (for 
the overlap with f,) times an atomic exchange integral. 
The number f, is probably not too small, ~}(E.— Ey), 
since the e band may be fairly wide; but 8,’ may well be 
as little as 1/10 to 1/100 of E.— Ey, which is of the 
order 20 electron volts or so. An estimate is 6)/(E,—E,) 
~e. Thus we get a result 


OS 
i( es ). 
E,- Ey 
or slightly smaller than direct exchange. Note, however, 
that this definitely falls off more slowly with € so that 
very distant ions or very inner shells will tend to retain 
this mechanism rather than true superexchange. 

It is not clear what the sign of this mechanism will be. 
Physically, we expect the spin-polarization to draw 
parallel electrons toward the d shell (being the result of 
true exchange), so to tend to take the parallel electrons 
from sp shells of the anions and put them in higher 
shells of the cation. This leaves antiparallel spin- 
polarization near the neighbor cation so we expect an 
antiferromagnetic sign. Note also that the nuclear mag- 
netic resonance shift at the anion will be diamagnetic. 
Such shifts are indeed observed in Gd(H.O),*** and in 
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CrF;,!* but two orders of magnitude weaker than the 
usual paramagnetic shift in the iron group, just as we 
would expect from our estimates. On the other hand, the 
coefficient in (29) depends in a complicated way on 
relative phases of wave functions, etc., and actually has 
been shown to be ferromagnetic in some metal and 
semiconductor cases." Thus we do not feel that the sign 
is at all predictable without a more detailed discussion 
and a clear knowledge of the states e and f. 

This is the last interaction we shall discuss. There are 
obviously many higher terms, but they will all be 
smaller by one or more orders of magnitude ; while there 
will be essentially no cases in which all four of these 
interactions are particularly small. That is, superex- 
change dominates in fairly concentrated or fairly 
covalent cases except when transfer occurs into empty 
shells, in which case direct exchange dominates. Dilute 
or noncovalent cases will always be dominated by the 
lowest order indirect exchange."” 


IV. BRIEF DISCUSSION OF THE COMPARISON 
WITH EXPERIMENT 


The two parameters which enter the superexchange 
energy are the repulsive energy U and the transfer 
integral 6b. One could get at U either by knowing the 
observed activation energy for conduction in the d-band, 
and adding to that the ionic polarization energy ; or by 
starting from U’ for a free ion and subtracting the 
nearest-neighbor repulsion and other corrections. Both 
of the quantities in the first method are hard to esti- 
mate, and in particular experimental values of the 
d-band energy are few and questionable. As a guess by 
the first method, the activation energy is 2-3 electron 
volts, and the ionic polarization energy'® 


e e 

2(——_-- 

oo a 
where K is the dielectric constant, and where ro is an 
effective radius of the ion itself (say of order 1-1.5 A). 
Taking a value of Kot of 5, this is about 3-4 electron 
volts, giving an estimate of 6 electron volts, with no 

particular variation trom cation to cation. 

More reliable perhaps, especially for comparisons, is 
to take the values of U for free ions from tables,!* reduce 


by a 4-ev nearest-neighbor correction and by perhaps 
4 ev for electronic polarization, take off another 10% 


6 R. G. Shulman (to be published) ; Knox, Shulman, and Waite 
(to be published). 

” This clear separation suggests a nomenclature which we adopt 
here and suggest for the future: namely, the “alternant orbital” 
mechanism =superexchange, the next two=direct exchange, and 
the perturbation term=indirect exchange (since it is the term 
analogous to nuclear spin indirect exchange). 

18 Rittner, Hutner, and Dupre, J. Chem. Phys. 17, 198, 204 
(1949) discuss the polarization energy in detail, but more exact 
values than the above “cavity” estimate hardly seem justified. 

#9 Charlotte E. Moore, Atomic Energy Levels, National Bureau 
of Standards, Circular No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1949 and 1952). 
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TABLE I. U-value estimates, in electron volts. 
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TABLE II. Transfer integrals. 








Third Second 
ionization ionization 
potential potential Free-ionU Corrections U 


33.7 13.8 19.9 

30.6 16.0 14.6 

33.5 17.0 16.4 

35.2 18.2 17.0 

36.8 20.3 16.5 
~53.5 30.6 





Mntt 
Fet*+ 
Cott 
Nitt+ 
Cu** 
Fet++ 








Direction 
to second b 


(5/2)Dg 
0 


(5/2v3) Dg 
(5/v3)Dq 
(5/6) Dg 
(5/3)Dq 
(10/3) Dq 


Orbit on 
first atom 


Direction 


to first Orbit on second 





€x7_y? , €z*_y? x,y 
ez3_y? 3 €z*_y?, e,? z, 4, 3 
ez*_y? é,? x,y 
ez*_y? 4 e,? Zz 
é,? x,y é2? x,y 
e,? x,%9 e,? 

e,? e;? 








for the covalency correction, and arrive at the values in 
Table I. Fet*+ is only roughly estimated; also a 20% 
covalency correction for this is used. It is striking that 
only Mn++ and Fe*** show any appreciable variation 
from constancy; a value of 6 ev, with perhaps 9-10 for 
the half-filled shells, would make good sense. There is no 
reason to expect the identity of the anion to change 
these numbers much. 

We may guess that the numbers in Table I are not in 
error by much more than one electron volt, i.e., ~ +20%. 
This accuracy comes from the fact that between the 
experimental value of around 2-3 ev,” and the ionic 
value (less 6 ev for the proximity correction and 10% 
for covalency) the difference is accounted for entirely by 
electronic and ionic polarization energy of the sur- 
roundings. We cannot change the distribution between 
these by very much (say at most an electron volt, or 
50%) ; hence our 1-ev confidence in Table I. 

In estimating 6 we are helped by a very fortunate 
circumstance: that d is closely related to the crystal field 
parameter Dg. 10Dgq is the difference in energy of a ¢ 
from an e orbital, and is in general made up of two 
contributions’ : a “‘covalency” contribution coming from 
the overlap effects, because the e orbitals point towards 
the octahedral ligands, the ?’s away; and a purely 
electrostatic repulsion. Thus Dg (aside from this 
electrostatic contribution) is a measure of the extent to 
which the d-function has spread onto the anions. 

One way to see how this “covalency” contribution is 
related to b is to look at the three-center problem of two 
d orbitals on opposite sides of an anion. p is essentially 
the difference in energy between the states in which y 
has the same sign on each cation and that antisymmetric 
about the anion. The former, by symmetry, can contain 
no anion p-function, the latter no s-function. Thus this 
difference is the same as the effect of removing all p- 
function admixture from the wave function (assuming 
the s admixture relatively small). But that is also at 
least an important contribution to the crystal field. 

A less rough estimate comes from perturbation theory. 
Starting with an e orbital at energy 0, a p orbital at 
energy — £, and a (now O-—-cation, not cation-cation) 
transfer integral 6’, the energy perturbation of the e 
orbital is +5”/E. On the other hand, the effective 
transfer integral to an equivalent e orbital is also 6”/E. 


2” F, J. Morin, Bell System Tech. J. 37, 1047 (1958). 





Under the assumption that the overlap of a ¢ orbital 
is relatively negligible, this perturbation is the covalent 
contribution from this anion to 10Dg. To get the 
precise relationship, define e,:_,: to be the orbital of 
x*—y? symmetry and e,: that of 222—2?—y*. The 
normalized relative amplitudes in the various directions 
are as follows: 


~ 
~ 


0 
1 


2v3 v3 


2v3 


and 10Dq is made up of the sum of the contributions 
from all the anions, i.e., it is equal to the contribution 
which would result from unity wave function amplitude. 
Using this, we can find the transfer integrals } in 
terms of the covalent part of Dg for all the possible 
combinations of orbitals. This is shown in Table II. 
Thus we may work out the various exchange integrals 
given the covalent contribution to Dg, using the formula 


J tr=20°U—. (32) 


From Table II it is easily verified that the total inter- 
action in any direction between two half filled e,-shells 
(two electrons) is equivalent to exchange between two 
electrons with an exchange integral 


J ess(filled e,) = 2[ (10/3)DgPU-. (33) 


Thus, in a substance with a shell of m d-electrons, the 
exchange integral for the total spin S=n/2 is 


J =2n-[(10/3)Dg PU. 


The simplest substance for a comparison with experi- 
ment is NiO. Here we have just the half-filled shell 
contributing, with no effect of the ¢-electrons and 
therefore a minimum of nearest-neighbor interaction. 
According to Van Vleck,” the Curie temperature is 
given in molecular field theory by 


Ty =2J2S(S+1)/3k. 


The crystal field parameters for O- octahedra are 
about the same as for H,O octahedra,” and in both 
cases are probably mostly covalent.’ Thus we can use 


(34) 


(35) 


1 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 
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TABLE III. Exchange integrals and comparison with experiment. 








TN renorm 
TN calc to NiO 


Cation Jett oale 


Tw (oxide) 
obs 


6 
obs Ty(M++F:) 6(M++Fs) Ty(LaM+**0O:) Ty(M*+**Fi) 





453? 
220? 
520 


Cut* 585-290° 1170-585° (675-340°) 
920 
879 
930 
340 


1050 


460 
525 
620 
240 
750 
2200 


(520) 
495 
525 
190 


Nit + 
Cot + 
Fet* 
Mnt* + 
Fet++ 
Cot** 


Mnt++ 
Crt++ 


185 (194 


® See reference 24. 


the H.O value, 
(Dq)nit*=850 cm. 


Inserting this and U from Table I into (34), we get 
J t¢= 460°, J= eas", and from (35) with S= i (Ty)nio 
= 920°. The observed value is”? Ty=520°, so that our 
calculation has come out 80% too high. 

The molecular field theory is known to give too high 
a value for the Néel temperature relative to J by the 
order of 20-30%; the theory behind the Curie-Weiss 
constant is more accurate but @ has not been measured 
for NiO. Thus we consider our error to be about 40-50%. 

The U value, as we have said, is probably fairly 
accurate. The 6 value, on the other hand, cannot be 
fixed with any exactness. The first and probably least 
serious error is the fact that we assume in comparing Dg 
and b that there is no overlap of the ¢ (xy, yz, etc.) 
functions with the O—, i.e., we assume no z bonding. 
The magnitude of actual ¢-shell exchange integrals sug- 
gests that this is perhaps 4 to } of the o contribution, so 
that b may be underestimated by 25% or so because of 
this. 

A source of error which should be about the same, and 
of opposite sign, is the neglect of the s-function contri- 
bution to both Dg and b. Since the s and po functions 
change relative signs from one side to the other of the 
anion, s will add to Dg and subtract from b. We might 
think of the po function as being slightly hybridized 
with s. Because of this compensation of these two 
errors, the main problem is the third one: the relative 
amounts of the electrostatic and covalent contributions 
to Dg. 

From Table III, which contains calculations similar 
to those we made on NiO for other iron group cations, 
we will see that the calculated Ty is closest for the 
trivalent ion Fe+**, next best (~ twice too high) for the 
divalent ions in oxides, and quite a bit too high for 
fluorides. Although fluorides have much the same Dg as 
oxides, they are generally expected to be much less 
covalent, while the triply-charged ion Fe+** in oxides 
is the most covalent situation. Thus the major uncer- 
tainty in our calculations is in this question, and we 
really must consider our J’s as upper limits until some 


” C. H. La Blanchetais, J. Phys. Radium 12, 765 (1951). 


290 (326) * 
Ja ? (545)* 


~100 
50 
117 
97 


73.2 
37 

78.3 
66.5 


280 (530) * 








method of more accurate estimation of b is worked out. 
In reference 7 will be found a discussion of the relative 
importance of covalent and electrostatic contributions, 
while in reference 9 we find actual measurements of the 
electron transfer—unfortunately not of the energy. 

We do not expect, however, very much variation in 
these correction factors among doubly charged ions in 
O--, so we can predict to a fair extent the T'y’s which 
would be observed for the series MnO—CuO, nor- 
malizing to the observed NiO value, and neglecting 
other complicating effects which certainly exist. In 
Table III we give a list of actually calculated J’s and 
Ty’s for these substances as well as for a Fet*+—O 
— Fet*+ 180° bond, and of Ty’s for the divalent oxides 
renormalized to make NiO fit. The J’s in this table are 
the effective J’s of (33) for a single pair of electrons 
equivalent to all the e interactions. Then the Ty’s are 
obtained from this simply by the quantum correction 
S(S+1)/S?=(S+1)/S (various factors 2, }, etc., 
dropping out). The Dg values we use are listed in 
Table IV, and are the most recent, those given by 
Holmes and McClure.” 

Table III illustrates that while many qualitative 
features are explained by our theory, the quantitative 
picture is as yet not clear and complete. Let us take up 
the various aspects in order: 

(A) Oxides M+*O-—-. We have included the three 
cases of Cutt, Cott, and Fe*t+ not because they are 
expected to agree quantitatively with theory but to 
show the general order-of-magnitude correlation with 
theory, particularly of the Curie-Weiss constant 6. In 
Cu*+ the question is one of how the e,_,? orbitals are 
aligned in the given crystal structure; depending on 
this, there is an uncertainty by a factor 2, as we indicate 
in the table. 

In Cot+*+ and Fe** the problem is the effect of orbital 
degeneracy, as well as (in Cot*) the mixture of e and ¢ 
occupancies. The problem of exchange in the presence of 
orbital degeneracy has been discussed by Kanamori,”! 
who showed that @, and to a lesser extent Ty, are de- 
pressed in Cot* by orbital degeneracy. The actual 

% 0. G. Holmes and D. S. McClure, J. Chem. Phys. 26, 1686 


(1957). 
* J. Kanamori, Progr. Theoret. Phys. Kyoto 17, 177 (1957). 
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values he gives are shown in parentheses. It is clear that 
a serious discrepancy exists only in Fe++. However, it 
may be that there are some ferromagnetic components 
to the interactions in both Cot* and Fe**, as well as the 
effect of nearest-neighbor exchange in the latter which 
we now discuss. 

The reliable comparison is MnO vs NiO. This is not 
nearly as bad as it looks, because we expect*® the 
nearest-neighbor interactions, large because of the large 
number of ¢ electrons and x bonds, to depress the Curie 
point by an unknown factor which can easily be as large 
as 2. What is striking is the large reduction of Ty in 
MnO, as compared to the increasing amount of nearest- 
neighbor interaction in the series NiO— MnO, as indi- 
cated by the increasing @—T¢ ratio.”® 

(B) Lanthanates LaM++*0O;3. These we include mainly 
to show the excellent agreement for Fe*+—O—Fe**. 
This is not unexpected because there is much less 
electrostatic correction to 6 here. Note also that in spite 
of the Dq’s of Mn*+**+ and Cr*** being very much larger 
even than Fet*+, the ¢ interactions (4 bonds) operative 
here are much weaker. This is our first encounter with 
the sets of rules suggested by Kanamori and Naga- 
miya,2” Wollan, Child, Koehler, and Wilkinson,?* and 
by Goodenough” on semiempirical grounds. These rules 
are precisely equivalent to the predictions one would 
make from the present ideas about superexchange (or 
actually, even from the primitive notions of reference 
2). The rules are (together with the explanation by 
these ideas) : 


(a) When filled e orbitals overlap a given anion, the 
result is strong antiferromagnetism (ordinary superex- 
change between e(c) orbitals). 

(b) When a filled e orbital and an empty one overlap 
opposite ends of an anion, the result is ferromagnetism 
(direct exchange between the e orbital and the ¢ shell). 

(c) When empty e’s overlap an anion, the result is 
weaker antiferromagnetism (-bond superexchange of 
the ¢ shells). In rules (b) and (c) the weakness of the 
interaction is only relative, because normally these in- 
volve trivalent cations with large, covalent Dg’s where 
the comparable e-shell superexchanges involve divalent 
ions. 


(C) Difluorides. These repeat the general pattern of 
the NaCl structure oxides, except that there is no @—T, 
difference, and that because of the angle of the bond we 
expect m—o interaction (i.e., /—e) as well as e—e 
and t—t, 

Again, Cot++ is small, presumably due to orbital 
effects, and Fe** is not as large as expected. Mn** does 


25 F, Stern, Phys. Rev. 94, 1412 (1954). 

26 Pp, W. Anderson, Phys. Rev. 79, 705 (1950). 

27 J. Kanamori, J. Phys. Chem. Solids (to be published); T. 
Nagamiya, “State of atoms in magnetic crystals,” Conference of 
Welsh Foundation, December, 1958. 

28 Wollan, Child, Koehler, and Wilkinson, Phys. Rev. 112, 1132 
(1958). 

% J. B. Goodenough, J. Phys. Chem. Solids 6, 287 (1958). 


INTERACTIONS 


TABLE IV. Octahedral Dg values for iron group ions. 








No. of d 


electrons 10Dq (cm™) 


20 300 
18 000 
17 000 
11 800 
13 900 
21 000 
7800 
13 800 
10 000 
~18 000 
9800 
8500 
12 500 





won n wn ao One 


(uncertain: strong 
tetragonality) 








not drop severely, probably because of the /—e inter- 
action. All are much smaller than the oxides, reflecting 
most probably a much smaller covalency in spite of the 
Dgq’s being comparable to those in the oxides. 

(D) Trifluorides. Again we find the sharp drop below 
the half-filled shells. It is clear, from the fact that the 
Mn*t+—Fet** ratio is not greater than in oxides (the 
trifluorides have 180° bonds) that the angular factor 
does not play a very large part in the difluorides. The 
Co** case is most interesting because it shows that the 
special properties of Fe** are indeed due to its being the 
only usual trivalent ion with a greater than half-filled 
shell. We predict actually an even larger value for CoF;; 
perhaps there are some complications with low-spin 
states as in the lanthanates of Co**. 


V. CONCLUSION 

The main purpose of this paper has been to show 
from an entirely theoretical point of view how the main 
motivation of superexchange must be the desire of the 
electrons to set their spins antiparallel so that they may 
spread out into not quite orthogonal, overlapping 
orbitals. 

In doing this we find that the exchange effect is ex- 
pressed in terms of two parameters: the repulsive energy 
of coincident d-electrons, U, which besides being an 
empirical parameter (d-band conduction; optical ab- 
sorption?) is easily estimated theoretically; and the 
transfer integrals 6. Our own estimates of 6 are at best 
inaccurate; what is important is that 6b is a simple 
parameter, referring to the properties of isolated d- 
electrons, and thus is not at all beyond computation or 
measurement. In the present high state of development 
of ligand field theory, even the direct exchange integrals 
are not out of reach of computation; it is only at the 
true indirect exchange effect that we reach a great 
degree of complexity. 

The empirical part of this paper makes no claims to 
completeness or accuracy, but merely shows that with 
the rough indications furnished by ligand field theory a 
good semiquantitative understanding of at least the 
simplest and largest superexchange effects can be 





12 P si ae 


reached. It shall again be emphasized that more accurate 
computations, and a wider comparison with experiment, 
are possible and desirable. 
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APPENDIX 

In this Appendix the spin-polarization part of the 
many-electron wave function of a single spin will be 
derived to the lowest order of perturbation theory, and 
transformed to localized wave functions. We also dem- 
onstrate the simplifications appropriate when localiza- 
tion is a good approximation. 

By starting from an optimized set of one-electron 
wave functions ¢,"(r), the electron field ¢,(r) may be 
written down as in Eq. (3) of the text, 


helt) =X Cue! ou! (1) + Cnet en (4) 
cg 
+20 Cuo®¢x*(r)]. (3) 


We remember that f denotes normally full bands, e 
normally empty ones and d the d-band. To get the 
interaction energy between electrons we must insert 
this into the Coulomb repulsion (7): 


y=3 far fae erie) 


Xe? r— rl de (er) be(r). (7) 
Take as unperturbed state 


v=¢,,* o= Cue? | II Cot” vac. (A1) 
S.k,o’ 


The perturbed state is 


V’=V+ 6, 
where 


6v= [Eo— Ho} VY. (A2) 


The part of this which leads to spin polarization is that 
in which electron r’ goes from the d-band to an empty 
one, while electron r goes from a full band into the d- 
band; for this we take the c/ component of ¥,, the c? of 
t.*, c of y.*, and c4 of t,-. This means that the 
relevant part of V is 

y —~ y Cure Cure Cho Cera’! 

efoet Mh fee” 


x farar e|r—2' | gy (r’) 


K gure (no gut(r ce l(r’). (A3) 


Carbon ° 


ANDERSON 


Let us call the integral in the above expression 


f dedr’--- =8(k" +k” —k’—k)Ji(e,f; kk"); (A4) 


then the perturbed function 6¥ in (A2) is 


w=- 5 


k’,k’’,o’,e,f 


Jx(e,f; k’,k’’) 


X (ete ter tert ee P— ey fy) 


XK Cur 0 Cero Cup e—k',e° Vo. (AS) 

This is the major part of the spin-polarization. It con- 

sists of virtually putting the d-electron with unchanged 

spin into an empty band e, while replacing it with a 

spin-independent excitation from band f into band d. 
Now, if we introduce Wannier functions 


c#(R,o) = N-? > e-*®-Bc,, 4, 
R 


the localized quasi-particle is approximately 


s®(Ro)=c?(Ro)-— > 


kk’k’’efo’ 


Iles k’.k’’) 


X Letep eter Her = € t= ee FT 


XK (e™® Rei ot euro MCeper—n,o”. (AG) 
This turns out to contain various localized c4(R’,o’) 
functions with R’ near R, so is quite complicated. If it 


is at all a good approximation to use localized particles, 
we may simplify (A6) very much by using 


(a) €yrr4— €, 40, 


(b) Jx(e,f; k’,k’”) 


drdr’ e*|r—r'|- 


=NA > 


eR’ 
Xexp[i(k”-R’”—k-R’)] 


xf (r—R") f4(' — RB) grep (0) Gee! (1) 
~NAY | drdr’ e|r—r'|— 
R’ 


<expLi(k’” —k)-R’]f@*(r—R’) f4(r'—R’) 
XK Ger gp nee (2) pee! (rv) 
=J(e,f;k’—k,k’), (A7) 


which is not a function of k except through the combi- 
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This is the expression used in the text, which is entirely 
analogous to the polarization accompanying nuclear 
indirect exchange. Clearly there are also both the 
nonlocalized parts and terms in which, instead of 
c®(r,0’), we have excitations into empty bands e’. We 
expect that smaller exchange integrals J, and increasing 
energy denominators, will make these effects quite 
negligible. 


nation k’’—k. This allows us to sum (A6) first over k, 
keeping k’’—k fixed, which leads to 


w= > 
k’,k’’—k,o’,e,f 


% (ene eK €x4) expli(k” —k)- RJ 


X Cheek") 0 Cue’, LC® (Ryo )Wo. 


J(e,f;k’—k,k’) 


(A8) 
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The antiferromagnetic structures of MnS2, MnSez, and MnTez have been obtained by neutron diffraction. 
The disulfide exhibits ordering of the “third” kind, the ditelluride, ordering of the “first” kind, and the 
diselenide, an arrangement which is intermediate between the two. The structures are discussed from the 
viewpoint of indirect exchange. Magnetic susceptibilities, obtained by the Gouy method, are reported for 


all three compounds. 


EUTRON diffraction studies of the three poly- 
morphic forms of MnS have shown! that the 
antiferromagnetic structures developed in these ma- 
terials may be correlated with crystal structure. More 
specifically, in a-MnS, second nearest neighbor manga- 
nese atoms are joined by sulfur atoms located on 
octahedral sites, whereas in the two 6 forms, tetra- 
hedrally coordinated sulfur atoms join nearest neighbor 
manganese atoms. Furthermore, the separation and 
spatial arrangement of manganese atoms are the same 
in both a-Mn§S and the zinc blende form of MnS. The 
observed magnetic structures indicate that strong anti- 
ferromagnetic correlations exist between second nearest 
neighbors in the case of a-MnS and between nearest 
neighbors in the two 6 forms. Indirect exchange coupling 
thus appears to involve octahedral sulfur bonds in the 
first instance and tetrahedral bonds in the second. 

In an effort to further elucidate the role of the anion 
in antiferromagnetism, these studies have been ex- 
tended to the homologous series consisting of MnS», 
MnSee, and MnTe2. These compounds crystallize with 
the pyrite structure, which is a NaCl-like arrangement 
of M and X2 groups with the axes of the X2 groups 
parallel to the various body diagonals. The structure is 
shown schematically in Fig. 1. A salient feature is the 
presence of nearly regular tetrahedra whose corner 
positions are occupied by three metal atoms and one 
member of an X2 group, and whose center is occupied 
by the other member of the X2 pair. Magnetic as well 


+ Research performed under the auspices of the U. S. Atomic 
Energy Commission. A preliminary account of this work has been 
published in J. Appl. Phys. 29, 391 (1958). 

1 Corliss, Elliott, and Hastings, Phys. Rev. 104, 924 (1956). 


as crystal-chemical evidence* suggest that these com- 
pounds may be regarded as essentially ionic combina- 
tions of Mnt* and X2~ groups. From this point of view, 
the face-centered cubic structure of manganese ions 
might be expected to exhibit second nearest neighbor 
antiferromagnetic correlations as in MnO and a-MnS. 
On the other hand, the existence of nearly tetrahedral 
Mn-X-Mn linkages between nearest neighbor manga- 
nese atoms would suggest the possibility of an ordering 
scheme based upon nearest neighbor antiferromagnetic 
correlations as in B-MnS. It would not appear possible 
at present to predict, either on theoretical grounds or 
on the basis of empirical knowledge of antiferromagnetic 








ee ae | Fic. 1. The pyrite structure. 
2N. Elliott, J. Am. Chem. Soc. 59, 1958 (1937); L. Néel and 
R. Benoit, Compt. rend. 237, 444 (1953). 
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Fic. 2. Inverse susceptibilities of MnS2, MnSez, and MnTez 
as a function of temperature. 


structures, which, if any, of these magnetic structures 
the manganese pyrites would exhibit. 
SAMPLE PREPARATION AND SUSCEPTIBILITY 
MEASUREMENTS 


Specimens of MnSe2 and MnTez were prepared by 
direct synthesis from the elements.? Crystals of very 
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Fic. 3. Neutron diffraction pattern of MnS». 


ELLIOTT, AND CORLISS 


TABLE I. Molar magnetic susceptibilities of 
MnSse, MnSee, and MnTez. 








MnSez 
Xmole X10 


6600 
6330 
5880 
5565 
4900 
4545 


MnS: 
T°K = Xmole X10 T°K 


76 7150 76 
177 6310 193 
183 6250 258 
210 6065 300 
233 5925 411 
296 5550 475 
386 5060 
418 4820 
483 4580 











pure hauerite from Raddusa, Sicily, were obtained 
through the Ward’s Natural Science Establishment, 
Incorporated, Rochester, New York. 

The magnetic susceptibilities of several samples of 
each compound were measured by the Gouy method in 
the temperature range 76°-500°K. The results, un- 
corrected for diamagnetism, are given in Table I. 
Assuming a Curie-Weiss law at the higher temperatures, 
values of 6 and pers were calculated and are tabulated in 
Table II. The data are also shown graphically in Fig. 2. 


NEUTRON DIFFRACTION DATA AND THE ASSIGN- 
MENT OF ANTIFERROMAGNETIC STRUCTURES 


Neutron diffraction patterns for the three compounds 
taken at 4.2°K and a wavelength of 1.064 A are shown 
in Figs. 3, 4, and 5. In addition, patterns were obtained 
at room temperature, which is well above the Néel 
point in all three cases. In all three low-temperature 
patterns, magnetic superstructure peaks are clearly 
developed and indicate the occurrence of three different 
antiferromagnetic structures. There are several peaks 
in which magnetic superstructure reflections are super- 
imposed on nuclear fundamental reflections. These 
mixed peaks arise because the fundamental nuclear 
contributions to them are due only to the anion and 
hence the magnetic superstructure lines, coming solely 
from the manganese, can occur at the same positions. 
The magnetic contributions to the mixed peaks were 
obtained by subtracting the room temperature pattern 
with the appropriate Debye-Waller correction. 

The pyrite space group, Pa3, places the manganese 
in positions 4(a) and the X»2 group in positions 8(c) 
with one parameter, u. The « parameter was determined 
from the room-temperature diffraction patterns and is 
given in Table III for the three compounds. In addition, 
the table lists the Mn-X and X-X distances as well as 
the Mn-X-Mn angle. In the course of this phase of the 


TABLE ITI. Curie-Weiss constants obtained from 
susceptibility data. 








MnSe: 


483° 
5.938 


MnS: 


592° 
6.308 














MnSz, 


MnSez, 


AND MnTe;z 


TABLE III. Structural data obtained from room-temperature diffraction data. 








“u parameter 
A 


Mn-X X~-X 





Compound a X-raygasb 


. 
Neutrons 


distance distance* 





MnS2 6.097 A 
MnSe2 6417 A 
MnTez 6.943 A 


0.4012+-0.0004 
0.393 +0.001 
0.386 +0.002 


0.4040+.0.0005 
0.3954+0.0008 
0.386 +0.001 


2.60 A 
2.71A 
2.90 A 


2.03+0.01 A 
2.3340.02 A 
2.74+0.03 A 








®N. Elliott, J. Am. Chem. Soc. 59, 1958 (1937). 
>F. Offner, Z. Krist. 89, 182 (1934). 
© Based on neutron value for u parameter. 


structure determination, the coherent scattering ampli- 
tude of Te was redetermined. From a diffraction pattern 
of PbTe, having the rock-salt structure, the amplitude 
of Te was obtained relative to that of Pb. Using a value 
of 0.957X 10-'* cm for the scattering amplitude of Pb, 
the scattering amplitude of Te is computed to be 
(0.59+0.01)10-!2 cm, a value slightly higher, but 
agreeing within the combined limits of error, with the 
value (0.56+0.02)10~-!* cm given in the most recent 
tabulation of cross sections.’ 

The magnetic scattering pattern for MnS» can be 
indexed on a cubic cell whose edge is twice that of the 
chemical cell. The observed magnetic reflections follow 
the indicial rule: A= 2n+1, k=2n, 1=2n, h¥k#¥l. This 
rule identifies the magnetic structure as ordering of the 
third kind shown in Fig. 6. The spin direction is parallel 
to the unique axis, i.e., the axis along which the spins 
alternate. A comparison of observed and calculated 
intensities using this model and a moment for Mnt? 
corresponding to five unpaired electrons is given in 
Table IV. 

The magnetic diffraction pattern for MnTe: can be 
indexed using the original chemical unit cell, with 
h=2n, k=2n, l=2n+1 and h=2n+1, R=2n+1, 1=2n. 
This implies that the magnetic structure is an ordering 
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Fic. 4, Neutron diffraction pattern of MnTe. 


3 Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1958), second edition. 


of the first kind which is shown in Fig. 6. The spin 
direction required to obtain a satisfactory fit, places 
the spins in the ferromagnetic sheets. The orientation 
within the sheet cannot be determined, in this case, 
from powder data. On the basis of this model and using 
five unpaired electrons in computing the manganese 
moment, excellent agreement is obtained between the 
calculated and observed intensities listed in Table V. 

The third compound, MnSeo, requires a tripling of 
the original chemical unit cell along one axis in order to 
index the diffraction pattern. The observed magnetic 
peaks are ones for which 44+-k=2n+1 and k+/=2n+1, 
where / corresponds to the elongated axis. The structure 
which accounts for these peaks is shown in Fig. 6. If one 
chooses a spin direction parallel to the long axis of the 
cell, a fit is obtained between calculated and observed 
intensities as shown in Table VI. Once again, the 
manganese moment was assumed to correspond to five 
unpaired electrons. 

In computing the integrated intensities, the pre- 
viously established form factor for Mn+?! was used. 
A composite of the previous data as well as the present 
ones is shown in Fig. 7. The curve in the figure was 
computed from Hartree’s latest calculation for Mnt? 
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Fic.5. Neutron diffraction pattern of MnSez. 
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Fic. 6. Magnetic structure of MnSe (ordering of the “third” 
kind), MnSes, and MnTez (ordering of the “first” kind). Positive 
and negative orientations of the dipoles are shown by black and 
white spheres. The direction of the magnetic axis relative to the 
crystallographic axes is shown by an arrow. In the case of MnTez 
the spin direction lies in the ferromagnetic sheets, but orientation 
within the plane is unspecified. 


including exchange.‘ In order to obtain a fit with the 
experimental points, the abscissa for the computed form 
factor curve was scaled by a factor of 0.9. This is 
equivalent to assigning a mean radius for the d-shell 
distribution of the Mn*? ions in these compounds which 
is ten percent greater than the free-ion value. 


DISCUSSION 


The compounds MnO, a-MnS, and MnSe, all crystal- 
lizing with the rock salt structure, possess a single 
antiferromagnetic structure in common. In the case of 
the series MnS:, MnSes, and MnTe2, considerably 
more variety is encountered. The magnetic moment 
configurations are different in all three compounds and 
the magnetic unit cell size varies as well, being equal 
to the chemical cell in the case of MnTe2, twice the 
chemical cell in the case of MnSe, and three times the 
chemical cell in the case of MnSes. Despite these 


TABLE IV. Calculated and observed integrated intensities 


Calculated Observed 


intensities intensities 


3783 3643 

414 420 

1193 1195 

520, 342 528 537 
542, 360 212 228 











‘D. R. Hartree, The Calculation of Atomic Structures (John 
Wiley & Sons, Inc., New York, 1957). 
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differences, the three antiferromagnetic structures are 
similar in certain significant respects. This can best be 
seen by considering the distribution of parallel ‘and 
antiparallel neighbors. In all three compounds the Mn 
atoms have eight nearest neighbors with antiparallel 
spin and four nearest neighbors with parallel spin. This 
is the maximum antiferromagnetic nearest neighbor 
correlation that can be uniformly propagated in the 
face-centered cubic structure and corresponds to the 
arrangement observed in the zinc blende form of MnS. 
This strongly suggests that the Mn-X-Mn tetrahedral 
linkage provides the important path for indirect ex- 
change. 

The differences in the various antiferromagnetic 
structures manifest themselves in the second nearest 
neighbor arrangements. In the case of the ditelluride 
(ordering of the first kind) all six second nearest 
neighbors are parallel to the central atom. In the 
disulfide (ordering of the third kind) each Mn atom 
has four parallel and two antiparallel second nearest 
neighbors. In the case of the diselenide, which does not 
develop a homogeneously ordered structure, two-thirds 
of the Mn atoms have five parallel and one antiparallel 
second nearest neighbors and one-third of the Mn atoms 
have four parallel and two antiparallel second nearest 
neighbors. Thus in all cases the second nearest neighbor 
interaction is ferromagnetic, with the number of ferro- 
magnetic interactions increasing in the order MnS», 
MnSeo, MnTeo. 

A convenient short-hand description for the three 
structures can be developed in terms of the way in 
which successive planes are related. In Fig. 6 the 
horizontal direction in the plane of the paper is taken 
to be the x-axis. If we denote by 4 and B the first two 
y-z planes at the left and by A and B the same planes 
with magnetic moment directions reversed, then the 
three structures can be represented by the following 
repeat sequences : 


MnS:: ABABA--., 
MnSe2: ABABABA--:-, 
MnTe:: J y 


Actually, the B planes are identical with the 4A planes 
except for a glide parallel to the y-axis of one-half the 
cell edge. The A plane can be obtained from the A plane 


TABLE V. Calculated and observed integrated intensities 
for the magnetic peaks of MnTe>. 


Observed 
intensities 


4115 
1866 
1227 
1096 
335 
265 


Calculated 
intensities 


4147 
1854 








MnSz, 


TABLE VI. Calculated and observed integrated intensities 
for the magnetic peaks of MnSeo. 





Observed 
intensities 


Calculated 
intensities 


347) = 
2205} 2675 
1241 1349 

149 142 

278 Unresolved 

132 124 

16 Unresolved 
608 Unresolved 
514 462 

32 30 
281 266 


either by reversal of signs or by a diagonal glide in the 
y-z plane of length equal to one-half the face diagonal. 
From this point of view the complex MnSez structure 
can be thought of as being composed of units of the 
MnTez structure in which either a sign reversal or 
diagonal glide has taken place between units. It is 
interesting to note that the sequence of planes in the 
structure corresponding to ordering of the second kind 
(MnO, a-MnS) is exactly the same as in the case of 
ordering of the third kind. The difference between the 
two structures arises solely from the difference in con- 
figuration within the A plane. 

Keffer and O’Sullivan® have computed the magnetic 
dipolar energy for arrays of spins corresponding to 
ordering of the third kind. They find that the energy is 
a minimum when all dipoles point parallel to the 


5F. Keffer and W. O’Sullivan, Phys. Rev. 108, 637 (1957). 
T. Nagamiya, Osaka University, Japan (private communication) 
confirms these calculations for ordering of the third kind. 
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Fic. 7. Composite magnetic form factor for Mn**. The solid 
curve represents the form factor computed from Hartree’s calcu- 
lation for Mn*, including exchange, and adjusted as explained in 
the text. 


direction in which the unit cell is enlarged (the «-direc- 
tion of Fig. 6). Furthermore, they point out that this 
result is in disagreement with the moment direction 
obtained for the zinc blende form of MnS from neutron 
diffraction data, which place the dipoles at right angles 
to the x-axis. In MnSz, as the present work shows, the 
spin direction is parallel to the x-axis, in agreement with 
the predictions of Keffer and O’Sullivan. However, the 
two results taken together indicate that the agreement 
may be fortuitous and that there are indeed important 
contributions to the anisotropy which have not been 
considered in the calculations. 
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By using the theory of random walks on lattices, a combinatorial expression has been obtained for the even 
moments of the vibrational frequency spectrum of a randomly disordered, two-component, isotopic linear 
chain as functions of the concentrations of the two kinds of particles and of their mass ratio. Expressions for 


the even moments up to yo are presented. 


1. INTRODUCTION 


ONSIDERABLE progress has been made in the 
theory of the vibration spectra of regular crystal- 
line solids in recent years. Exact information is available 
regarding the nature of the singularities,’ exact calcula- 
tions have been carried out for simple models? which 
illustrate how these singularities arise in one, two, and 
three dimensions, and high-powered computational 
methods have been developed when exact solutions are 
not available.* However, the methods used for deriving 
those results are intimately connected with the perio- 
dicity of the crystalline solids, and cannot be applied to 
solids containing impurities, or to mixed crystals. For 
this latter class of problems much less exact information 
is available, and no practical computational methods 
have been developed to enable spectra to be calculated. 
For lattices containing isolated impurities Montroll 
and Potts developed methods for determining the fre- 
quencies of the localized modes. They applied these 
methods to one-, two-, and three-dimensional models, 
but did not deal with finite concentrations of impurities. 
The problem of calculating the frequency spectrum 
of a lattice containing isotopes of different masses in a 
finite ratio of concentrations is quite formidable mathe- 
matically, even in one dimension, and has excited some 
theoretical attention. 

In 1953 Dyson® considered the problem of a linear 
chain of atoms of arbitrary masses connected by arbi- 
trary spring constants. Making certain assumptions 
about the probability distributions of masses and spring 
constants, he obtained a formal solution for the fre- 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research, Air Research and 
Development Command. 

t On leave from Physics Department, King’s College, Univer- 
sity of London. 

1L. Van Hove, Phys. Rev. 89, 1189 (1953). 

2 See, e.g., E. W. Montroll, Proceedings of the Third Berkeley 
Symposium on Mathematical Statistics and Probability (University 
of California Press, Berkeley, 1955), p. 209. 

3E. H. Jacobson, Phys. Rev. 97, 654 (1955); C. B. Walker, 
Phys. Rev. 103, 547 (1956). 

*E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525. (1955) ; 
102, 72 (1956). 

5 F. J. Dyson, Phys. Rev. 92, 1331 (1953). 


quency distribution function as a solution of an integral 
equation; in the case of practical interest of a random 
mixture of two isotopes of different masses, this reduces 
to a functional equation. Although Dyson states that a 
moderate amount of numerical work should provide an 
estimate of the spectrum for any ratio of masses and any 
concentration, it seems to us that he has underestimated 
the computational difficulties. We were unable to make 
use of his results for practical calculations. Similarly, the 
subsequent papers of Lifshitz and Stepanova,® Schmidt,’ 
and Hori and Asahi,* although they contain features of 
considerable mathematical elegance, do not seem to 
provide a basis for practical calculation of spectra. A 
more detailed account of these approaches has been 
given in a recent review article.® 

The methods of Montroll and Potts‘ depended on the 
expression of additive functions of the frequencies as 
contour integrals. Recently some of us attempted to 
apply this approach to random mixtures of isotopes, and 
the results of this investigation have been described 
elsewhere.” We developed the properties of the random 
mixture as a perturbation expansion in powers of the 
deviation from a ‘‘mean” mass, and we were able to 
derive several results of physical interest. The perturba- 
tion approach is useful in the long-wave region of the 
spectrum, but cannot be applied to short waves, and the 
method thus cannot be used for the complete determi- 
nation of spectra. 

In the present paper we have used the method of 
moments to provide an approximation to the vibrational 
frequency spectrum. This method was first used by 
Montroll" in connection with vibrations of homogeneous 


®]. M. Lifshitz and G. I. Stepanova, J. Exptl. Theoret. Phys. 
eso 30, 938 (1956) [translation: Soviet Phys. JETP 3, 656 
(1956) ]. 

7H. Schmidt, Phys. Rev. 105, 4025 (1957). 

8 J. Hori and T. Asahi, Progr. Theoret. Phys. (Kyoto) 17, 523 
(1957). 

® A. A. Maradudin and G. H. Weiss, J. Soc. Indust. Appl. Math.. 
6, 302 (1958). 

0 G. H. Weiss and A. A. Maradudin, J. Phys. Chem. Solids 7, 
327 (1958). 
( aa W. Montroll, J. Chem. Phys. 10, 218 (1942); 11, 481 
1943). 





VIBRATION SPECTRA OF DISORDERED LATTICES. |! 


lattices, and a preliminary account of its application to 
the random chain was discussed in a recent paper.’ We 
have now developed a more powerful technique for 
evaluating the moments and have consequently been 
able to calculate all even moments pe, up to m= 10 for 
a linear chain. Certain asymptotic properties of these 
moments have enabled us to discuss the behavior of the 
spectrum at its upper end. 

In this paper we describe the method used for the 
evaluation of the even moments of the vibrational fre- 
quency spectra of a disordered linear chain. 

The techniques which we have developed should also 
be applicable to two- and three-dimensional models, and 
we hope to deal with these applications subsequently. 

In a recent paper Pirenne" has described a general 
theoretical approach to this problem using the method 
of moments. His method seems to be a perturbation 
expansion in terms of deviations from a mean mass. 
Since he has not yet applied his theory to detailed 
calculations, we have been unable to compare his results 
with ours. 


2. MOMENTS OF THE SPECTRUM. USE OF THE 
RANDOM WALK PROBLEM 
The equation of motion of the pth atom, in a linear 
chain of NV atoms, is given by 


M pli p= —Ap—1(Uy— Up_1) —Ap(Up— Ups) 
= Ap-1Mp-1— (apr tap) Uptaptyi1. (1) 


Here m, is the mass of the pth atom, u, its displacement 
from equilibrium, and a, is the spring constant between 
the pth and (p+1)st atoms of the chain. We assume 
that the atoms are joined in a ring, so that the Vth atom 
is connected with the first. The secular equation which 
determines the normal mode frequencies of the chain 
can thus be written in the form 


|A—w*J| =0, (2) 


where A is a Jacobi matrix whose elements ap, are all 
zero unless p equal g, g—1 or g+1. Montroll’s method of 
calculation" consisted in determining }> w*, © w!, © w%, 
-++, the sums being taken over all normal modes, from 
the relations 

Trace A=) w”’, 

Trace A2=}>> w, (3) 

Trace A42#=> w®, 


There was little point in using this method for a one- 
dimensional homogeneous chain, for which an exact 
solution is readily obtained, but in two and three 
dimensions it rapidly and easily provided useful infor- 
mation on the form of the spectrum. Montroll did not 
use the original secular matrix of order V (=number of 
normal modes) ; taking account of the cyclic boundary 


2 Maradudin, Mazur, Montroll, and Weiss, Revs. Modern 
Phys. 30, 175 (1958). 
18 J. Pirenne, Physica 24, 73 (1958). 
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Fic. 1. Typical graphs for one-dimensional random walks of six 
steps which return to the starting point. 


condition, he decomposed this matrix into submatrices 
corresponding to different directions of propagation in 
the crystal, following the standard treatment of Born." 
This decomposition is no longer possible for a disordered 
lattice, and we must revert to the original secular matrix. 

If we now consider the trace of A", it consists of the 
sum of all 2-cycles @pip2@p2p3° * *@pnpi, Where pi, po, - °°, 
p» take on all N possible values. However, since a,,=0 
unless g—p=0, +1, only a small fraction of the V” 
terms will be nonzero, and any nonzero term can be 
represented by a graph on the linear chain: a» py: is 
represented by —, ad, p-1 by «-, and ay, by e. Typical 
graphs for 6 cycles are shown in Fig. 1. It will be readily 
seen that each nonzero graph corresponds to a random 
walk on the chain, in which each step consists of 0 or+1 
units, and in which the walker must return to his 
starting position after steps. For each graph it is easy 
to write down the corresponding term in trace A"; 
thus in Fig. 1 for (a) it is Gpp’@py1 ppr@p py10p}1 p; 
for (b), Gpp@pt1 pti@p pt1'Gpi1 p; and for (c), 
Gp+1 pt22pt2 pti2ppOp+2 prop pti py1 p- For any particu- 
lar set of masses and spring constants we must sum over 
all types of graphs corresponding to m steps, and over all 
points p of the chain. 

When the atomic masses and spring constants are 
independent random variables, a considerable simpli- 
fication arises. All points of the chain are equivalent, 
and the terms corresponding to each graph are replaced 
by stochastic mean values, each ay, m,~! being an inde- 
pendent random variable. These mean values can 
readily be determined for any graph in terms of the 
moments of the m= and a@ distributions. From Eq. 
(1), @pp=(apsteay)/my, Ap p1=ap1/My, and ap py1 
=a,/m,. We shall denote the sth moments of the m7 
and a distributions by v, and y,, respectively. 

The graphs can be considerably simplified by drawing 
a single line to correspond to a forward and backward 
step, since any such step must be traversed in both 
directions for the random walker to return to his 
starting point. The resulting graphs then appear as in 
Fig. 2. 





(c) 


Fic. 2. Condensed graphs for the same six-step random walks 
shown in Fig. 1. Each line in these graphs now corresponds to a 
doubled step. 


14M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), Chap. II. 
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A simple recipe can now be given for writing down 
mean values. For the terms in m= each dot, and each 
end of a line, should be replaced by m,~ at the appro- 
priate position ; 


. 5 
(a) —- -s (b) 


(c) —————. 
My? Mp1" Mp+2" 


For terms in a a dot at point p should be replaced by 
(ap>-1+a,) and a line connecting points p and p+1 
should be replaced by a,?: 


(a) ap*(apsitay)*(aptapy1)’; 
(b) ay*(ap-1 tap) (aptapi1) ) 


(c) (@p-rtay)ay?apy1*(app1tap;2). 


The mean values for each graph can be written down 
relatively easily according to the following rule: a term 
mis "mig ?2+ + -any*ang*?- - + with 417A to¥ --- and myn 
+++ gives a contribution of vj7j2° + -yervi2"+* to the 
moments. Thus, for example, the mean values corre- 
sponding to the graphs in Fig. 1 are given by 


(a) vs(vet4ysrit2yent4yart+frm +72) 5 
(b) v8 (yet2ysrityi7); (6) 
(c)  wP (ys +2ysyenityiy0’). 


The main problem is the determination of the number 
of possible paths in a random walk which corresponds to 
any graph. We shall consider this problem in detail in 
the next section, and shall derive an exact combinatorial 
expression for this number. 

We shall confine our attention to the simplified 
problem of a random mixture of isotopes in which the 
spring constants are all equal, and only the masses are 
independent random variables. In this case y, and »,, 
the moments of the a, and m,~ distributions, become 

Ye=a’, ve=7/m'+(1—7)/M:, 
where 7 is the probability that an atom with mass m 
occupies a given lattice point and 1—7 is the corre- 
sponding probability for a particle with mass M. It will 
be convenient to adopt a system of units in which a=1. 
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Fic. 3. The general graph for an n-step walk. The dashed letters 
correspond to pauses and the undashed letters to doubled steps, so 
that (r:/+re’+---)4+2(rit+ret+---) =n. 
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More general cases of both masses and spring constants 
randomly distributed, or of any particular type of 
correlation between them, can be treated by the same 
methods. 

When the spring constants are random and the masses 
equal, it is found that the moments are identical with 
those of a random isotopic mixture with equal spring 
constants and random masses. It is easy to show by an 
elementary transformation (Appendix B) that the 
problems are effectively equivalent. 


3. EVALUATION OF THE MOMENTS 


The general graph of the type described at the end of 
Sec. 2 can be represented as in Fig. 3. Dashed letters 
correspond to pauses and undashed letters to doubled 
steps, so that for a walk of m steps (ri/+r2'+13'+---) 
+2(ry+re+r3+---)=m. With each graph we will asso- 
ciate two combinatorial factors, Fo(1’ ,r1,72’ ,72,° + +) repre- 
senting the number of possible walks corresponding to 
the graph which start at the left hand end and end at the 
initial point, and F(r;',71,r2',72,--+) representing the 
total number of possible walks which start at any of the 


(b) (c) 


Fic. 4. Graphs which arise in determining the combinatorial 
factor F(r,',r1,r2’), which depends on the auxiliary factor 
Fo(r;'r1,r2'). In (a) and (b) two subgraphs of the total graph (c) 
determining Fo(r;’r,r2") are shown. 


points of the graph. We shall start with the simplest 
case of graphs corresponding to one link of the chain, 
and bounded by two atoms; we shall then proceed to 
graphs corresponding to two links and containing three 
atomic positions, and so on; we shall thus be led to a 
general formula the validity of which can be established 
by induction. 

Let us first consider the simple graph of Fig. 4(a). It 
is clear that pauses can be fitted in at any 7,’ of the total 
of (r1+11’) occasions when the walker is at his starting 
point and about to take a step to the right. Thus 
Fo(ry' 71) = (11'+11) '/ri''v!. However, for the graph in 
Fig. 4(b) the walker must start by stepping to the right 
at p; and must terminate by returning to his starting 
place, and there remain 7;+72’—1 occasions when he is 
at p> of which any r2’ can be selected for pauses; thus 
F(0,r1,r2") = (rat re’ —1)!/ (971-1) Ivo"! 

If we now proceed to determine Fo(r;',r1,r2’) for the 
graph in Fig. 4(c), we can start with any one of the 
Fo(r;',71,0) walks, and we have the freedom to fit in ro’ 
pauses at 2 on any of (r1+-72'—1) occasions. The factor 
r,;—1 appears because the random walker must finally 
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return to his starting point. Hence, 
(r:+12'—1)! 
(r:—1) !re"! 

. (ri/+11)! (ru re’ —1)! 


(r3— 1) Ivo!! 


Fo(r1' 11,72’) - Fo(r1',71,0) 


(7) 





ry''r;! 


Clearly F(r1',r1,r2’) will arise from summing possible 
walks starting at the left or right hand of the graph, and 
we have 


F (ry! 11,72’) = For’ ri,r2! + F o(re' riyr1') 
(ry/+9ry3—1)! (ri +1re’—1)! 

- (r;—1) !ro"! 

(nitn— 1)! (r:+12’—1)! 


(r3—1) Ir"! 


(ry trnitnitre’) 





ry! !y! 


(8) 





ry' In! 


since 27;+1,'+1r2'=n by definition. 

We next consider the graph in Fig. 5(a), and to deter- 
mine F(rj’,71,72' 72,73’), we decompose the graph into the 
two graphs shown in Figs. 5(b) and (c). Fo(r1’,r1,12' ,r2,73') 
can be made up of combinations of Fo(r1’,71,0) and 
Fo(ro',ro,r3'), but these can be fitted together at the 

/ 
n—l-brstrs ) ways. 


ri—1 


point of decomposition 2 in ( 


Hence, 
Fo(r1' 71,72! 72,73’) 
, . p (ritre’+re—1)! 
=Fy(r; 1,0) Fo(re’ 12,73’) 
(r3—1)!(ro' +12)! 
(ry'+11)! (ritre’+re—1)! (ro+r3/—1)! 


(r7:—1)!70! v2! (r2o—1) Ir"! 








(9) 
ry! '7y! 


It is clear that F(ry’,71,70',r2,73') is made up of walks 
which start at the ends , p;, and walks which start at 


the central point p2 and which can be decomposed as 
above. Hence 


, , , 
F(rn 971,72 572,73 ) 


= Fo(ry' ,71,79' rors )+Fo(rs' 72,72’ 71,71’) 
/ 
r fo +r , - 
+( ie ) Fates r.OFalrd rap) 
1 


(ra'try—1)! (rare! er2—1)! (ret 1s’—1)! 


(ro— 1)!r3"! 





(10) 


ry'Iry! (r3—1) !70' Ir! 

By comparing (10) and (8) it is easy to write 
down the general form of the combinatorial factor 
F (ry',71,72',f2,°* +), and the result can be established by 
induction. The mean value corresponding to the general 
graph is Vry'+ryVry+ro'+rovrot+rs’+r3° °° since Vrj+r yey’ +rj41 
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(¢) 


Fic. 5. Graphs which arise in determining the combinatorial 
factor F (ry’,ri,re’,r2,73'). The graph in (a) determines the auxiliary 
combinatorial factor Fo(r1’,r1,r2',r2,rs’). This factor is a combina- 
tion of the factors Fo(r1’,r:,0) and Fo(re’,re,rs’), and the graphs 
corresponding to these two factors are shown in (b) and (c). 


represents all the contributions from a given m,. The 
2nth moment po, of the vibration spectrum of the chain 
can be written in the form 


Ben > 


ry’ 1,72! +s 


2” F (ry! 11,82 5° ° -) 


(11) 


x Vry’+ryrytre’+raretrsa’t+r3'**. 


The sum is to be taken over all distinct values of 
Fig TH *** ry’, ro, ioe such that 2(nitret+: ° -)+r,’ 
+ro/+---=n; 9’ is written for r;'+ro'+--- and the 
factor 2”’ arises from the factor 2 along the main 
diagonal of A corresponding to each pause in the 
random walk. The factor F(r;’) corresponds to all 
pauses and no steps and is clearly unity. The problem of 
evaluating the moment is thus reduced to enumerating 
partitions of m given by the above condition, and for the 
first few moments, this can be done simply and rapidly. 
However, for higher moments the enumeration, al- 
though straightforward, becomes rather tedious. It is 
therefore useful to devise an alternative method of 
evaluating the F(ry’,71,r2',r2,°- -). 
We consider the successive generating functions 


1 
;(xy’) = 2. —(x1')™, 


r)'=1 Lal 
Ea Sd / 
Pyo( xy" 01,42’) 


1 
= > > —F (ry! 11,12!) (ay’)™ (x0')"® (a1)*", 


r1’,r2’=0 ri=1 N 


(12) 
P03 ( x1’ ,1,%9' ,X2,X3') 4 


= 2 pa —F (r3' ,71,72' 72,73’) 


ri’.re’,r3'=0 ri,re=l N 
X (x1) (x0!) "®” (205')® (1)? (a22)?"*. 


Thus ®, corresponds to graphs using one atom of the 
chain, ®j. to graphs using two atoms, 23 to three 
atoms, and so on. We proceed to evaluate the first few 
generating functions, and we shall then establish a 
general relation between successive generating functions 
from which they can readily be determined. 
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We have immediately that ,;= —1In(1—-,’). For the 


remaining functions we can easily sum over the 1,’ 
variables, using the relation 


» (s+r—1)! 
> —— "= (r—1) (1-2). 


sat) s! 


(13) 


Thus we obtain 


L x (7;'+71—1)! 
= 5 > —— 


ri’,r2'=0 ri=1 ! 


ry! !7;! 
(ntrf—Ii 
K——__—_— (21°) *™ (xe) * (a1) 
(75—1) Iv"! 
= oe (ry—1)!(1—2y’)-" (71-1)! 
r=! 
(x)*" 
X (1—22')-71— - 
ri!(r;—1)! 
o | 
=F —tty2"= —In(1— 12), 


n=l 7; 


x" 
\2=— ee, 
(1—2x')(1— 22") 
Similarly 
2 (r3+72—-1)! 


P123= naa eS, 


ri,r2=1 ry !ro! 


; 


(1—22')(1—2,' 
» (r+1r2—1)! (re+r3—1)! 


44127 '937734"°, 





Pi234= 
r1.72,73™=1 


rire! (ro—1)!rs! 
(16) 
X3" 


us4= 


(1—24/)(1—2/) 


Hence all the generating functions other than the zeroth 
are functions of #12, #23, -*-, only. It should be noted 
that the sums over 1, re, 73, --- are to be taken from 1 
to ©; however, if any particular value of r; could be 
taken from 0 to ©, then relation (13) could be applied 
and the sum carried out. Now if we put r2=0 in the 
expression for ®23 we obtain ®,.; thus we have 


P 103 (t12,%23) +Pi2(M12) 


@ @ (nit+re— 1)! 
- x > aes ee 
ri=1 ra=0 r\!re! 


bed (r;—1)! 
=> ——n"(1 maa ( 


ri=l r! 


U2 
). an 
1— tos 
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Therefore 
U2 
125 (t12,%23) = — 9 (us) +8u( . (18) 
1— 23 
Similarly 
D034 (12,028,%34) 


U2 
= — Hn ( ding) +a ty ), (19) 
1— 434 


and so on. We see that the successive generating func- 
tions can readily be expressed in the form of continued 
fractions 


Pyo= —In(1— 2), 


Uj2 U23 


Py93= ~In(1- ==") +11), 
Came 


Ui2 U23 Us4 Ui2 U3 
a= —In(1-—= =) 4in(1-—= =), 
i-~i— | i-— 1 


and the sum of all the generating functions ®j2+®y23 
+y034+--+ is the function 


(20) 


Uy2 U23 U34 


The expression (10) for the combinatorial factor is 
similar to one obtained by Dyson,’ and the last expres- 
sion (21) for the sum of the generating functions as a 
continued fraction is also reminiscent of his results. 
However, since we have preferred to use the original 
matrix of the vibrating frequencies rather than the 
transformed matrix of Dyson, we have not tried to 
establish a direct connection between his results and 
ours. The methods which we have used can be gener- 
alized to two- and three-dimensional models, although 
the topological problems of enumerating possible graphs 
are considerably more complicated. Some help can be 
obtained from corresponding work on the Ising model in 
two and three dimensions, and we hope to deal with this 
generalization in a subsequent paper. 

We have used the formulas (18) and (19) for the 
generating functions as a means of writing down ex- 
pressions for the moments. The generating functions are 
expanded as power series in the u’s and hence in the x’s 
and xs. Corresponding to each term in the expansion 
of a given order there will be a mean value and a term 
in the expression for the moment. By this means the 
values of the even moments from pe to uo have been 
derived ; some further details of the calculations, and the 
resulting expressions, are reproduced in Appendix A. 
Previously the moments up to 14 have been obtained by 
an alternative method”; the present results check with 
those obtained previously, but because of the greater 
simplicity of the present method, the calculations can be 
carried much further. 
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When the lattice is homogeneous all the «’s are equal, 
and it can be verified that the infinite continued fraction 
given above leads to the correct result. 


APPENDIX A. EVALUATION OF THE MOMENTS 


We shall illustrate the method described in Sec. 3 by 
deriving in detail the moments up to 40, and quoting 
the results for u42 to p20. 

We have from Eqs. (12), (18), and (19): 


; (xy’) = —In(1— ay’) = xy’ +4412 +-4012+ ---, 
P1o(t12) =—In(1 — 12) = Uyot4uye?+hujye+ res, 


Ui2 ) 
1— 23 


= UyQe3+ (t612%23°-+ 412723) 


+ (16120 03°+ $619°tdo3° + 19°93) + ° On 


U23 ) 
1— 434 


+41 97tho334+ 2Uy 223734) + --°. 


193 (12,%23) 


= Hulu) +Pu/ 


Py034(t12,M23,%34) 
= —Pj93 (t612,23) +9 .u( to, 


= UyqMogza+ (Urotostsq” 


We must now expand #.2.=«2/(1—4')(1—22’), «++, as 
power series in xy’, x2’, «++, sum ©; + 2+ 123+ : ++, and 
collect together all terms of order r in all the x’s and 
x’’s for the 2rth moment. We obtain for the first five 
terms: 


ay’ + (arr? ay?) + (garb artay' + aye’) 
+ [har!§ ace (xy a’ x9!-b re”) + bat ara? | 
+ [hay! 2 x? (24/8 ary?! + 01/09"? 19'8) 
+ har! (ary! + 229!) + arPare? (ary + 2¢9/+ 2a00') J. 


Each term in the polynomial must now be replaced by 
its appropriate average as described in Sec. 3. The 
resulting moments are 


po=1, 


wo=4}(2n1), 


1 
us=—(4v2+2y,’), 
16 


1 
be=—(8v3+12r172), 
64 


1 
pg =—— (164 +32y371+ 18y2?-+4y0n,’), 
256 


1 
oat” ames 801471+ 10073¥2-+20v3n12-+ 20271), 


Mi2= 


1 
06 (646+ 192y5v1+264y4v2+ T2vqve+ 146p;? 


) 
+ 156v3yev1+ 24v3+- 6v2"v;") ’ 
Hig= (1287+ 448y671+67 2v5vo+812y4v3+224y5r1" 
6 384 
4-532 vor, + 280032) + 25203722 + S6vgv—v1?-+ 289*r}), 


(256v3+ 1024y7v;+ 1664 v6v2+2176y5r3 


Hi6=— 


65 536 
+ 1186y42+ 640v6v1?+ 166457971 +187 2y43r1 
+844 y472?+ 832037 72+ 192 v4vev1?+ 366 3r2"r1 
+ 1443?v2-+ 3294+ 8y2'v,’), 

: a oe 
+ 6660r5r4+172877:2>+4896yev2v1 +5904 y 57371 
+2700 v5v2?+3132y4201 +547 2v4v3v2+864y;' 
+576v5vqv12+ 1080 y4vgv12+ 1116472271 + 136893? vor4 
+468 3v23+ 108y372?v1?-+ 36r2'r1), 


1 
f20= —————- (1024.00 +5120 901+ 9600 rgv2+ 14 400v773 


1 048 576 

+18 1201674 +976205?+4480rgr)2+13 760r7y2r1 
+17 760v—v371+8280r¢6r2?+ 20 020r574r1 

+17 6405732489207 72+ 8320r4r3?-+ 1600r6r201" 
+3520 v5 rgn2-+ 3360 ysv2"v1 + 2190942712 +9520 v4v3v2r1 
+ 1520v4v2°+ 1760v38v1+ 257003702?+ 360 v4r2?v)" 
+520v3?vov1?-+ 580v3728v1+4072°+ 102'r;’). 


It is worth pointing out that checks are available for 
the coefficients in the expressions for the moments. For 
example, the sum of all the coefficients in 42, must be 
equal to the value for the homogeneous lattice, (2m)!/ 
[4"(n!)*]. Such checks are of great practical importance 
for the higher moments since the calculations become 
involved. A final source of error (not eliminated by such 
checks) is writing down the wrong average for a given 
configuration ; this is much less likely to occur than other 
errors, and was eliminated by performing the calcula- 
tions independently on different occasions. 
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APPENDIX B. THE CASE OF EQUAL MASSES AND where 


RANDOM FORCE CONSTANTS 
The equation of motion of the (p—1)th atom of a 
chain of random masses and equal spring constants is, 
from (1), 


Wp thy_1— Up. 
Similarly 
du, a a 
—— = —W y— —W pt. 
, 2 
Opi a de my, My 
—— = ——[p_2— 2tp_i tu, | 


dt Mp1 Substracting we obtain 


a a Tw, a a a a 
——[tp-2— Hp1 |———[tp_1— Hy ] =—W p-1—- +— Jwot—wpit, 
mMp—t a Mp Mp1 My My 


(B.3) 


and this is of exactly the same form as (1) with constant 
m and random a. 
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By using a combination of the moment-trace method and a new method, the “‘delta-function” method, 
the vibrational frequency spectrum of a randomly disordered, two-component, isotopic, linear chain has 
been computed for a wide range of the concentrations of the two kinds of particles and of their mass ratios. 
In addition the particular case of a chain in which the mass of one of the isotopic constituents becomes 
infinite can be treated exactly, and the results of this analysis shed light on the form of the spectra for 
lattices with large but finite mass ratios for the two constituents. The spectra are characterized by the 
disappearance of the square-root singularity at the maximum frequency which is found in ordered one 
dimensional lattices, and by the appearance of impurity bands, the nature of which is discussed. Finally, 
the zero-point energy of a randomly disordered lattice is calculated and compared with the zero-point 
energy of an ordered lattice and of the separated phases. 

1. INTRODUCTION the spectrum is expanded in an infinite series of Legendre 
polynomials whose coefficients are linear combinations 
of the moments; in the second method, which is believed 
to be new, polynomial approximations to a Dirac 
delta-function are used to give the value of the spectrum 
at any point as a linear combination of the moments. 

We begin by considering a particular one-dimensional 
disordered lattice problem which can be solved exactly, 
namely the case in which the mass of one atomic species 
becomes infinite, and obtain the distribution of normal 
mode frequencies for this case. We then obtain spectra 
for the finite-mass case by the two methods mentioned 


N a previous paper’ a method for obtaining the 

moments of the vibrational frequency spectrum of 
a disordered two-component linear chain was described, 
and explicit expressions for the even moments up to 420 
were given. In the present paper we apply these results 
to the construction of frequency spectra of disordered 
isotopic linear chains for a wide variety of concentra- 
tions of the two kinds of particles and of the ratios of 
their masses. In obtaining these spectra the moments 
are used in two different ways: In the first method, 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research, Air Research and 
Development Command. 

t On leave from Physics Department, King’s College, Uni- 
versity of London, London, England. 

1Domb, Maradudin, Montroll, and Weiss, preceding paper 
[ Phys. Rev. 115, 18 (1959) ]. 


above. The zero-point energy of a randomly disordered 
linear chain is also calculated. In an Appendix. the 
relation between asymptotic properties of the moments 
and the high- and low-frequency behavior of the 
spectrum is discussed. 





VIBRATION SPECTRA OF 


2. SPECTRUM FOR A DISORDERED LATTICE WITH 
THE MASS OF ONE OF THE ATOMIC 
SPECIES INFINITE 

In one dimension there is one disordered lattice 
problem that can be solved exactly: the case in which 
the mass of one species of atom is infinite. We believe 
that the details of this spectrum shed some light on the 
problem of the disordered chain with the mass of one 
of the atomic species very much larger than that of 
the second. 

The essential simplification introduced by an infinite 
mass is that the linear chain is divided into “islands” 
of light masses bounded by “walls” of rigid atoms. In 
higher dimensions even the infinite-mass case is difficult, 
if not impossible, to solve analytically. Consider a 
chain of V atoms and let 7 be the probability that a 
light atom occupies a given lattice site. Then the 
probability of having an “island” or run of m light 
atoms is, in the limit V— «, r*(1—7)?. A run of 
length zero corresponds to a single infinite mass, and 
the probability of this is (l1—7). The normal mode 
frequencies of a chain of particles of mass m enclosed 
between rigid walls are 


1s , 
w=1| (1-cos )/2| 
n+1 


TS 


oa ee | (1) 
2(n+1) 


=wy sin 


Thus every rational number in the interval (0,1) except 
for the end points generates a frequency given by Eq. 
(1). We now derive that weighting factor which is to 
be associated with a given rational number. Let us 
assume that s/(n+1) is reduced to lowest terms. This 
ratio can be realized in many different ways since 
s/(n+1)=2s/(2n+2)=---. Hence the probability 
associated with the frequency wy, sin[as/(2n+ 2) ] is 

0 (1—1)?r" 

(1—7)? So rine) = — = (2) 

kat {— rn! 

The relation 


2 o(n+1)r” 
(1—z)* ———-=1, (3) 


n=) 1 — ntl 


where ¢g() is the number of integers less than and 
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prime to #, is known from the theory of Lambert 
series?; hence the probabilities given by Eq. (2) sum to 
unity, as they must. We therefore see that the frequency 
spectrum for a one-dimensional disordered lattice con- 
taining atoms with an infinite mass is given by a series 
of lines (delta functions) with varying weights located 
at a set of points in one-to-one correspondence with the 
rational numbers. There is also a delta-function at the 
origin of strength (1—7) which corresponds to the zero 
frequencies due to the infinite masses. The spectrum 
differs essentially from a normal one-dimensional spec- 
trum of a chain of NV atoms. Although this also consists 
of N lines, we can divide these lines into groups in 
which the variation of their magnitudes is less than 
any given quantity «, and as VN—> the number of 
lines in each group becomes large and the spectrum 
tends to a continuous function. However, as NV — © in 
our particular case the limiting function still exists 
only at points given by Eq. (1). Thus, near any one 
point of the spectrum there will be infinitely many 
others, but from Eq. (2) we see that the closer any 
other point comes to the first the larger is the difference 
in their magnitudes [since by Eq. (2), these magnitudes 
depend only on » and not on s }. 

Some idea of the distribution of frequencies in the 
spectrum can be obtained from Table I which lists the 
expected distribution of frequencies in (0,w,) in inter- 
vals of w,/10 for r=}. 

It is possible to calculate the behavior of the expected 
integrated frequency spectrum in a neighborhood of 
the maximum frequency. Let N(w) be defined as 
S*"g(w)dw, where g(w) is the expected frequency 
spectrum. We shall study the behavior of N(w) in the 
neighborhood of w=w ,. From Eq. (1) we see that we 
must study the fraction of frequencies in an interval 
specified by the requirement that s/(m+1) be close to 
one. For simplicity we take m large and set s=n. Then 
the length of the interval to be considered in the 
frequency domain is 


wi YY 
wr w=or( 1-sin ) -ex( 1-cos—"— ) 
' 2(n+1) 2(n+1) 


wpm 


neenicllln (4) 
8(n+1)? 


There will be frequencies in this interval which 


TaBLe I, Fraction of frequencies in the intervals [(j--1)wz/10, jwz/10). 


w/w 0-0.1 0.2 0.3 0.4 








Fraction 


0.5019 0.0038 0.0120 0.0504 


0.5 0.6 0.7 0.8 0.9 1.0 


0.0760 


0.0183 0.0052 0.1719 0.0902 0.0703 


2K. Knopp, Theory and A pplication of Infinite Series (Blackie and Son, Ltd., London and Glasgow, 1951), p. 448. 
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correspond to the rational numbers 
n n+1 2n 2n+1 
n+l ont2) ntl’ Wnt?’ 
3n 3n+1 


———_—_— tr, etc. 


3n+1 3n+2) 
The expected fraction of frequencies is therefore equal to 
(1—17)*(r*4-1°#+-79#*+---- 
ferim4 pintey penthy 4 pin pimte4 st...) 


—r 1-7’? 


rT” ren 
= (1 =| ++ eo ‘| (1—r)r” (5) 
for large n. Hence the desired density is given by 


Tv 
N(w) = (1—7) exp| = Ins}. (6) 
[8(1—w/wz) }} 

From this result one can obtain some information 
about the behavior of N(w) for a disordered chain with 
a finite ratio of masses. We first note that the moments 
are a linear combination, with positive coefficients, of 
the val =7/m"+(1—7)/M*].! The moments of a dis- 
ordered chain with masses m, M and probability 7 are 
thus bounded below by the moments of a disordered 
chain with masses m, © and probability r. But the 
moments are also bounded above by the moments of a 
disordered chain with masses m, ©, and probability 7’, 
where r<7’<1. This can be seen from the inequality 


rr i-r f¢ l—r7"\* 
Se ages 
m” M" wm" tr \M 

t+(1—7)(m/M) 
<——_—___—_. 

m" 

The last term on the right is an expression for v, for a 
disordered lattice with masses m, ©, and a probability 
r’=7+(1—7)(m/M). Let us now consider the function 
N(w) for a disordered chain with masses m and M and 
probability + and compare it with N,,.’(w) for a chain 
with masses m and and probability 7’. It is shown 
in the Appendix that it is impossible for N(w) to be 
strictly greater than or equal to N,,’(w) in any neighbor- 
hood of w=w ,. Similarly it cannot be strictly less than 
or equal to N,.(w). Therefore it behaves qualitatively 
like N,’(w) about w=wr. 


3. DETERMINATION OF THE SPECTRUM 
FROM THE MOMENTS 


If all the moments of a spectrum are known, it is 
clear that the characteristic function can be written 
down, and hence the spectrum derived exactly. If only 
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a finite number of moments is known, we can neverthe- 
less derive approximations to the spectrum which will 
improve steadily with the number of exactly determined 
moments. We shall be concerned with a chain in which 
any atom can have mass m or M (M>m), these values 
occurring randomly with frequencies 7, 1—7, respec- 
tively. Then »,, the sth moment of the M~ distribution 
will be equal to 
1—r fr 
ve=—t+ —(1+8€*); 
M 8 


m* . @ 


(8) 


B=(1—1)/r, §=m/M. 

By Rayleigh’s theorem* no frequency of the random 
chain can be greater than the highest frequency of a 
homogeneous chain of light atoms m. Since we consider 
a lattice with only masses chosen at random, the 
maximum frequency will be equal to that of a lattice 
containing light masses only with probability 7% ; hence 
the frequency spectrum is nonzero in at most a finite 
region (0,0) where wz is the maximum frequency of a 
lattice with light atoms only.‘ The results of the last 
section suggest that the high-frequency end is ap- 
proached by an exponential tail in the spectrum. 

A considerable simplification in the determination of 
the spectrum arises when it is known that the spectrum 
exists only for a finite range of frequencies. The asymp- 
totic values of the moments then determine the behavior 
of the spectrum at its upper end. Thus if u,~wz"f(n), 
where lim,...[ f() ]/"=1, then the upper limit of the 
spectrum is w, and f(m) determines the form of the 
spectrum near w=wz in certain cases; for example, if 
f(n)~1/n*, then g(w)~A(1—w/wz)*. This result is 
derived in the Appendix, and it is shown how a detailed 
asymptotic expansion of u, for large m enables us to 
obtain a corresponding expansion of g(w) near w=wr. 

In what follows, it will be more convenient to discuss 
the dimensionless distribution functions, 

f(x)=wzg(w1x), F(x)=w1?G(w12x), (9) 
where G(w*) is the distribution function for the squares 
of the normal mode frequencies, and is related to g(w) 
by g(w)=2wG(w’). The even moments of the frequency 
distribution function g(w) are given in terms of these 
new functions by 


1 
Uo, = pox/wp* = f a?* f(x)dx 
0 


1 
= f #FC)ae 
pe Pal 0 


*Lord Rayleigh, The Theory of Sound (Dover Publications, 
New York, 1945), second edition, Chap. 4. 

*G. H. Weiss and A. A. Maradudin, J. Phys. Chem. Solids 
7, 327 (1958). 

5 Maradudin, Mazur, Montroll, and Weiss, Revs, Modern 


Phys. 30, 175 (1958), 


(10) 
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We restrict ourselves to the consideration of even 
moments only since it is these which are obtained by 
the moment-trace method. In order to calculate the 
spectrum using these moments, the function g(w) is 
extended symmetrically from —w , to 0; all odd mo- 
ments over this extended range are then zero. 

It is easy to transfer the origin to x=1 and calculate 
the transformed moments v2. We have 


om f (1—x?)* f(a)dx 


As we shall see in Sec. 4, these transformed moments are 
intimately connected with the evaluation of the zero- 
point energy of a crystal lattice. Furthermore, we can 
use the above results to obtain the expansion of f(x) 
near x=0. 

To approximate to the spectrum over the whole 
range, two independent methods have been used. The 
first is to obtain the best type of polynomial approxi- 
mation with the moments available, and this is achieved 
by the use of Legendre polynomials. The details of the 
method have been described previously, and will 
therefore not be reproduced again here. Since even 
moments were available up to uo, Legendre poly- 
nomials up to the twentieth order were used. It is 
important in methods of this kind to maintain a 
sequence of approximations rather than to rely on one 
approximation of the highest order. By noticing the 
differences between successive approximations in the 
sequence it is possible to assess the reliability of the 
final estimate. 

The second method, which to the best of our knowl- 
edge has not been used before, we have called the 
delta-function approximation. This method makes use 
of the formula 


(11) 


F(a)= f F(@ae—aa8, 0<x<1, (12) 


and the mth order approximation replaces 6(§—«x) by a 
polynomial of order n, 6,(—<). 

However, for the study of f(x) about «=0 we need a 
one-sided delta-function, and we can use 


(2n+1)! 


5, (x) =————(1—2?)"= A ,(1—2°)", 
22ntl (n !)2 


(13) 


where the normalization constant has been chosen in 


such a way that 
1 
J sear=1. 


-1 


(14) 


For one-dimensional lattices the expansion of f(x) for 
x~0 is 


f(x) =cotcox?+cqxt+---. (15) 


Using the delta-function method we can obtain values 
for the coefficients ce, as follows. We have that 


f bata syax 
=A f f(x) (1—x*) "dx 


1 
=A J (1—2x)"Leotcox?+cyxt+-+- ]dx, (16) 


1.e., that 

C2 
2A nV2n _ cot— ae + 7tto a ad 
(2n+3) (2n+3)(2n+5) 


15¢¢ 


a re: 
(2n+3) (2n+5)(2n+7) 

The coefficient co has been determined exactly,® and we 
see that from the relation 


(2n+3)[2A ndon—Co ] 


3¢4 15¢¢ 
(18) 


+———— nl 
(2n+5) (2n+5)(2n+7) 


that the coefficients ¢c2, c4, --- can be obtained with 
reasonable accuracy provided that a large number of 
moments are available. An explicit expression for the 
Con can be derived in terms of limits and differences of 
limits of the quantities A,v2, as in Theorems 4 and 5 
of the Appendix. If the functional form of f(x) for x~1 
is known, similar methods using the #2, can give us 
precise information about the spectrum in this region. 

At an intermediate point of the spectrum we need a 
two-sided delta-function, and we’have used 


&—x 2-4" 
s(¢-2)=41-(=) | Ee 
1-—x 
t—x 247 
-bJ1-(—) ] eck 
x 


where A, and B, are given by 


1 (2n+1)! 
1—x 2H(n!)2 
1 (2n+1)! 

2 "x 24(q))? 


6A. A. Maradudin and G. H. Weiss, J. Chem. Phys. 29, 631 
(1958). 


(20) 
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Fic. 1. This figure shows successive approximations to the 
frequency spectrum of a randomly disordered two-component 
linear chain in which the ratio of masses M/m=2, and the fraction 
of light masses r=0.5. These were obtained by the Legendre 
polynomial method using 16, 18, and 20 moments respectively. 





lines 
o al as 


respectively. This function overlaps the interval (0,1) 
but this does not affect our results, since there is no 
contribution from outside this interval. Clearly the nth 
approximation, F,(x), can be expressed in terms of 
moments of up to order 2 for an end point and of up 
to order 4m for an interior point of the spectrum. We 
can similarly obtain estimates of F’(x) and F’’(x) at 
any point x by using 8’(§—x), 6’’(—x). The spectrum 
and its properties can then be calculated point by 
point, the accuracy obtainable depending on the number 
of moments available. 

The two methods of approximation seem to be 
roughly complementary. The Legendre polynomial 
method provides an approximation which oscillates 
above and below the correct spectrum, and hence tends 
to exaggerate the maxima and minima and oscillations 
of this spectrum; spurious oscillations can usually be 
separated from genuine maxima and minima since they 
are not consistent in successive approximations (see for 
example Fig. 1). On the other hand, the delta-function 
method produces an averaged spectrum with a breadth 
of averaging which is determined by the order of the 
approximation, becoming finer as increases; it there- 
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fore tends to smooth out the oscillations of the correct 
spectrum. Both methods (and more particularly the 
Legendre polynomial method) are highly sensitive to 
the correctness of the moments; several small errors in 
the initial derivation of the expression for the twentieth 
moment were detected by the obvious incorrectness of 
the corresponding approximations to the spectrum. 
The delta-function method has the advantage of 
great simplicity, and ready application without exces- 
sive computational difficulty to moments of a high 
order; it provides approximations to a positive function 
which are always positive. The Legendre polynomial 
method is less satisfactory to use with moments of high 
order since a very high degree of accuracy is required 
in computing the coefficients of high order Legendre 
polynomials, and this leads to heavy computational 
work. In the present application we have used the 
delta function method largely at the ends of the spec- 
trum, as the Legendre polynomials seem to provide a 
better estimate in the interior frequency range. If more 
moments were available it is likely that the delta- 
function method could have wider application; this 
might provide an alternative method for accurate 
calculations of spectra of homogeneous lattices, where 
moment calculations can be carried out quite easily. 


4. ZERO-POINT ENERGY OF DISORDERED LATTICES 
The zero-point energy of a crystal lattice is given by 
Eo= th Dj w;, (21) 

where the summation is over all the normal mode 
frequencies of the lattice. Since g(w)dw is defined as the 
fraction of normal modes with frequencies in the 
interval (w, w+dw), we can replace the sum in Eq. (21) 


by an integral to obtain the zero-point energy per 
particle as 


@L 
Pa/N= 4h f we (w)dw 
0 


1 
= buoy f xf (x)dx, (22) 


where NV is the number of particles in the lattice. 
Following the method used by Domb and Salter’ for 
homogeneous lattices we rewrite Eq. (22) as 


Ko V=Shun f [i—(1—x?) }}f(x)dx 
0 


- 1 1 
= thw, > -o(") f f(x) (1-2?) "dx 
n=O) n 0 


a P| 
= pho, Do (- »( = 
n=) n 


7C. Domb and L. Salter, Phil. Mag. 43, 1083 (1952). 
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Since in the present case we have only the moments 
up to p20 at our disposal, it is necessary to estimate the 
contribution to Eo/N from the sum. 


co 3 
= pa (-1)"( Js 
n=l1 n 


The method for obtaining this correction is quite general 
and can be applied to homogeneous as well as to 
disordered lattices. 

We begin by obtaining the asymptotic form of v2, 
for large n. Since we know that about x«=0, f(x) can be 
expanded as 


(24) 


f(x) = cot cox?+cyx*+ +++, (25) 


and since the v2, are moments of the frequency distri- 
bution function about the origin, then with the aid of 
Lemma 1 of the Appendix we can assert that the large-n 
behavior of v2, is given by 


1 
sw f (1—x?) "(cot cox?+ car? + os -)dx 
0 


Co PQ)P(m+1) es r (3) (n+1) 
"2 Tinth) 2 Tint$) 
cs T($)T (n+1) 
z T'(n+9) 





(26) 


If this result is substituted into Eq. (24), we obtain 
(—1)° (17 
4 nu P(3+n)P(3—n) 8 =uT($+n)P(3—n) 


(—1)" : 
a +e, (27) 
16 on T(F-+n)T (G—n) 


Cor « Con © 
= ‘ties 





3cqr « 





where we have used the explicit expression for the 
1 


binomial coefficient (*). With the aid of the relation 
n 


I'(z)l (1—z)=2/sinzz, 
the sums in Eq. (27) are transformed into 


1 


4 n=11 (n +4) (n—3 8 n=11 (n +3) (n+4)(n—3) 


34 wo 1 
(28) 


16m=1 (n+§)(n+§)(nt+4)(mn—3) 
By breaking them up by partial fractions, we can 


evaluate the sums immediately with the result that 


Co Ce C4 


2X21 4X21K23 2212325 





—+++, (29) 


Our expression for the zero-point energy per particle 
becomes finally 


Eo hwy 10 


b 
| a (—1)*( )240.02380050 
N 2 (naw n 


—(0).0005176¢2—0.0000414¢c4—--- (30) 


In applying this result to the calculation of the zero- 
point energy of the disordered lattice the exact values 
of Co, C2, c4, which were obtained by the methods of 
Sec. 3, were used. 

The zero-point energy per particle of the disordered 
lattice with the ratio M/m infinite cannot be evaluated 
in this manner since the correction terms become 
infinite. However, from our analysis of the frequency 
spectrum for this case, we know the value of every 
normal mode frequency and the probability of its 
occurrence, so that we may evaluate the zero-point 
energy by direct summation. The sum converges 
rapidly, and good accuracy can be achieved in this way. 

In order to compare the zero-point energy per particle 
of the disordered lattice with the zero-point energy per 
particle of the ordered (ABABAB:---) lattice and the 
lattice in which the isotopic constituents have separated 
into two phases, the latter two energies were computed. 

The zero-point energy per particle of an alternating 
diatomic chain with masses M and m has been obtained 
by Mazur, Montroll, and Potts® for a chain with fixed 
ends. In the present case, where we have assumed 
cyclic boundary conditions, their analysis leads to the 
following expression 


Eotdered hwy 1 


N mw L2 





M 


(: “)| (M/m)'+(m/M)* 
[ 


(M/m)'+ (m/M)*]} 

rg Z 
(Osh). on 
4 (M/m)'+(m/M)! 


where E(¢,k) is an incomplete elliptic integral of the 
second kind. 

The zero-point energy for the separated phases is 
computed from the fact that the zero-point energy per 
particle of a monatomic linear chain with masses M 
and force constants a is (#/m)(4a/M)}. The zero-point 
energy per particle for the separated phases is then 


given by 
Ege? ap /4a\) | day 3 
=H] 
N f m M 


If we normalize this expression to give the zero-point 
energy in terms of the maximum frequency of the 


(32) 


8 Mazur, Montroll, and Potts, J. Wash. Acad. Sci. 46, 2 (1956). 
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Fic. 2. The zero-point energy for an ordered (ABAB---) 
diatomic linear chain, for a randomly disordered two-component 
chain with r=0.5, and for a diatomic chain in which the compo- 
nents have separated into two phases (---AAABBB.---), plotted 
as a function of the mass ratio M/m. 





disordered lattice, we obtain 


Ey’ thw m\} 
-—{1-1+7(=) | 
N T M 


(33) 


By using Eqs. (30), (31), and (33), the zero-point 
energies of the ordered and disordered lattices and the 
separated phases were calculated as a function of the 
mass ratio for r=}. The results are given in Fig. 2. 
For all mass ratios the ordered lattice has the highest 
zero-point energy, while the separated phases have the 
lowest zero-point energy. This result is in agreement 
with results obtained earlier and by different methods 
by several investigators.‘ *.° 


5. PROPERTIES OF THE SPECTRA 


Even moments of the spectrum up to yoo were 
evaluated from the expressions given in reference 1 on 
the IBM 704 computer at the National Bureau of 
Standards for M/m=1.1, 0.5, 2.0, 3.0, 5.0 and for 
7=0.1, 0.25, 0.50, 0.75, and 0.90. Corresponding 
approximations to the spectra using Legendre poly- 
nomials were also computed with 16, 18, and 20 mo- 
ments. We found it necessary to do our calculations in 
double precision (i.e., keeping twenty decimal places), 
since in the Legendre polynomial calculations many of 
the terms arise as small differences of large numbers, 
thus necessitating increased accuracy. A typical set of 
estimates of the spectrum is shown in Fig. 1 for r=0.5, 
M/m=2. The advantage of maintaining the series of 
approximations referred to in Sec. 3 will be clearly seen. 
At long wavelengths the small oscillations occurring in 
successive approximations are not consistently main- 


* Prigogine, Bingen, and Jeener, Physica 20, 383, 516 (1954). 
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tained, and have the appearance of spurious oscillations 
introduced by the approximation. On the other hand, 
the major peaks are consistent in successive approxi- 
mations, and we feel confident that they are not 
spurious. 

The Legendre polynomial approximation thus seems 
to be rather unsatisfactory in the long-wave region of 
the spectrum. Fortunately an alternative and inde- 
pendent source of information is available for this 
region. Clearly the forces in any given region are 
independent of the masses, and hence the stress across 
any given area, and the corresponding stress tensor, 
remain the same as the masses change. Hence for a 
large region containing different masses the equations 
of motion are of the form” 


Jf focsosacavsrandyds= ff x.as, (34) 


where p(x,y,2) is the density of the body at the point 
(x,y,z), u(x,y,z) is the displacement of the point (x,y,z), 
and X, is the x component of the traction across the 
bounding surface of this region. Now it is this macro- 
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Fic. 3. The final estimate for the frequency spectrum of a 
randomly disordered two-component chain with M/m=2 and 
r=0.5. 


A. E. H. Love, A. Treatise on the Mathematical Theory of 
Elasticity (Dover Publications, Inc., New York, 1944), p. 76. 
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with 


Bo=r(1—r), Bs=7(1—7r)(27—-1), p=AM/M, (37) 


AM=M-—m, M=rm+(1—71)M. 


We have used this method to fill in the long-wave- 
length part of the spectrum. We also tried the delta- 
function method for this region of the spectrum and 
found that the resulting curve did not differ appreciably 
from that given by (35). 

The curve in Fig. 3 represents our final estimate of 
the spectrum for M/m= 2, r=} and was obtained from 
the twentieth Legendre polynomial approximation at 
the upper end of the spectrum (which is terminated 
exponentially at the upper end in accordance with Sec. 
2) and the methods of the previous paragraph at the 
lower end. There are indications (by comparison with 
corresponding Legendre polynomial approximations for 
the ordered ABAB--- lattice) that the peaks in this 
spectrum do not represent infinite singularities. 

In Figs. 4 and 5 we have plotted the frequency spectra 
for the case M = 2m as the concentration of particles of 
lighter mass m increases from 10% to 90%. For refer- 
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Fic. 4. The frequency spectra of randomly disordered two- 
component chains for the cases M=2m, and r=0.1, 0.25, and 
0.50. 
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scopic equation which determines the elastic constants, 
and hence the long-wave behavior of the spectrum; 
and if the region concerned contains a large number of 
lattice points, we can neglect density fluctuations and 
replace p(x,y,z) by the mean density. We should thus 
expect the long-wave behavior to correspond to that of 
a monatomic lattice of mean mass. 

This result can be established independently for the 
linear chain by a perturbation method.‘ In fact, the 
latter method provides a long-wavelength expansion for 
the disordered lattice of the form 


g(w) =CotCw’?+Cyw'+---, (35) 
where 
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component chains for the cases M = 2m, and r=0.5, 0.75, 0.90. 
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ence, the spectrum corresponding to r=0.50 has been 
included in each figure. We note that for r=0.10 the 
spectrum does not differ qualitatively from the spec- 
trum of a monatomic lattice containing only heavy 
particles in that it increases monotonically to a maxi- 
mum at w/w,=0.65 and then drops steeply. (The 
additional subsidiary maximum in this spectrum near 
the high-frequency end is believed to be associated with 
an impurity band and will be discussed below.) The 
corresponding monatomic lattice has a square root 
infinity at w/w,=0.7071, and is zero beyond this point. 
As the concentration of light masses increases, the main 
peak decreases, while the small subsidiary peak in- 
creases until at r=0.50 it becomes the dominant peak. 
At the same time, a smaller peak begins to develop on 
the high-frequency side. As 7 increases further, this 
new peak increases while the remaining two peaks 
decrease. At r=0.90 the spectrum is almost that of a 
monatomic lattice with light masses only. The spectra 
for both r=0.75 and r=0.90 eventually bend over and 
approach zero at w/w,=1. It might be remarked that 
the spectrum of a lattice containing only 10% heavy 
atoms resembles the spectrum of the corresponding 
light atom monatomic lattice more closely than the 
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Fic. 6. The frequency spectra of randomly disordered two- 
component chains for the cases r=0.5, and M/m=1.1, 1.5, 3.0, 
5.0. 
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Fic. 7. The frequency spectrum for a randomly disordered 
two-component linear chain with M/m=3 and r=0.1. Note the 
two impurity bands. 


spectrum of the lattice containing only 10% light 
masses resembles the spectrum of its corresponding 
heavy mass monatomic lattice. The reason for this is 
found in Rayleigh’s theorem.’ The addition of a small 
number of heavy masses to the light atom lattice will 
only depress the frequencies slightly, while the addition 
of a small number of light masses to a heavy mass 
lattice will shift the frequencies upward and can 
displace the uppermost frequencies into an impurity 
band. 

In Fig. 6 we have plotted the frequency spectra for 
7=0.50 as the ratio M/m varies from 1.1 to 5. (The 
spectrum for the case M/m=2 is contained in Figs. 4 
and 5.) It is seen that the change from a rather smooth 
spectrum containing no sharp peaks (except at w~w,) 
to one containing several maxima takes place for values 
of the mass ratio approximately equal to two. 

In Figs. 7 and 8, we have plotted the spectra for the 
cases r=0.1, M/m=3, and r=0.1, M/m=5, respec- . 
tively. These represent the spectra of homogeneous 
lattices with a small impurity concentration. In each 
case the existence of two impurity bands is clearly 
suggested. 

A quantitative explanation for the features of the 
spectra is very difficult to give at the present time. 
However, some qualitative remarks can be made which 
may aid in the interpretation of our results. In the case 
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that the concentration of light atoms is small, as in the 
case of the spectra of Figs. 7 and 8, the main contri- 
bution to the frequency spectrum is associated with 
the spectrum of the monatomic lattice composed only 
of heavy masses. The maximum frequency for such a 
lattice is given by 


max/@L= (m/M)}, 


which yields values of 0.577 and 0.447 in reasonable 
agreement with the values which mark the cutoff on 
the first band in Figs. 7 and 8. 

The presence of the two impurity bands may perhaps 
be explained in the following way. From the work of 
Montroll and Potts"! it is known that adding a single 
lighter-mass-isotope defect to an otherwise monatomic 
linear chain gives rise to a localized normal mode of 
vibration whose frequency lies above the band of 
allowed frequencies and is given by 


Wimp/wL= (2—m/M)-}. 


The broadening of this frequency into an impurity 
band for small concentrations of defects has also been 
discussed,*"” but the approximation of the spectra by 
twentieth degree polynomials is undoubtedly too coarse 
to allow us to expect quantitative agreement between 
the observed and calculated impurity band widths. 
Substituting the values (M/m)=3 and (M/m)=5 into 
Eq. (39), we obtain values of 0.775 and 0.745, respec- 
tively. These values are in good quantitative agreement 
with the values of w/w, at which the first impurity 
band occurs in the two cases illustrated in Figs. 7 and 8. 

The second impurity band is believed to be associated 
with the replacement of a heavy atom by a light atom 
in an ordered portion of the chain. In the limit of very 
long chains we can expect to find “islands” where the 
atoms are arranged in an ordered array, with the ratio 
of the number of consecutive light atoms to the number 
of consecutive heavy atoms equal to the ratio 7/(1—7). 
Then, if in such an island one of the heavy atoms is 
replaced by a light atom, the normal mode associated 
with such a defect will have a frequency which will lie 
above the maximum frequency of the ordered lattice. 
The value of this frequency has been calculated only in 
the case of an alternating diatomic lattice (ABAB---), 
Wimp | 1 5 m? 


with the result that’ 
1 3m 44) 
= {-+ [1+(2- oe || . (40) 
4 2(2—m/M) M 4M? 


If we substitute the values M/m=3 and 5 into Eq. 
(40), we obtain values of 0.933 and 0.929, respectively, 
in good quantitative agreement with the locations of 
the second impurity bands in Figs. 7 and 8. We also 
note the qualitative feature that the second impurity 


(38) 


(39) 


WL 


11 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 

2 Montroll, Maradudin, and Weiss, Proceedings of the Stevens 
Institute Conference on the Many-Body Problem (Interscience 
Publishers, Inc., New York, 1958). 
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Fic. 8. The frequency spectrum for a randomly disordered 
two-component linear chain with M/m=5 and r=0.1. Note the 
two impurity bands. 


band in Fig. 7 occurs at a higher frequency than does 
the corresponding band in Fig. 8, in qualitative agree- 
ment with the calculated results. The agreement is 
probably fortuitous since with r=0.10 there is a greater 
probability for finding repeating units of nine heavy 
atoms and one light atom than for finding repeating 
units of one heavy atom and one light atom. 

In applying this analysis to the spectrum for the case 
M/m=2, r=0.1, which is illustrated in Fig. 4, we find 
that it predicts impurity bands at w/w,~0.816 and 
w/w_~0.940, respectively. However, only one such 
band is observed, at w/w,=0.87. It is suggested that 
this band is associated with the first of the proposed 
mechanisms, i.e., it is the impurity band due to the 
presence of a small number of light isotope defects in an 
otherwise monatomic lattice. It is possible that a 
recalculation of this spectrum using higher moments 
than available at present would reveal a second im- 
purity band at a higher frequency. At present we must 
assume that the mass difference is not sufficiently large 
for a second isolated band to appear. 

For values of 7~0.5 the analysis of the spectra is 
more difficult since peaks can now arise from more 
complicated sources, and a detailed discussion of Figs. 
4, 5, and 6 will not be given. 
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Fic. 9. This figure illustrates Rayleigh’s theorem that the 
addition of heavy masses to a system of vibrating springs and 
masses lowers the normal mode frequencies of the system. The 
fraction of normal mode frequencies satisfying w*> $w ,? as a 
function of the ratio of the masses of the two constituents of a 
randomly disordered linear chain is plotted. 


In this case, it would appear to be more convenient 
to pick the ordered diatomic lattice as our base lattice, 
and to regard the disordering as taking place about this 
configuration. It is well known® that the ordered dia- 
tomic lattice has three square-root infinities: at the 
top of the acoustic band, at the bottom of the optical 
band, and at the high-frequency end of the spectrum. 
For the disordered chain we might expect that the 
forbidden band will be filled in and the infinities 
reduced to finite peaks. The frequencies at which these 
infinities occur, which we denote by w;, we, and ws, 
respectively, are given in the present case by 


wW} mr' we iy! w; 1 mv. 
(3): 2-0) 03): 

WL 2M Wr 2 Wr 2. 2 
In addition, one might expect in this case an impurity 
band at a frequency given by Eq. (40). 

However, the results shown in Figs. 4, 5, and 6 do 
not agree well with this interpretation, except for the 
positions of the high-frequency maxima in the cases 
7=0.5, M/m=2, 3, 5 which agree qualitatively with 
the values predicted by Eq. (40). It may very well be 
that the two infinities which occur at frequencies we 
and w; in the ordered diatomic lattice coalesce into a 
finite peak in the disordered lattice. For additional 
information on this and other points, we must await 
the calculation of higher moments. 

Finally, Fig. 9 has been drawn to illustrate Rayleigh’s 
theorem’ that the increase of any mass of a vibrating 
system decreases the normal mode frequencies. We 
have plotted the fraction of normal modes of a dis- 
ordered chain whose frequencies satisfy w?>}w ,* as a 
function of the mass ratio M/m. This fraction equals 
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4 for the homogeneous chain, but decreases rapidly for 
M/m>1 until it approaches the value for M/m= =. 
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APPENDIX. ASYMPTOTIC VALUES OF THE MOMENTS 


In the remarks that follow we assume that w,=1, 
with only trivial modifications being necessary to 
translate our results for general wz. It is almost immedi- 
ately evident that the asymptotic behavior of the 
moments is intimately related to the behavior of the 
frequency spectrum in the neighborhood of the maxi- 
mum frequency. This follows from the fact that 
limy»+.#"=0 for |w! <1 and =1 for w=1. It is therefore 
not surprising that under quite general conditions one 
can discuss the behavior of the frequency spectrum at 
its upper end in terms of the asymptotic form of the 
moments. We shall discuss the relation between the 
form of the frequency spectrum at the high-frequency 
end and the asymptotic form for the moments in this 
Appendix. 

Let the frequency distribution function be denoted 
by g(w) and let us define a truncated distribution 
function g,(w) for e>0 by 


for 0g w<Kl—e 
for 1—e<w<l. 


g.(w)=0 


= g(w) (A1) 


Denote the kth moment of g(w) by wx and the kth 
moment of g.(w) by u,(e). Fundamental to our later 
remarks is the following obvious lemma: 

Lemma 1.—The difference between the real and 
truncated moments is bounded in absolute value by a 
function which is O[ (1—e)"]. 

Proof: We have the estimate 

l 


l—e 
male) f vigla)dx< (1-0) f g(x)dx. 


6 0 


(A2) 


With the aid of this lemma we can discuss the sense 
in which the asymptotic form of the moments is 
determined by the behavior of g(w) in an arbitrarily 
small neighborhood of w= 1. 

Theorem 1. Let f(w)20 be such that 


1. Jo! f(w)dw exists and has moments 
6.= So'w* f(w)du. 


2. g(w)= fw) +0(w) where for any 6>0 there exists 
an ¢ such that |@(w)| <6 when |1—] <e. 
18 The existence of fj! /(w)dw is enough to insure the existence 


of Ck. 
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3. For any e>O the truncated moments {;(€) go to 
zero more slowly than (1—e)*, ive., limps. (1—€)*/ 
ti (e)=0. 

4. The difference function 0(w) satisfies lim, | @(w) | / 
| f{(w)| =0. Then 


lim gree (ue /Ox) = 1. 


Hypothesis 3 insures that f(w) does not go to zero 
too quickly. It is clear that if f(w) approaches zero too 
rapidly we would not be justified in neglecting contri- 
butions from the interval (0,1—e) as is done in the 
following proof. 

Proof: We may write 


Me— wee) +ue(e) 
—< (A3) 


Mk 
art TOLenOn 
By the proof of Lemma 1 we have the property 
Se—Fe(€)|, [mame (e)| LOL(1—e)*]; hence, using 
hypothesis 3 we find 

Mele) py 


lim ——= 


‘ (A4) 
more) 5 


We can also write 


ux(€) : 
—= + f w'(u)ae / f w* f(w)dw. (AS) 
fx (e) € l—e 


1 


By condition 4 the last ratio must tend to zero as € 
approaches zero, thus proving the theorem. 

If, as w— 1, g(w) — A(1—w*)~* sufficiently rapidly, 
where a#1, 2, 3, ---, then we may assert that pu, 
~ AT (1—a)2-*k*". If, as w— 1, gw) > A In(1—w)" 
sufficiently rapidly, then u,~ A (Ink/k). 

The question now arises as to the conditions under 
which it is possible to reverse the property of Theorem 
1, i.e., if it is known that u.z~f, as R— © where the 
¢, are the moments of some function f(w) can we assert 
that g(w) — f(w) as w— 1? It is indeed true that under 
a wide set of conditions the asymptotic form of the 
moments determines the behavior of g(w) in a neighbor- 
hood of w=1 as shown by Theorem 2. 

Theorem 2. Let 


L 


Me™ Si a ** 


n=! 


k— x 


for 


where 0<5;<s9<53<--+-: If it is known that g(w) has 
a monotonic behavior near w= 1, then 

2 Inte ty! 
g(w) ~ > dy 


n=l I'(s,,) 
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Proof: We may write 


1 
m= f wiele)do= f 


0 0 


4 


e*'e(e— edi 


~>a,k-™ for k=, (A7) 


n=l 


or the kth moment can be written as the Laplace 
transform of the function g(e~')e~*. The hypotheses of 
this theorem allow us to use a Tauberian theorem" for 
the Laplace transform, to assert that 


£ [sno] 
g(e-He'~ ¥ ag — 
I'(Sn) 


n=l 


near /=0 or 


(A9) 


If the monotonicity properties of g(w) are not known, 
then we may at least assert that 


1 
J s(ordo~ 


Notice that when there is only a single term, say 

un~ Ak-*, we may expand the logarithm in the vicinity 
of w=1 to find 

Atl =—w)e 

ap oO) 


l(a 


In*"a! 


L 
L @a— 


—, (A10) 
n=1 I'(5,) 


(A11) 


Another problem along these lines is: Knowing the 
form of g(w) near w=1, how can we fit the relevant 
parameters from the asymptotic form of the moments? 
As an example of how this question might be answered, 
we have theorems 3 and 4. 

Theorem 3: If g(w) can be expanded around w=1 in 
a series of the form 


2(w) = = a,(1—w)", 


n=) 
then, in terms of the moments u;, 


1 
ad,=(-—1)" lim 


kan 


—— )(k-+2n+ 2) 


(1! 
XK A{ (kR+2n—1)(k+2n) 
KA{ (k+2n—3)(R+2n—2)A--- 


KAL(R+ Du} <<}, (A12) 


do= lim [(k+1) yx |, 


k 


4G. Doetsch, Theorie und Anwendung der Laplace Trans/or 
tioman (Dover Publications, New York, 1945). 
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where 
Afe=fesi— fe- 


Proof: The moments, yu, are given by 


™ 1 
m= >, a, f w*(1—w) "dw 


n=) 0 


* I'(n+1) 


=k!> a, nm 
n> T'(n+k+2) 
oe N!An 
as > (AN 3) 
n=o (k+-1)(k+2)- ++ (k-+n+1) 


or, equivalently, 


2!az 


- (A14) 
(k+2)(k+3) 


a 
(k+1)ux= ao+——+ 
k+2 
Hence we have 


ag= limyooe(R+ 1) yx. (A15) 


If we take first differences and use the formulas 


A constant =0, 
1 


A — 
(k+2)(k+3)---(k+n+1) 


n 


9 


(k+2)(k+3)-+-(k+-n+2) 
we find 
a) 


(k+2)(k-+3) 
2-2las 
(k+2)(k+3)(k-+4) 


A{ (k+1) px} = — 
<, (iy) 


a,=— lim (k+2)(k+3)A{(R+1)u}.  (A18) 


km 


If we continue in the same fashion we find, in general, 
the expression given by Eq. (A12). 

Theorem 4 is proved in a similar manner. 

Theorem 4: If g(w) can be expanded around w=1 in 
a series of the form 


g(w)= > a,(1—w) 2, 
n=) 
then 
1 I'(k+3) 
ao= lim —- ———, 
koe /e T'(R+1) 
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(—1)°3""* T'(k+3(n+2)) 
a— im 
on AIL (n-+-1)/2] * PRE (n+ 1)) 
— 
ye tcc SENN 
r(k+3n) 
l'(k+3) 
4| Le 
r(k+1) 





}---}. (azo) 


Since we are dealing with the limit of & tending to 
infinity we may, for all practical purposes, write 
(k+m)(k+m+1)~k and A— d/dk. In this notation 
for the case of Theorem 3 we have 


(ip? 


an™ 


d 
lim vs~| iu, (A21) 
dk 


(n!)? = 


where the operator S is defined as (d/dk)k’. Similarly 
Eq. (A20) can be written 


(—1)"2—4 d 
icone — lim RIT | — Hus, 
niTL(n+1)/2] *-* dk 


where the operator 7 is defined as (d/dk)k!. 

In Sec. 2 we have shown that the moments of the 
disordered chain with masses m and M and probability 
rt are less than or equal to those of a disordered chain 
with masses m and © and probability 7’. Denoting 
the moments of V,,(w) by uw, and those of N(w) by vn 
we have: 

Theorem 6: Let 4,2, with the inequality valid for 
n>1. Then N,(w)—N(w) cannot be strictly negative 
in any neighborhood of w=1. 

Proof: Let H(w)=N,.(w)— Nw). By hypothesis 


(A22) 


1 
f onedero, n=0, 1,2, ---, 
0 


where we have re-expressed the moments by means of 
an integration by parts. Suppose H(w) were strictly 
negative in a neighborhood (1—«,1) of 1. Then on 
some subset E of nonzero measure m(E) which lies in 
(1—«;, 1) where e;<e, we must have H(w)< —6@ where 
6>0. We may therefore write 


l—e 
f oH (odo for(a)dot f w"H(w)dw>0, 
E 


0 C(E) 


where C(£) denotes the complement of E with respect 
to (1—e, 1). The first term is at most O[(1—«)"] and 
must be positive. The second term is negative and less 
than —0(1—«,)"m(£), and the third term is negative. 
Consequently as n—> © the second (or third term) 
dominates the sum; hence the sum cannot be positive 
as asserted. This proves the theorem. 
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A study of lifetime in germanium containing nickel impurities has shown that the recombination process 
must be interpreted in terms of a multilevel model, with three charge states assigned to nickel. At room 
temperature the electron-capture cross section of neutral nickel is 0.96 10~'* cm’, and that of singly negative 
nickel is 5.9X10~'* cm?; the capture constants in both cases are independent of temperature. The cross 
section of doubly negative nickel for holes is approximately 1X 10~4 cm?; no information on the temperature 
dependence of this cross section has been obtained. Lifetime data are in good agreement with the known 
energy levels and solid solubility. The results are compared with those in the literature. 





INTRODUCTION 


HE properties of nickel in germanium have re- 

ceived considerable attention since recombination 
effects were first studied by Burton, Hull, Morin, and 
Severiens.! These investigators were able to interpret 
recombination in terms of the first acceptor level, whose 
location they found to be 0.23 ev above the valence 
band. Tyler, Newman, and Woodbury? later found a 
second acceptor level 0.31 ev below the conduction band, 
but did not show conclusively that both levels were as- 
sociated with the same substitutional nickel atom. 
Subsequently Battey and Baum,’ in a study of the tem- 
perature dependence of lifetime, deduced exponential 
dependences for two of the four capture constants. They 
found that C,: (Table I) was independent of tempera- 
ture, while C,2 and Cy: increased exponentially with 
increasing temperature. Their conclusions have been 
challenged in recent publications. Okada‘ has shown that 
photoconductivity in nickel-doped crystals can be in- 
terpreted in terms of temperature-independent Cy,» and 
C,y2; and Kalashnikov® has shown that the photo- 


TABLE I. Definitions of symbols. 


thermal-equilibrium electron concentration in the conduc- 
tion band® 
concentration of electrons in the conduction band when the 
Fermi level is at the first nickel acceptor level* 
concentration of electrons in the conduction band when the 
Fermi level is at the second acceptor level* 
density of injected electrons* 
capture cross section 
Cn electron-capture constant of neutral nickel atoms, Cn 
= (On10n) 
Cre electron-capture constant of singly negative nickel atoms 
Cy: hole-capture constant of singly negative nickel atoms 
Cp2 hole-capture constant of doubly negative nickel atoms 
N density of nickel 
N©,NY, N@) densities of neutral, singly negative, and doubly 
negative nickel, respectively. 





® The definitions of po, p1, p2, 6p are obtained by substituting hole for 
electron and valence for conduction, 





1 Burton, Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
(1953). 

2 Tyler, Newman, and Woodbury, Phys. Rev. 98, 461 (1955). 

3 J. F. Battey and R. M. Baum, Phys. Rev. 100, 1634 (1955). 

4 J. Okada, J. Phys. Soc. Japan 12, 471 (1957) ; 12, 1338 (1957). 

5S. G. Kalashnikov and K. P. Tissen (to be published). 


magnetoelectric (PME) lifetime in p-type crystals can 
be interpreted in terms of a two-level model using tem- 
perature-independent C,; and C,2; Bernard,® on the 
other hand, has indicated that C,1 increases with tem- 
perature, that Cy» is almost independent of temperature, 
and that Cp. decreases with temperature. Not only are 
these conclusions inconsistent, but the magnitudes of 
the cross sections reported by various authors are simi- 
larly divergent (Table II). In the course of this report, 
we shall make further comments on these papers below. 
Other studies of nickel in germanium have been con- 
cerned with the distribution coefficient, the solid solu- 
bility’ and precipitation.’ We shall have occasion to 
refer to the results of the latter papers, which are 
generally in satisfactory agreement with one another. 
In the analysis of data we shall assume that a substi- 
tutional nickel atom has both of the energy levels 
reported by Tyler ef al.? The resulting double-acceptor 
nature has been generally assumed by the authors 
quoted above. The validity of this assumption will be 
confirmed as the analysis of data proceeds. The energy 


TABLE II. Summary of published results. 


Sign of temperature 
dependence* 


Authors Cnt Cnt Cp2 ont ond opt 


0.84 >40 


Magnitude of the cross 
sections at room temperature? 


Burton, Hull, Morin --- 
and Severiens* 

Battey and Baum® - 6.8 3.8 ? 

Okada‘ . 0.67 0.97 

Kalashnikov and 2a Done 
Tissen* 

Bernard! + 3.0 180 

This paper 0 0.96 5.9 


18.5" 


400 
~100 


® + capture constant increases with increasing temperature. 
— capture constant decreases with increasing temperature. 
0 capture constant is independent of temperature. 

> Cross sections are given in units of 107'* cm?, 

© See reference 1. 

4 It is not clear whether this value should be assigned to on: or ont. 

¢ See reference 3. 

{ See reference 4. 

& See reference 5. 

b Computed with N =4 X10" cm=. 

i See reference 6. 


° M. Bernard, Brussels Conference, 1958 (unpublished). 

7F. Van der Maesen and J. A. Brenkman, Philips Research 
Repts. 9, 225 (1954). 

5P. Penning, Phys. Rev. 102, 1414 (1956); Philips Research 
Repts. 13, 17 (1958). 
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Fic. 1. Energy levels of nickel in germanium, showing state of 
charge of the nickel atoms for various Fermi level positions, and 
the capture constants C=(oev) associated with the four capture 
processes. 


levels shown in Fig. 1 are those of Tyler ef al,? deter- 
mined from Hall and conductivity data for situations in 
which the Fermi level has locked on a nickel level. They 
give the value of the energy levels at absolute zero, on 
the assumption that the distance of a level from a band 
edge may be written in the form Eo+aT. The straight- 
ness of the lines shown in reference 2 testifies to the fact 
that this representation is valid, but the coefficient a 
cannot be readily evaluated. 

The states of charge and the four capture processes 
of the nickel atom for various Fermi level positions are 
also shown in Fig. 1. It should be noted that holes can be 
captured by either singly or doubly negative nickel 
atoms while electrons may go to neutral or singly nega- 
tive atoms. There are consequently strong reasons for 
assuming that the electron-capture cross sections should 
be much smaller than the hole-capture cross sections, 
and that electron-capture will limit the speed of the 
recombination process under most conditions. 


EXPERIMENTAL 


Samples were prepared both by diffusing nickel into 
germanium of high lifetime and by pulling crystals from 
a melt containing nickel. The former specimens were 
prepared from high-purity zone-leveled germanium; 
some were initially n-type, and some p-type. In n-type 
crystals the original chemical donor concentration was 
chosen to exceed that of the added nickel by a factor of 
at least two, so that the carrier concentration would 
remain reasonably constant as the temperature was 
changed during measurements. Certain exceptions to 
this rule are mentioned below. For p-type crystals such 
restrictions were not necessary. 

For the diffusion process, crystals were cut into rods 
of characteristic dimensions 2X 2X 15 millimeters. These 
were cleaned, electroplated with nickel, and immediately 
put into a furnace in a flowing helium atmosphere. At 
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the end of the diffusion period the crystals were cooled 
rapidly in a stream of helium, coming to room tempera- 
ture in 10 to 30 seconds. (Rapid cooling is essential to 
prevent the precipitation of nickel, as shown by 
Penning.*) A few samples which were quenched in liquid 
nitrogen showed anomalously low lifetimes, with a tem- 
perature dependence indicative of dislocations’; the 
production of other structural defects by the quench 
was in agreement with the work of Penning.* Diffusion 
temperatures are shown in Table III. Samples cooled in 
flowing helium showed no changes in carrier concentra- 
tion other than those attributed to nickel, except in so 
far as small increases in the shallow acceptor concen- 
tration were noted; these, however, have no effect on 
lifetime. No copper was detected in Hall or conductivity 
measurements. 

Other crystals were pulled from a melt containing 
gallium and nickel, to which arsenic was added when the 
crystals were half grown to make the second half n-type. 
The purity of the nickel was such that other impurities 
affecting lifetime introduced in the growing were copper, 
in about 10~ of the concentration of nickel, and iron and 
manganese in about 10~. It is reasonable to assume on 
the basis of known cross sections that such concentra- 
tions will not have measurable effects on lifetime.’ 
Nickel was introduced into the melt in sufficient 
amounts to introduce 10", 10 or 10° atoms per cm’ 
into the crystal. In view of the small distribution coeffi- 
cient the concentration in the melt for the last case is 
2.5 10” cm-*, At such impurity concentration it was 
difficult to grow single crystal specimens, and very slow 
pull-rates were required. It is interesting to note that the 
single crystals which were produced had very high 
dislocation densities, as determined from etch pits on 
p-type samples (u-type specimens could not be etched 
to produce recognizable pits). A density of 2.5 X 10° pits 
per square cm was found for the 1.5 ohm-cm p-type 
crystal. The lifetime effect of these dislocations is dis- 
cussed below. The properties of the grown crystals are 
also given in Table ITI. 

For measurement the crystals were cut into “‘bridges”’ 
which were used for Hall effect, conductivity, photo- 
magnetoelectric effect, and bombardment-conductivity 
decay-time® determinations. Some of the diffused crys- 
tals, used primarily for lifetime measurements,” were 
cut in the shape of rods. In these, the conductivity was 
obtained using two tungsten points as potential probes. 
The time-constants of bombardment-conductivity de- 
cays were obtained from photographs, using an optical 
comparator and an electronic double-exponential gener- 
ator. This device is particularly useful in the presence of 
trapping and when nonexponential decays are en- 
countered. 


9G. K. Wertheim and G. L. Pearson, Phys. Rev. 107, 694 
(1957). 

10 G. K. Wertheim and W. M. Augustyniak, Rev. Sci. Instr. 27, 
1062 (1956). 
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TABLE III. Partial list of the treatment and properties of the germanium crystals studies. * 


c d e 


Sb 3.010" 


control 


D 
D 
D 
D 
D 
D 


3.0 10" control 


3.2 10" 


1.6 10'5 control 
D 
D 
D 


5.3X 10" M 
1.210% M 


2.110" M 
6.4 10" M 


1.710" 


Ga 2.4X 10'® 


As 2.110% 


« Heated control crystals are not listed. 

>» Method of crystal production: G—pulled from melt; ZL—zone leveled. 
¢ Group III or V impurity element. 

4 Impurity concentration (atoms/cm). 


1 g h 


2.8X 102 
8.3 10" 
2.3 10% 
7.3X 10% 
2.4 10" 
8.210" 
2.6X 10% 


500 
550 
600 
650 
700 
750 
800 


2.0X 10" 
7.3X 10" 
3.2 10" 
3.4X 10% 


600 
650 
700 
800 


ty 4000 
7.3X 10% tee 
2.4X 10" 

8.210" 

2.8X10'5 


650 
700 
750 
800 


~5.0X 10” 


<10 000 
1.210" ess 


~4.0X 10" 
1.2 10" 
2.0X 10" 
6.0X 10" 
2.1 10! 


¢ Method by which nickel was introduced: M—from the melt; D—diffusion 


{ Diffusion temperature (°C). 
® Nickel concentration (atoms/cm'). 


b Method by which nickel concentration is determined: 7—from diffusion temperature; H—from Hall effect ; ¢ 


D—from distribution coefficient. 
i Dislocation density (disl./em*). 
i Pre-diffusion room-temperature lifetime (usec). 


DISCUSSION 
n-Type 


The analysis of lifetime behavior in n-type crystals is 
simplified if both levels are associated with one atom 
since the lower nickel level is then absent, except at the 
highest temperatures studied. We can then discuss the 
transient decay lifetime in terms of a single-level 
model. Assuming the injection level and the nickel 
concentration to be small compared to the electron 
concentration, the mean life is given by 


Nottie 


c ‘po Nyt po 


1 potpotNO+6p 1 
—_——_—— + 


T= 
7 


; (1) 
CrN not po 


where the terms are defined in Table I. Since the nickel 
atoms are doubly negative, we may assume that the 
electron-capture cross section will be much smaller than 
the hole-capture cross section, so that the first term will 
dominate at high temperature. At low temperature and 

"1 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952); 
D. J. Sandiford, Phys. Rev. 105, 524 (1957); G. K. Wertheim, 
Phys. Rev. 109, 1086 (1958). 


from conductivity; r—from lifetime; 


with sufficiently small nickel concentration the second 
term may become important, but if at the same time 6p 
becomes comparable to the nickel concentration, devia- 
tions from simple exponential decay behavior may be 
expected. 

Since the location of the second acceptor level of nickel 
is known and the electron and nickel concentrations 
can be determined, the only adjustable parameters in 
Eq. (1) are the capture constants. At high temperature 
the first term dominates, and the functional behavior 
of the lifetime can be expressed as (po+p2+N) 
(no+ po). At temperatures where the crystal is extrinsic 
and where p2> po+N the decay-time as a function of 
reciprocal temperature exhibits a slope characteristic of 
the distance of the second acceptor level from the valence 
band. At low temperatures the lifetime levels off at a 
value determined by both capture constants. 

Figure 2 shows Eq. (1) evaluated for mp and N ob- 
tained from measurements of the crystal shown in 
Fig. 3, with C,2 and C,» chosen for an optimum fit. We 
should remark, however, that the value of p2 as a func- 
tion of temperature is not accurately obtainable, since 
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Fic. 2. Lifetime in n-type germanium containing nickel im- 
purities, computed for Nz—N.=3.0X 10" cm; E.—E,=0.31 ev; 
Ca2=8.3X 10 cm*/sec ; Cp2=2.0XK 10-7 cm*/sec. 


E.— E2 is known only at 0°K. In the computations we 
have assumed that E,— E2 is 0.31 ev at all temperatures 
and that the statistical weight ratio for electrons is 3. 
The value of p2 (Table IV) was obtained from n?/no. 
Better agreement between Fig. 2 and Fig. 3 could be 
obtained by treating the temperature coefficient as an 
additional adjustable parameter. The data of Fig. 3 are 
in sufficient agreement with the theory to indicate that 
recombination takes place via a level 0.31 ev below the 
conduction band. This is consistent with the assignment 
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CRYSTAL 532 


LIFETIME IN SECONDS 


1077’x2 
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109/ T 


Fic. 3. Lifetime in n-type germanium containing nickel im- 
purities introduced by diffusion at the temperatures shown. The 
data have been corrected for the lifetime in a control sample. 
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of both levels to one nickel atom, but would also arise if 
Cy is much smaller than C,,2 in the case of independent 
levels. The magnitude of the capture constant C,,2 used 
in the calculations is 8.3 10~* cm*/sec. It was taken to 
be independent of temperature and produces a satis- 
factory fit. The value of Cy2 is 2X10~7 cm*/sec. Its 
contribution is sufficiently small so that little can be 
said about its temperature coefficient other than that 
Cy2 must increase with decreasing temperature to ac- 
count for the behavior of sample 532-2. 

At 350°K, where pot p2>N+4p, the lifetime is 
inversely proportional to the nickel concentration. Data 
taken at this temperature were used to extend the curve 
of solid solubility of nickel from 650°C to 500°C. The 
value of the equilibrium solid solubility at the highest 
temperature used is known from auxiliary experiments 
which measure nickel concentration directly, and from 
extrapolation of the values in the literature. The results, 
plotted in Fig. 4, form a good extrapolation of the 
published data.”"” 


TABLE IV. The parameters n;, p:, and p2 used in computations in 
units of cm™. 





p2 


1.00 10!" 
1.98 X 1016 
4.20X 10'5 
9.28 X 10" 
2.12 10" 
5.08 X 10" 
1.17 10% 
2.8110" 





2.14 1016 
1.56X 1015 
1.21 10" 
9.83 X 10 
8.22 10" 
7.03 X 10° 
6.19 10° 


1.30X 105 
5.97 X 10" 
3.10 102 





The data in Fig. 3 show only a small part of the total 
temperature range studied. The reason for this becomes 
apparent from a consideration of the following two 
figures. Figure 5 gives the decay time down to 80°K for 
the samples just shown, while Fig. 6 gives similar data 
for crystals pulled from a melt containing nickel. In the 
high-temperature range good agreement is obtained. 
The lifetime is compatible with the carrier concentra- 
tions and nickel content of all the crystals shown, as- 
suming recombination through the 0.31-ev level with 
the cross section determined above. At low temperature 
there is evidence for trapping processes. It is interesting 
to note that in the grown crystals the trapping behavior 
and the electron-capture cross section are identical with 
those reported by Fan et al."* in crystals grown without 
the addition of nickel. The traps were not identified. In 
the case of the grown crystal containing the lowest 
density of traps, it was possible to fill the traps by 
exposing thé crystal to weak steady illumination, thus 
allowing the observation of the recombination process at 
low temperature. In the diffused crystals trapping was 


2 F. A. Trumbore: (to be published). 
18 Fan, Navon, ang] Gebbie, Physica 20, 855 (1954). 
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Fic. 4. Solid solubility of nickel in germanium. 


also observed, but it was of different nature, as shown in 
Fig. 5. We conclude that the observed trapping behavior 
is not associated with nickel, but indicates the presence 
of other impurities during the diffusion and growing 
processes. 

In n-type samples at low-temperature, large-signal 
behavior was observed. The decay in this case is non- 
exponential ; the time for decay to a given fraction of the 
initial amplitude increases with injection level. The 
shape of the decay is well represented by exp[—¢/7(¢) ] 
where 7(/) is a monotonically decreasing function of 
time. The lifetime in this region is given approximately 
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Fic. 5. Bombardment-conductivity decay-time in n-type ger- 
manium containing nickel impurities. The figure illustrates the 
high-temperature lifetime behavior associated with nickel and the 
low-temperature trapping associated with other impurities. 
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Fic. 6. Bombardment-conductivity decay-time in n-type ger- 
manium containing nickel introduced from the melt. 
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by 


where 


Figure 7 gives the lifetime in crystal 532-2 as a function 
of injection level, at 167°K. The characteristic time was 
determined by fitting an exponential to the actual decay 
curve, a procedure which is adequate as long as the 
change of lifetime with injection is slow. The data have 
not been corrected for surface recombination. 

The second curve in the same figure was computed 
from the equation above, using the parameters de- 
termined in Figs. 2 and 3. It should be pointed out that 
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Fic. 7. Large-signal behavior in n-type germanium at low tem- 


perature, compared with an approximate solution to the nonlinear 
recombination equations. 
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this equation is not a solution to the large-signal, 
nonlinear recombination case. Such solutions are not at 
present available and make more detailed analysis 
unfruitful. The gross agreement between the observed 
and computed large-signal behavior is fair. Better 
agreement was not obtained because the value of Cy2 
used was one determined for a higher temperature, and 
because no correction could be made for surface recom- 
bination whose injection-level dependence is unknown. 

Moreover, the discussion above considers only the 
upper nickel level, an approximation which is not valid 
when large changes in the thermal equilibrium charge 
state of the nickel are produced by the injected carriers. 
This effect is particularly important in steady-state 
measurements, as may be seen from the changes in the 
state of charge computed on the single assumption that 
the hole capture constants are much larger than the 
electron-capture constants. At room temperature, when 
the injection level, 6p, equals p2>=6X 10", the ratio of 
neutral to singly negative to doubly negative nickel is 
0:0.5:0.5, and for an injection level ten times greater it 
is 0.04:0.86:0.10. In view of the large changes in the 
state of charge of the nickel atoms in this case, there is 
little reason to expect agreement between lifetime 
measurements made by steady-state and pulse-decay 
methods. A fuller analysis of the steady-state 
required," 


case 1s 


p-Type Samples 


In p-type samples in which the Fermi level is less than 
0.22 ev from the valence band, the nickel atoms are 
neutral and only the 0.22 level exists in significant 
density. If the Fermi level is above 0.22 ev, the nickel 
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Fic. 8. Conductivity of five samples of crystal 468 into which 
nickel was diffused at the temperature shown. 


G. T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958). 
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atoms are singly negative and the 0.22- and the 0.31-ev 
levels exist in equal density. As the Fermi level passes 
through the lower level, the density of the upper level is 
changed rapidly. This modulation is one of the signifi- 
cant differences of a two-level defect as compared with 
a situation in which two equally dense levels due to 
independent defects happen to be located at the same 
places in the forbidden gap.":* Under conditions of pulse 
injection where the density of injected carriers remains 
small compared to the nickel density, this may be the 
major effect. Under large injection or steady-state 
conditions, a second effect, a change in the charge of the 
nickel atoms may be significant. This is most important 
in m-type material and has been discussed above. 

Recombination through these levels proceeds in the 
following manner. If Er— Ey <0.22 ev, the nickel atoms 
are largely neutral, and the recombination process in- 
volves capture of an electron by a neutral nickel atom 
followed by capture of a hole by the now negative atom. 
The over-all capture rates for holes and electrons are 
equal, but the limiting process is electron capture, which 
is associated with the smaller cross section. If Er— Ey 
>0.22 ev, the nickel atoms are singly negative, and 
either hole or electron capture is possible, i.e., recombi- 
nation may proceed via either the upper or the lower 
level. In either case it remains limited by electron 
capture. 

If we assume that the chief effect of the double-level 
nature of the defect is the modulation of the density of 
charge states, we can express the lifetime in terms of the 
separate recombination processes of the two levels. For 
the lower level, in the transient case, we have 


1 pot Pi 1 NotmytN” 
Fc Mi 
CuN potno Coil potno 
The second term may be dropped, since the electron- 


capture process is clearly the time-limiting step. For the 
upper level we have 


Bn me 
CreN potno 


(3) 


1+ Po a aa +-NG 
CoN potno 


-), (4) 


where the second term may similarly be dropped. 
Equations (3) and (4) can alternately be written in the 


form 
i. Po 
— —A— (5a) 
NV © bette 


(5b) 


CV \ pot nig) 


which indicates how the modulation in the density of 
singly negative nickel atoms appears in the lifetime. 
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Since both processes go on simultaneously, we com- 
bine Eqs. (3) and (4) to obtain 


1 0 0 
-n(14+" Jeu <bOY OE PRO 
T Po pothpr pot po pot pi 


no po 
= (14=)[euwe tenner] (7) 
Po pot pe 


The chief temperature dependence arises from the factor 
pi/ (pot pi), which reflects the fraction of singly nega- 
tive nickel atoms. The contribution of the factor po/po 
+ p2 is small. 

To evaluate Eq. (6) we require p; and p2 as a function 
of temperature. The value of p2 was obtained as de- 
scribed in the section on n-type above. In order to 
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Fic. 9. Bombardment-conductivity decay time in p-type ger- 
manium containing nickel introduced by diffusion at three differ- 
ent temperatures. Correction for the lifetime in the control has not 
been made. 


obtain a better value for the more important parameter 
pi we require not only the zero-degree value Fy but also 
the temperature coefficient a and the ratio of statistical 
weights y which occur in p; and in the Fermi function in 
the form y exp(a/k). In the case of the 0.22-ev level, the 
present author has investigated these parameters by 
fitting carrier-concentration data for a crystal having 
group III acceptors in excess over group V donors, in 
addition to the nickel (Fig. 8). In such crystals the Fermi 
level passes through the nickel level as the temperature 
is changed. A good fit is obtained using a value of 2 for 
the combined effects of the temperature coefficient and 
the statistical weight ratio for holes. This can be 
ascribed entirely to the effect of the statistical weight 
ratio on the assumption that a neutral nickel atom adds 
one unpaired electron in two possible spin states. (The 
location of the energy level was not considered to be an 


PROPERTIES OF Ni IN 


1075 xs 





CRYSTAL 468 














ail 
SAMPLE / 





=o 




















LIFETIME IN SECONDS 





























| 
| 
6 


103/T°K 





Fic. 10. Data similar to Fig. 9, but here for crystal 468. Correction 
for lifetime in the control has been made. 


adjustable parameter in making these fits.) In the case 
of the 0.31-ev level such analysis has not been possible 
because of its proximity to the position of the Fermi 
level in intrinsic material. 

Measurements representative of those made on p- 
type samples are given in Fig. 9, which shows bombard- 
ment-conductivity decay data for three samples from 
one crystal, each containing a different concentration of 
nickel. At low temperature, where only the lower level 
exists, the lifetime is constant, indicating that the 
capture constant C,,; is independent of temperature. As 
the temperature is increased above 200°K, the lifetime 
decreases, due to the production of singly negative nickel 
atoms, which make possible recombination through the 
upper level. The data of Fig. 9 are well described by Eq. 
(6), using temperature independent capture constants 
with C,2=6C,;. Similar data for another crystal are 
given in Fig. 10. 

In comparing lifetime data with Eqs. (5) and (7) it 
was found convenient to derive the density of singly 
negative nickel directly from conductivity measure- 
ments. (Conductivity measurements are preferable to 
Hall measurements since the lattice scattering mobility 
is better known than the ratio of Hall to conductivity 
mobility, and also since it is possible to avoid the 
complications arising from the zero in the Hall constant 
near the intrinsic range.) Figure 11(a) shows the data 
for the 800°C crystal of Fig. 9 on an expanded scale, to- 
gether with curves for 7; and 72, obtained by inserting 
the densities of neutral and singly negative nickel in 
Eqs. (5). Figure 11(b) gives similar data for crystal 
532-8. The fit here is excellent and indicates that the 
observed lifetime and the carrier concentration changes 
are associated with the same impurity atom, which is 
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Fic. 11. (a) Bombardment-conductivity decay-time in p-type 
germanium into which nickel has been introduced by diffusion at 
800°C, so that N=3.410"* and N,—Na=3.2X 10". Also shown 
are the contributions to recombination of the lower and upper 
nickel levels, 7; and 72, computed with C,;=1.5X10-* cm*/sec; 
Cnr2=9.0X10~* cm*/sec; assumed independent of temperature. 
The state of charge of the nickel was derived from conductivity 
data. (b) Bombardment-conductivity decay-time in p-type ger- 
manium into which nickel was introduced by diffusion at 800°C. 
The sample was initially n-type but is now very well-compensated 
p-type, and Nz—Na~10" cm; N=2.6X 10" cm-. Also shown 
are the contributions to recombination of the lower and upper 
nickel levels 7; and r2, computed with C,,;=1.3X10~* cm*/sec; 
Cr2=8.0X 10-* cm*/sec. The charge state of nickel used in these 
computations has been derived from conductivity data. 
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identified as nickel by virtue of its energy level and solid 
solubility. 

Figure 12 compares three crystals with different 
shallow acceptor concentrations, diffused with nickel at 
the same temperature. The difference in acceptor con- 
centration influences the position of the Fermi level, and 
consequently the temperature at which NV“ is pro- 
duced; the temperature dependence again arises from 
the factor p:/(p1+ po). The greater the acceptor doping, 
the higher the temperature at which the transition to 
upper-level-dominated lifetime takes place. Battey and 
Baum’ give an example of a crystal containing 4.5 X 10"* 
acceptors in which the transition was not observed up to 
290°K ; at this temperature p; is 9X10" and the equa- 
tion above indicates that the density of singly negative 
nickel atoms is still small. The data shown in Fig. 12 are 
for two crystals, originally p-type, which retain a carrier 
concentration of 3X10" and 1.5X10!°, respectively, as 
the crystals are cooled to the lowest temperature, and 
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Fic. 12. Comparison of three crystals with nickel introduced at 
800°C, in which net acceptor concentrations vary widely. 


one sample, originally n-type, in which the carrier con- 
centration becomes very small as the sample is cooled, 
reaching 10" holes/cm** at the lowest temperature 
shown. The latter sample is similar to the high-resis- 
tivity samples reported by Battey and Baum, and sug- 
gests that the behavior noted by these authors and 
ascribed to a capture constant which increases expo- 
nentially with temperature can be alternately explained 
in terms of a two-level model with temperature-inde- 
pendent capture constants. 

We have so far assumed that the observed decay- 
time corresponds to the decay of free rather than 
trapped carriers. It is important to show that this as- 
sumption is valid, especially since a decay-time de- 
creasing with increasing temperature is often indicative 
of a trapping process. It is apparent from the work of 
Battey and Baum that this region in their samples does 
in fact correspond to a lifetime rather than a trapping 
time. In the present experiment we have applied two 
tests. The immediate one is to illuminate the sample 
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with sufficiently strong steady light to shift the quasi- 
Fermi level through the centers in question ; this should 
strongly attenuate the amplitude of a trapping decay, 
but have little effect in the recombination case. This 
test is difficult to perform with confidence, since the 
required light intensity may be high when the decay- 
time is short. In the samples under consideration here, 
it was found that steady light had no effect on the 
amplitude or decay-time. Further tests were made using 
the photomagnetoelectric (PME) effect. Here good 
agreement was found between the PME lifetime and 
that found from the transient decay, both taken over a 
range in temperature. There is of course some uncer- 
tainty in the evaluation of the PME lifetime, since it 
requires knowledge of the Hall and conductivity mo- 
bilities of both carriers. In the high-temperature region 
we have used the conductivity mobility of Morin,’® to- 
gether with the ratio of Hall to conductivity mobility 
given by the same author. Since this ratio is valid only 
for lattice scattering, it may be considerably in error in 
cases where impurity scattering begins to make a 
significant contribution. If trapping were present, the 
“lifetime” computed jointly from PME and photo- 
conductive data would increase much more rapidly 
with decreasing temperature than would that observed 
in a transient decay. The results confirm that the 
process observed is a simple lifetime process, in which no 
significant fraction of the injected carriers are trapped 
on defects. 

Data for crystals pulled from a melt containing nickel 
are shown in Fig. 13. In crystal 1208-1, containing 
5X10" Ni/cm’, the lifetime is dominated by recombina- 
tion on dislocations, and shows the temperature depend- 
ence characteristic of this process.* The lifetime at- 
tributable to nickel is larger than any measured decay 
time. In crystal 1210-1, 1211, and 1214, containing 
larger amounts of nickel (see Table III) we can observe 
the behavior characteristic of this impurity at high 
temperature, but the low-temperature plateau does not 
appear. The difference is due to increased dislocation 
densities in crystals grown from melts with high nickel 
concentrations. A detailed comparison is made in Fig. 
14, where crystal 1211 is compared with one of similar 
resistivity into which an equal amount of nickel was 
introduced by diffusion. The difference at low tempera- 
ture corresponds to the effect of 8.0X10* dislocations/ 
cm*, A count of etch pits in crystal 1214 yielded 
2.5X 105/cm?, corresponding to a dislocation-dominated 
lifetime of 10~® sec at 10*/7=6, which is in good agree- 
ment with the measured value. 


COMPARISON WITH OTHER WORK 


The first study of nickel in germanium, due to Burton 
et al.,! was completed before the existence of the upper 
level had been recognized. The data presented in their 
paper cover a range of conductivities from 1 ohm-cm 


18 F, J. Morin, Phys, Rev. 93, 62 (1954). 
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Fic. 13. Bombardment-conductivity decay-time in p-type ger- 
manium containing nickel introduced from the melt. 4 


p-type through the intrinsic to 0.3 ohm-cm n-type. 
Room-temperature lifetimes determined from diffusion 
lengths are given. The data are interpreted in terms of 
recombination via the lower level, and yield a cross 
section in good agreement with that determined here. 
However, in view of the two-level nature of nickel a 
fuller analysis is called for. It was pointed out above that 
steady-state recombination in n-type crystals may lead 
to large deviation from the thermal equilibrium state of 
charge of the recombination center, which makes the 
treatment given here for the transient case inapplicable. 
The implications of this observation have not been in- 
vestigated but on the basis of the present work we would 
expect the upper level to make an important contribu- 
tion to recombination. On the n-type side, large-signal 
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Fic. 14. Comparison of a crystal grown from a melt containing 
nickel with one into which nickel was introduced by diffusion. The 
crystals are similar in nickel content and net acceptor concen- 
tration. 
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behavior is to be expected, and is in fact apparent in 
some of the original data, which have been made 
available to the author by Dr. Burton. 

Battey and Baum‘ measured diffusion lengths as a 
function of temperature in three types of crystals. Their 
measurements on low-resistivity p-type material are in 
essential agreement with those in the present paper, 
except that the magnitude of the capture constant is 
larger by a factor of seven than that determined here. 
This difference may arise partially from the fact that the 
samples reported by these authors were quenched, 
whereas our samples were cooled relatively slowly. A 
quench will result in somewhat greater substitutional 
nickel concentration, but will also introduce other de- 
fects having a detrimental effect on lifetime. The tem- 
perature dependence found by these authors for C,,: is in 
agreement with that reported here. 

Their measurements on high-resistivity crystals, i.e., 
those in which the Fermi level locks on the defect level, 
were interpreted in terms of a capture constant Cy2 
having the activation-energy form Cy» exp(—E/kT). 
The data given in their paper may also be interpreted in 
terms of the model given here, using a temperature- 
independent capture constant. This interpretation ac- 
counts automatically for the value of 0.23 ev found for 
E, and also explains the leveling-off of the lifetime at 
low temperature. The data given for high-resistivity 
n-type material are not self-consistent and do not lend 
themselves to interpretation in terms of the present 
model. Comments similar to those made in connection 
with reference 1 may apply. 

Okada’ has recently shown that photoconductivity in 
high-resistivity p-type nickel-doped crystals can be in- 
terpreted in terms of a two-level model. He considers a 
situation where there is no change in the density of the 
charge states with temperature, and takes the nickel to 
be always singly negative. This condition is approxi- 
mately satisfied by his samples. He then postulates that 
the lower level'® acts as a hole trap and the upper as a 
recombination center (in high-resistivity p-type crys- 
tals). The former assumption seems untenable in view of 
the cross section for electron capture determined by 
Battey and Baum and others. The model leads to the 
conclusion that the capture constants for holes and 
electrons, Cy2 and Cy, differ by only a factor of two, a 
conclusion which is in contradiction to the data of 
Burton ef al. and the work reported here. Moreover, the 
hole-capture cross section of doubly negative nickel 
which results from his analysis is 10~'* cm?, a value very 
much smaller than that expected for capture by a 
Coulomb-attractive center. 

Values for three of the capture cross sections have 
also been derived by Bernard® from an analysis of 
junction currents in crystals grown with small nickel 
admixture. He gives a room temperature value for op of 


‘ 
16 Note that Okada’s convention numbers the levels in inverse 
order. 
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4X 10-“ cm?, in good accord with the present determi- 
nation, and reports that the cross section decreases 
strongly with increasing temperature. This result is in 
accord with theoretical notions concerning attractive- 
center cross sections.’7 His value for the electron- 
capture constant of singly negative atoms o,2 is weakly 
temperature dependent, but its magnitude of 1.8 10-" 
cm? is not in accord with any other reported measure- 
ments. His value of the electron-capture cross section 
for neutral nickel atoms is 3X 10~'* cm?* at room tem- 
perature but decreases rapidly with decreasing tempera- 
ture. The magnitude at room temperature is in reason- 
able accord with a number of the other determinations, 
but no temperature dependence has been reported by 
any other author. It does not seem possible at present to 
reconcile Bernard’s values for the magnitude of o,2 and 
the temperature dependence of ¢,; with the work of 
other investigators. 

The only reported value for the hole-capture cross 
section of singly negative nickel atoms is that of 
Newman and Tyler.'* The magnitude of this cross 
section at liquid nitrogen temperature, derived from 
photoconductivity studies, is 10" cm?. 

Work on crystals doped by diffusion at 520°C has 
been reported by Kalashnikov.® He studied the PME 
lifetime in p-type crystals doped with a range of 
aluminum concentrations, and concluded that the elec- 
tron-capture constants C,; and C,»2 are independent of 
temperature and that C,,1=6C,.2. Using the value of the 
solid solubility of nickel at 520°C from Fig. 5 above we 
find from his data that the capture constants are 
2.5X10-* cm*/sec and 4.3X10-*° cm*/sec. The first of 
these numbers is larger by a factor 20 than that de- 
termined here while the second is in good agreement with 
the determination of a number of other authors, in- 
cluding the present. It should be noted that the data of 
Kalashnikov require an energy level 0.16 to 0.17 ev 
above the valence band, a value not in accord with the 
one found experimentally from conductivity data in this 
paper. 


CONCLUSIONS 


One of the weak points of any study of the effect of 
impurities on lifetime arises from the difficulty of 
proving that the observed effects are due to the im- 
purity under study. We have taken some pains to 
establish this connection. In the p-type diffused crystals 
we have shown from Hall and conductivity data that 
the impurity introduced at a variety of temperatures 
has the equilibrium solid solubility and energy level of 
nickel. We have then been able to interpret the lifetime 
results in terms of the measured concentration of nickel 
atoms having neutral and singly negative charge states. 


17M. Lax, Bull. Am. Phys. Soc. Ser. II, 1, 128 (1956), and 
Proceedings of International Conference in Semiconductors, Roches- 
ter, 1958 | J. Phys. Chem. Solids. 8, 66 (1959) ]. 
: i and W. W. Tyler, Bull. Am. Phys. Soc. Ser. II, 
3, is 98). 
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In samples where the nickel concentration is low the 
same interpretation is possible using computed densities 
based on the known position of the first nickel acceptor 
level. It can also be shown that the ratio of nickel con- 
centration derived from lifetime data is in agreement 
with the equilibrium solid solybility of nickel in the 
literature. In n-type material the temperature depend- 
ence of lifetime was found to be in agreement with the 
known second acceptor level of nickel, and the capture 
cross section C2 determined from n-type crystals was in 
agreement with that found in p-type. It was also found 
that the nickel concentration derived from n-type life- 
time data forms a good extrapolation of the solid 
solubility curve. Agreement between samples grown 
from a melt containing nickel and those diffused with 
nickel offers further confirmation that nickel is the 
active recombination center. 

In carrying out these experiments we have become 
cognizant of a number of pitfalls in the controlled intro- 
duction of impurities. Introduction by diffusion appears 
to be the most reliable process for substances like nickel 
which have a high diffusion constant. With reasonable 
care it introduces negligible chemical impurities, but the 
problem of the production of structural defects remains. 
Rapid quenching leads to the production of other de- 
fects, most probably dislocations; while slow cooling 
allows partial “precipitation” of the substitutional 
nickel. 

Introduction from the melt of an impurity like nickel, 
which has one of the smallest measured distribution 
coefficients, is undesirable unless nickel of extreme 
purity is available. But regardless of the purity of the 
nickel we have seen that crystals pulled from a melt of 
high nickel concentration tend to be high in dislocation 
density. The detailed relationship between nickel ad- 
mixture, pull-rate and dislocation content have not been 
studied, but significant increases in dislocation content 
have been seen at 10'* Ni/cm*. These dislocations have 
an effect on lifetime comparable to that of the nickel and 
may confuse interpretation of data. 
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Three cross sections have been determined in this 
study. The cross section of neutral atoms for electrons is 
0.96X 10~* cm?; that is, it is close to the geometrical 
cross section of a lattice site. The capture constant, Cy, 
was found to be independent of temperature. Both of 
these facts are in good accord with theoretical notions 
concerning neutral-center capture. The cross section of 
a singly negative atom for electrons was found to be 
5.9X 10~'* cm’, again close to the geometrical value, and 
was also independent of temperature. The size of this 
cross section is somewhat surprising, there being an 
intuitive feeling that capture by a repulsive center 
should be associated with a much smaller cross section. 
No evidence was found for the activation-energy type of 
cross section. The cross sections for capture of a hole by 
a doubly negative atom is approximately 1X 10- cm?, 
but its temperature dependence is not known on the 
basis of the present experiments. 

One further remark should be made. The increasing 
lifetime with decreasing temperature in p-type samples 
follows simply from the two-level model using tempera- 
ture-independent capture constants. This is good evi- 
dence for the double-acceptor nature of nickel in 
germanium. An analysis of carrier mobility in n-type at 
low temperature could in principle, confirm the two- 
level model, but anomalous mobility behavior has been 
reported.” 
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Quadrupolar Solid* 


WaLterR I. GoLpBURG 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received August 21, 1958; revised manuscript received April 1, 1959) 


A single crystal of NaNO; is oriented in an external magnetic field at an angle (6,) for which the quadrupole 
splitting is large. With radio-frequency radiation, a pair of Zeeman levels of the sodium nuclear spin system 
(1 = 4) is saturated. Then the crystal is quickly rotated to an angle where the inequality of the level spacings 
is a minimum (approximately 4 the line width) and where spin mixing can take place. The crystal is then 
quickly returned to @; where, by nuclear resonance pulse techniques, the populations of the four sodium 
levels can be determined. This sequence of operations is completed in a time short compared to the spin- 
lattice relaxation time. When the m= +4 levels are initially saturated, the spin system rapidly comes to the 
expected spin temperature 7's= (10/9) X (the lattice temperature). When the outer satellites are saturated, 
however, the resulting equilibrium populations of the levels are not those of a Boltzmann distribution. Also 
measured was the rate of approach of the spin system to equilibrium for various larger splittings. For 
splittings of the order of the line width, an unexpected plateau appears in the spin mixing rate. The usual rate 
equations do not seem adequate to describe the observed dynamic behavior of this spin system. 


I. INTRODUCTION 


ECENTLY there has developed a considerable 

theoretical interest in problems dealing with the 
rate at which many-body systems approach thermal 
equilibrium.' The experiment to be described here is a 
measurement, by nuclear magnetic resonance tech- 
niques, of the rate at which a relatively simple system 
the nuclear spins in a rigid lattice—approaches an 
equilibrium spin temperature.? The spin system being 
investigated is the sodium spin system (J=#) in a 
single crystal of sodium nitrate. This particular solid 
was chosen because of the relatively large quadrupole 
coupling between the sodium spins and the electric field 
gradient in the crystal. As a result of this quadrupole 
coupling, the four magnetic substates of a sodium 
nucleus are not equally spaced in a strong magnetic 
field. The strength of the quadrupole coupling, and 
hence the inequality of the level spacings, depends on 
the angle the crystal makes with the external magnetic 
field. With an rf pulse it is possible to equalize the 
populations of (saturate) a particular pair of adjacent 
substates of the system when the crystal is oriented so 
that the coupling is large. Following this saturation, the 
crystal is then rotated to an angle where the levels are 
nearly equally spaced. In a series of measurements at 
this angle, one can then observe the rate at which the 
energy added to the system by the saturation distributes 
itself among the four substates. This phenomenon will 
be called spin mixing. 

Although any problem involving 10” interacting 
particles is necessarily complicated, the particular 
system chosen for study has the not insignificant 
advantage of being characterized by a relatively simple 


* Supported in part by the National Science Foundation. 

1 See, for example, Proceedings of the International Symposium 
on Transport Processes in Statistical Mechanics (Interscience 
Publishers, Inc., New York, 1958). 

? For an exhustive discussion of the concept of spin temperature 


see A. Abragam and W. G. Proctor, trig Rev. 109, 1441 (1958). 
Also R. T. Schumacher, Phys. Rev. 112, 837 (1958). 
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Hamiltonian (the Zeeman and quadrupole energy of the 
spins plus their dipole-dipole interactions) which does 
not depend on time. This simplicity is present only if 
the spins being studied are much more strongly coupled 
to each other than to the lattice vibrations. This condi- 
tion was satisfied by performing the experiment at a 
temperature sufficiently low that the spin lattice 
relaxation times were long compared to the time interval 
over which the measurements were made.’ The principal 
results of these experiments are briefly described in the 
following paragraphs.t 

It was found that spin mixing is rapid if allowed to 
take place at an angle where the inequality of the level 
spacings is not much greater than the width of the 
nuclear resonance lines. Qualitatively one can say that 
mixing proceeds relatively rapidly if there is an appreci- 
able overlap of the (three) nuclear resonance absorption 
lines. At large overlap the system can approach equilib- 
rium by energy-conserving spin flips. In sodium nitrate 
the dipole-dipole interaction is responsible for the 
flipping of neighboring pairs of spins. It is also respon- 
sible for a major part of the line width, though the 
lines are partially broadened by inhomogeneities in the 
field gradient in the solid. 

Bloembergen and his co-workers have recently de- 
veloped a semiquantitative theory of spin mixing, 
which is based on an overlapping lines point of view. 
This theory will be briefly outlined in the following 
section. 

Since second-order quadrupole splitting is not negli- 
gible in sodium nitrate, there is no orientation of the 


§ Spin-lattice relaxation in a quadrupolar system is described by 
a sum of exponential terms. Therefore, the process cannot in 
general be characterized by a single relaxation time. 

t Note added in proof.—A. Honig and E. Stupp [Bull. Am. Phys. 
Soc. Ser. IT, 3, 9 (1958) ] were the first to report a measurement of 
the dynamics of approach to spin equilibrium of a single discreet 
level system. 

* Bloembergen, Shapiro, Pershan, and Artman, Phys. Rev. 114, 
445 (1959). 
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crystal for which the three resonant frequencies are all 
equal. At the angle of minimum splitting (@min), the 
three lines are displaced from each other by approxi- 
mately half a line width. Measurements at @min show 
that (a) no matter what pair of levels were initially 
saturated the populations of the four levels (after 
mixing) reach their equilibrium values in a time equal to 
or less than 0.06 sec, the smallest mixing time that could 
be measured; (b) the equilibrium populations of the 
four levels after mixing depend on which pair of levels 
has been initially saturated. The populations of the 
levels following saturation of the central line (m= +}) 
correspond to a Boltzmann distribution at a tempera- 
ture 10/9 of the lattice temperature. This result is to be 
expected assuming energy is conserved within the spin 
system. The equilibrium populations of the levels 
following saturation of either of the satellites, however, 
do not correspond to a Boltzmann distribution and 
hence cannot be characterized by a spin temperature. 
Rather it is observed that, following the saturation of a 
satellite, three levels acquire a Boltzmann distribution 
after mixing, the population of the fourth level remain- 
ing approximately at its value before saturation. The 
three levels that acquire a Boltzmann distribution are 
the saturated pair and the one adjacent to them. This 
result is difficult to understand on the basis of the 
overlapping lines picture. 

Data were also taken at several other angles for 
which the line overlap was appreciable. For example, 
extensive measurements were made at the angle (to be 
called “mixing angle”) corresponding to the overlap 
configuration shown in Fig. 3(a). At this mixing angle 
the level populations were observed to approach 
quickly to quasi-equilibrium values. The change in the 
four populations, from their initial values immediately 
following saturation to their quasi-equilibrium values, 
takes place in the shortest time that could be measured.® 
These populations remain constant for at least 7 sec. 
After approximately this length of time the effects of 
spin-lattice relaxation are no longer negligible compared 
to the effects of spin mixing. For times longer than 
about 10 sec little knowledge can be gained about the 
spin mixing rate alone. These quasi-equilibrium popula- 
tions do not correspond to a Boltzmann distribution 
(among either three levels or four) and therefore cannot 
be characterized by spin temperature. Similar results 
were also observed at a mixing angle corresponding to 
greater overlap than shown in Fig. 3(a) but less than 


at Omin [Fig. 3(c) ]. 


5 The term “line width” will henceforth denote the measured 
full width of the resonance line at half maximum. 

6 The saturating rf field generally produces phase coherence 
among the nuclear spins. Until this phase coherence has disap- 
peared it is not meaningful to describe the state of the system by 
four level populations. For the sodium spins in NaNO;,, this phase 
coherence is expected to disappear in ~250 usec, the spin-spin 
relaxation time for the system. This time is, of course, much 
shorter than the smallest mixing time which could be measured in 
these experiments. 
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These rather suprising results seem to imply that, at 
least at small mixing angles, spin mixing cannot be 
described by the rate Eqs. (8). 

Spin mixing data were also taken at larger splitting 
angles where no plateau in the spin mixing rate appears. 
Even when the splitting was as large as nine times the 
line width, ‘the rate of change of the level populations 
due to spin mixing was not small compared to the rate 
change produced by spin-lattice relaxation. 


II. HAMILTONIAN AND BLOEMBERGEN’S THEORY 


In these experiments the sample, a single crystal of 
NaNOs, was placed in a strong external field Hy which 
was approximately 9000 gauss. Neglecting for a moment 
the relatively small dipole-dipole interaction between 
the spins in the sample, each nucleus interacts not only 
with the external magnetic field but also with an axially 
symmetric field gradient. 

The Hamiltonian characterizing this interaction is’ 


Ko= —vyh d: T,}Ho+A d~: [3(,*)?— (I*)?]+3¢,’. (1) 


The last two terms represent the quadrupole inter- 
action. The constant A is proportional to the field 
gradient at the nuclear sites and the quadrupole 
moment of the sodium nuclei. Equation (1) holds in a 
coordinate system whose 2 axis is along the direction of 
the external field Ho. The summation index k runs over 
the V sodium nuclei, each of which has a z component 
of spin /,* and total spin I*. The gyromagnetic ratio of 
the spins is y. The coefficient A, previously measured 
for sodium nitrate,’ is small compared to the Zeeman 
energy, —yHoh. The energy levels of an individual spin 
to first order (i.e., neglecting the term 3C,’) are 


En, = — (2r)—ymH 
+ 83.5 kc/sec(m*—5/4)($ cos?@—4), (2) 
me ee 
= 2) 9 2) 


where 6 is the angle between Hp and the axis of sym- 
metry of the field gradient in the crystal. The energy of 
the unperturbed system is, of course, the sum of the 
energies E,, of the individual spins. 

Figure 1 shows schematically (and not to scale) the 
energy of an individual nuclear spin given by Eq. (2). 
It is convenient to denote the three energy differences 
E,— Ej, E,— E_y, E_,—-E., as hv_1, hv, and hy, 
respectively. By virtue of Eq. (2) it is seen that in first 
order ¥4y— Vo= Vo V-1. 

The last term in Eq. (1) (written out in full in 
references 7) does not commute with /,*. It results in 
higher-order splitting of the resonance lines as well as a 
small amount of mixing (<2%) of the otherwise pure 
magnetic sub-states of an individual spin. In a later 
discussion it will be necessary to consider the second- 


7See, for example, M. H. Cohen and F. Reif, in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., 
New York, 1957), Vol. 5, p. 321. Also R. V. Pound, Phys. Rev. 
79, 685 (1950). 
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order contribution to the quadrupole splitting. Taking 
this term into account, the frequency differences v;— v0 
and vo— v—; become’ 


vy— vo = [167 kc/sec ][ 3 cos*@—} ] 
+[4.18 kc/sec ][sin?26] 
+[0.523 kc/sec J[1—cos?6 )[9 cos?é—1 ], 
vo— v;= [167 kc/sec ][ 3 cos*@—4 | 
—[4.18 ke/sec ][sin?20] 
+[0.523 kc/sec ][1—cos*6][9 cos*é—1 ]. 


(3) 


Figure 2 is a plot of v;—v9 and vp—v_, as a function 
of @ in an angular interval in which the splitting is 
small. Referring to Eq. (3), it is seen that in the 
interval 53°< @< 56° the change in »p with changing 0 
is much less than the line width. In ensuing discussions 
it will be convenient to characterize the level spacings 
by a single function 6/(0)=3[(v1—v0)+(vo—v-_1) J. 
This function will be referred to as the average splitting 
at the angle 6. 

The dipole-dipole interaction, 4, between the nuclear 
spins will now be considered. It is convenient to write* 


KRa=> Ay =A+-B+C+D+F&E+F, 
where 


A=Do Aj 


1 
4-¥2h? we . 11 A 1—3 cos’6;,) |, 


i<k i<k 73 


B=>> Byu=—-hbyh? 


XY C1 +-1 1," 11-3 cos), 
y<k 


‘= x Ci, =— 37h? 


Xd 1474+721,"] sind; cosbje~'*'*, (4) 


D=>> Du=—-3y7h" 
p<h 


XE (EAT A1_*] sind, cos xe! *, 
? k 
E=> Ex=— 3h? > 1421," sin*Oxe-' ©, 
i<k i<k 
F=D Fu=—d7h? D [1+ sinner, 
i<k i<k 


where rj, is the vector running from the jth to the kth 
nucleus and 6;,, ¢;, are the polar angles that this vector 
makes with the direction of Ho. The raising and lowering 
operators, /,* and /_*, are defined as /,*+i/,* and 
1,*—il,*, respectively. 

As is well known, A and B are responsible for the 
line breadth of the nuclear resonance. The term B 
probably plays the major part in bringing the sodium 


* Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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Fic. 1. Quadrupole splitting of the energy levels of a nucleus of 
spin J=} in a strong magnetic field. The diagram on the left 
shows the crystal oriented at an angle @,, where the splitting is 
large. The diagram on the right shows the crystal at the small- 
splitting orientation 62, where internal spin mixing can take place. 
The dashed lines represent the energy levels when the quadrupole 
interaction is zero. 


nuclei into internal spin equilibrium since it induces 
energy-conserving transitions between pairs of spins. 

There is an additional term in the Hamiltonian of the 
sodium spin system representing the interaction be- 
tween these spins and the lattice vibrations. This term 
is responsible for spin-lattice relaxation. The spin lattice 
relaxation time, 7,, depends of course on the tempera- 
ture of the crystal; for NaNO; this time is of the order 
of a minute at 77°K,° the temperature at which all of 
the experiments were performed. It was necessary to go 
to this low temperature in order that the rate of spin- 
lattice relaxation would be slow compared to the in- 
ternal spin relaxation (spin mixing) rate. 

Bloembergen and his co-workers* have developed a 
theory of spin mixing which has been successfully 
applied to the interpretation of many experiments 
including the classic experiments on LiF done by 
Abragam and Proctor. In this theory one calculates, 
using perturbation theory, the rate at which a pair of 
spins undergo a mutual spin flip which tends to bring 
the spin system (or interacting systems) into equilib- 
rium. It is assumed that the dominant mechanism 
which brings the spins to their equilibrium configuration 
is the dipole-dipole interaction. The theory is only 
applicable to experiments completed in a time short 
compared to 7}. 

In the strong-field case, where the jth nucleus can be 
characterized by its individual quantum number m,, 
the mutual spin flip transition probability w,, can be 
written 


wj.(mjm,; m;'m,') =h-*| (m;'m,! | Hj.| mymy) |?gaa(0), (5) 


corresponding to the transition m;— m,’, m,— m,’. In 
the transition, spin 7 is assumed to increase its energy 
by hv, while spin k loses energy /vg. This expression is 


®In sodium nitrate the shortest spin lattice relaxation time at 
77°K was found to be 70 sec. It is this time which will be desig- 
nated as 7). 





NUCLEAR SPINS IN 
expected to have validity only when the time charac- 
terizing the above transition is long compared to the 
spin-spin relaxation time T.. The density-of-states 
function g4a(0) is calculated in principle by the moments 
method of Van Vleck. The terms in H;, used in cal- 
culating gag(0) and the matrix element of Eq. (5) must 
be chosen in a way appropriate to the problem in 
question, as emphasized in reference 4. For experiments 
of the type reported here, it would seem necessary to 
consider only the term B;, in the matrix element.! In 
calculating gag(0) the Hamiltonian can be truncated to 
include only the terms A+B. 

Since it is impossibly difficult to construct a full line 
shape by the moments method, it is useful in making 
semiquantitative calculations to replace Eq. (5) by 


wx (mjm,; m;'m,’) 


=h?! (m;'m,!| Bj,.| mjm,) ? 
j 


ff goloPgato")0'—v"yavtan” (6) 


where now ga(v’) and ga(v’”’) are the observed magnetic 
resonance line shapes. 
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Fic. 2. The frequency differences vi—vo and vo—v_; for Na® 
in NaNO; as a function of 6, the angle between the external 
magnetic field and the crystal axis. The dashed line is the average 
splitting defined as 6/(0)=4$[(v1—v0) +(vo—v_1) ]. In the angular 
interval shown in this graph, vp) can be regarded as _in- 
dependent of 0. 


“Tt is certainly possible that there are transitions which 
involve the simultaneous flip of more than two neighboring spins. 
However, since the pairwise spin-flip terms Bj, provide a mecha- 
nism for this system to approach equilibrium, it seems unnecessary 
to invoke less probable multiple spin-flip processes. 
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Fic. 3. Various overlap configurations of interest in these 
experiments. The line shapes are assumed to be Gaussian with a 
full width at half maximum equal to the measured value, Av=1.8 
ke/sec. The angular difference A@ is defined in Eq. (7). 


Shown in Fig. 3 are several overlapping configurations 
that can exist for sodium nitrate. Two of these con- 
figurations (a and c) correspond to mixing angles that 
were used in these experiments. All three lines in 
NaNOs were observed to have a width Av=1.8 kc/sec.° 
The lines in Fig. 3 have a Gaussian shape with the 
above width. Each of the line configurations is desig- 
nated by the parameter 6/(6) (previously defined) and 
also by the angular difference 

Ad=0—0*, 6*=cos'(§)!, (7) 
where 6* is the angle at which the quadrupole splitting 
vanishes in first order. 

It is seen from Fig. 3 that as one rotates the crystal 
so that A@ decreases from large positive values toward 
zero, the level order changes. An angle of special interest 
is A@=0.20°. At this angle, henceforth to be designated 
as Omin, the maximum amount of overlap exists. It 
should be noted that at this splitting the central line is 
of lower frequency than either of the satellites. Since the 
experimental line widths were used in Fig. 3, some of the 
overlap is the result of inhomogeneous broadening. The 
cause of this broadening is spatial inhomogeneity of the 
field gradient produced by strains and imperfections in 
the crystal. 

Bloembergen assumes that the approach of a spin 
system to equilibrium can be described by the usual 
rate equations. These equations implicitly contain the 
assumption that there are no correlations between the 
states of neighboring spins. Experimental evidence will 
later be presented which indicates that correlations 
might be present and that the rate equations are not 
adequate to describe the dynamic behavior of the 


sodium spin system. 
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The four rate equations appropriate to this problem 
are 


Nay=Wail(Naye— NaN 34) 
+W3(N\N_,—N,N_4) 
—(Warl(Nap—NaNFi)ee 

+W3(NyN_4y—NyN_4)ca], 

Nay=2Wai(NagN ¥4— Nay?) 
+W= (N= oe NaiN¥ i) 

+W3(NyN_4—N,N_4) 
—(2Wai(NayN44— Nay) 0a 
+Wi(NsP— NaN ¥4)aa 
+W3(N\N_4—NiN_4)ea], 
where 
Wai=N7D wij(+$+4; F449), 


] 


Ws=N*¥ wi(h—-353-D.- 
? 


The number of spins in the system is 


i 
N= > Np. 


m=—4 


The “adiabatic” terms (in brackets) describe the 
level populations at ‘=. If the 4-level populations 
approach a Boltzmann distribution, these terms are 
zero. The experiments described in the following section 
will be discussed in terms of Eqs. (8) and their solutions. 

In the high-temperature approximation, which is 
applicable here, V,=}N[1+6,(¢)], where 6,,.(¢) <1. 
With this approximation, Eqs. (8) are readily solved. 
The time dependence of each N,, is in general given 
by a sum of three exponential terms of the form 
A, exp(—t/rq) plus a constant term. The 7, will be 
called internal relaxation times. 


III. EXPERIMENTS AT 98nin 


In these particular experiments a pair of levels of the 
sodium spin system is initially saturated (in a time 
short compared to 7;) with the crystal oriented at an 
angle (to be called 6,) for which the quadrupole splitting 
is large. All measurements were made at @,~10°, 
5 f(@;)~ 160 kc/sec." The crystal is then rapidly rotated 
to the mixing angle, which will be designated 6.. The 
measurements described in this section were made at 
62=Omin, the angle at which the overlap is maximum. 
[See Fig. 3(c).] The aim was to determine the equi- 
librium populations of the four sub-states (the rate of 
approach to equilibrium was too rapid to be measured 
at this angle). 

It was expected—though not observed in all cases— 
that at this splitting the equilibrium populations of the 
states N,, would have a Boltzmann distribution. If the 

"For 6/(6:)280 kc/sec the experimental results were in- 
dependent of the choice of 6,. 
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TABLE I. Normalized signals at @min. 








S_10 
0.78-+0.05 
8. 


00 
0.87-+£0.03 

0 
0.90-£0.05 


Sin 


0.63+0.05 
0-1 
0.97+0.05 


1-1 


1.130.05 


Su 
1.22+0.05 
S01 


0.90+0.05 
M11 
0.74+0.10 





spin system does come to Boltzmann equilibrium, the 
magnetic sub-state populations will be given by 


Nm’ =4N(1+md'), (9) 


where A’=yhH)/kTs. It is easily shown that for /=} 
the energy of saturation should raise the temperature 
of the spin system from the lattice temperature, Tz, be- 
fore saturation to the spin temperature, 7 s= (10/9)T 1, 
after mixing has taken place, no matter which of the 
three adjacent pairs of levels is saturated. The calcula- 
tion only assumes that energy is conserved within the 
spin system. The energy conservation condition is 
expected to be fulfilled if each experiment is completed 
in a time short compared to 7}. 

In practice the state of the spin system after mixing is 
determined by returning the crystal to 6, and then 
measuring the population differences with nuclear 
magnetic resonance pulse techniques. The initial satu- 
ration and subsequent rotations (0; > Omin — 61) could 
be completed in a time less than 0.5 sec. As long as the 
individual experiments were completed in a time short 
compared to 7, the measured signal amplitudes were 
independent of the time that the crystal remained at 
6 min. The shortest attainable mixing time was ~ 0.06 sec. 

The mixing angle (62) was established to be @min by a 
“zero beat” method. Beats will appear on the free 
induction decay envelope at those angles for which the 
quadrupole splitting is comparable to the line width. 
These beats appear since the pulse is short enough to 
contain large-intensity Fourier components over the 
frequency interval which includes all three resonance 
lines. The method of determining 6,i, was to set the 
angle between magnetic field and crystalline field axis 
so that no visible beats appeared on the free induction 
decay. This angular setting could be reproduced to 
within +0.15°. 

The quantity of interest in these experiments is the 
ratio of the nuclear signal, S;;, after mixing to the pre- 
saturation nuclear signal. The first subscript of 5S;; 
denotes the saturating frequency (v1,v0,v_1), and the 
second subscript designates the frequency of the 
measured free induction decay signal. The symbol §;; 
will be used to denote the normalized signal S,;/S;°, 
where S/ represents the magnitude of the presaturation 
signal of frequency v;. The magnitude of S;° corresponds 
to the lattice temperature, 7,. For J=3 there are nine 
independent experiments that can be performed at 
any given splitting. They correspond to the saturation of 
three adjacent pairs of levels and, after mixing, the 
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Population numbers at @min. Experimental values calculated from data in Table I. 





P44 
~0.50 
~0.45 
~0.25 
~0.24+0.03 


Poy 
—0.50 
—0.45 
—0.25 
—0.45+0.02 


0.54+0.03 


Poj 
0.50 
0.45 
0.50 
0.42+0.02 


Fis 
0.50 
0.45 
0.25 
0.35+0.05 


Pi,-j 
~0.50 
—0.45 
—0.50 
~0.55+40.05 


measurement of population differences between any 
three adjacent pairs of levels. If Boltzmann equilibrium 
is established among all four levels, 


8,;=9/10, i, 7=—1,0, 1. (10) 
Table I shows the nine measured signals §,;. It is seen 
from these data that when the saturating frequency is 
vo, the system comes to Boltzmann equilibrium at a 
temperature T's=(10/9)T,. When either of the satel- 
lites is saturated, however, the subsequent equilibrium 
populations do wot correspond to a _ Boltzmann 
distribution. 

The data in Table I are based on measurements made 
on various days. At the beginning of each day’s meas- 
urements the magnet angle corresponding to @min Was 
redetermined by the method described above. Measure- 
ments made on different days were in agreement within 
an error which could be attributed to the available 
signal-to-noise ratio. It would appear then that the 
unexpected results of this section are not extremely 
sensitive to the angle at which mixing takes place. 

A check can be made of the internal consistency of 
the entries in Table I. When the energy of the spin 
system before mixing but after saturation is equated to 
the energy of the system after mixing, the following 
restriction is placed on the S,;: 


3(8:14+-8i1)+48j0=9 for all i. (11) 


This relation is obeyed, within the quoted experimental 
errors, for all of the data in Table I. 

It is convenient to represent the populations of the 
four substates after mixing by 


Nm=4N (1+ PimA). 


This equation defines the P,,,. The subscript 7 designates 
the saturating frequency, v;. Using the requirement that 


> Pim=0, t= —1,0, 1, 


the four “population numbers” Pm can be calculated 


Pr ~4 
— 1.50 
—1.35 
— 1.50 
— 1.46+0.05 


Lattice temperature equilibrium 
4level Boltzmann equilibrium 
3-level Boltzmann equilibrium 
Experimental 


Po, —j 
—1.50 
—1.35 
—1.50 
—1.35+0.04 


Lattice temperature equilibrium 
4level Boltzmann equilibrium 
3-level Boltzmann equilibrium 
Experimental 


P,, -j 
— 1.50 
— 1.35 
— 1.25 
— 1.29+0.08 


Lattice temperature equilibrium 
4level Boltzmann equilibrium 
3-level Boltzmann equilibrium 
Experimental 


from the S,;, giving for all i 
P,-3=4NA[—S,_1— 2S 0— 38,1], 
P,-4=4NA(—8,_1—2804-8:1], 

P,y=4NAL—S-1+ 2800+ Sar], 
P53=4NA(35,_1+ 28 0+Sir]. 


(12) 


Shown in Table II, rows 4, 8, and 12, are the popula- 
tion numbers P;» calculated from Eq. (12) and the 
data in Table I. In rows 1, 5, and 9 are the population 
numbers Pj,=m corresponding to Boltzmann equilib- 
rium at the lattice temperature. The population 
numbers in rows 2, 6, and 10 correspond to the establish- 
ment of Boltzmann equilibrium among all four levels at 
the spin temperature T's= (10/9)T 1 [ Pim= (9/10)mA ]. 

Consistent with the conclusions drawn from the “raw 
data” shown in Table I, it is seen that only for i=0 can 
level populations be characterized by a spin tempera- 
ture. However, the equilibrium populations of the 
levels following saturation of a satellite are consistent 
with the assumption that three levels, the saturated pair 
and the one level adjacent to them, come to a Boltz- 
mann distribution; the population of the fourth level 
remains unchanged in the mixing process. 

Consider, for example, the case i=1, where mixing 
follows saturation of the m=—%, —} levels. Assume 
that this mixing brings about a Boltzmann distribution 
of the populations of the m=—}3, —}, +4 levels, 
leaving the population number of the m= level at 
P,,;= 3. This assumption yields the values of Pim shown 
in row 11. There is good agreement between these 
results and the experimental values shown in row 12, 
The entries in row 3 are calculated assuming that a 
Boltzmann distribution is established among the m= 3, 
1, —4, levels following saturation of the $ and 4 states. 
The observed populations (row 4) are again seen to be 
in good agreement with the calculated 3-level equilib- 
rium hypothesis. 

The experimental results in Table II are difficult to 
understand on the basis of the overlapping lines theory. 
Three-level Boltzmann equilibrium might be expected 
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Fic. 4. Relative nuclear signal amplitudes as a function of time 
for various mixing angles. In these measurements vo is the satu 
rating frequency as well as the frequency of the observed reso 
nance. The errors shown on the open circles are applicable to all 
the points in the figure 


to be encountered in a configuration in which two lines 
centered at almost the same frequency overlap only 
slightly with a third line. Reference to Fig. 3(c), 
however, shows that this situation does not exist at 
Amin. Rather, the line vp overlaps sufficiently with 1 
(and hence v_;) to bring about 4-level (Boltzmann) 
equilibrium when vo is saturated. Yet only 3-level 
equilibrium results when its “neighbor” v_, is saturated. 
Perhaps even more surprising is the observation that 
the population of the m=} level is not changed by the 
mixing which follows saturation at »;. The population 
of the $ level would be expected to be altered in this 
case since the lines centered at »; and v_; overlap 
greatly. 

It can be argued that since 6@,,i, can only be deter- 
mined to within +0.15°, the conclusions drawn in the 
above discussion have limited validity as they are 
based on the assumed level order of Fig. 3(c). On the 
other hand, there seems to be no line configuration in 
the interval @nin—0.15°< 60< Onin +0.15° at which the 
above data lend themselves to a simple interpretation on 
the basis of Bloembergen’s overlapping lines theory. 
Furthermore, the experimental results are not very 
sensitive to the setting of #2 as remarked above. 

It is certainly possible that if 7, were sufficiently 
increased (by lowering the temperature of the sample), 
one would observe, for all saturating frequencies, the 
eventual approach of all four populations to their 
Boltzmann equilibrium values. In terms of the rate 
equations the experimental results might possibly be 
accounted for by the presence of a long internal relaxa- 
tion time (as well as a short one) in the solution for the 
N,. It is reasonable to suppose that for the experiments 
at Onin, Wri~W_s~W;3. Equations (8) were solved 
assuming W,=W_, with no restriction on W3;.” Also, 
it was assumed that the equilibrium level populations 
were those of (9). It was found that there was no choice of 
W, and W; which could account for the observed Pm, 


® Only two internal relaxation times appear in the solution for 
the Vm in this case. 
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Fic. 5. Relative signal amplitude for the splitting, 6/(@2)=17 
kc/sec. The straight line represents the equation Soo(t)=1 
—exp[ —1/47 sec]. This line is a best fit to the data for 1¢ 45 sec. 
The spin-lattice relaxation time at this angle is at least 70 sec. 


even if the errors in the P;,, were taken to be many times 
those quoted in Table II. In light of the insensitivity 
of the measurements to the exact setting of 0. (and 
hence to the exact values of W4; and Ws), it seems safe 
to say that the rate Eqs. (8) are inadequate to describe 
the dynamic behavior of the sodium spin system. 

It is interesting to note that all of the measurements 
described in this section are consistent with the follow- 
ing assumptions: (a) the mixing which follows satura- 
tion at vy; involves only the transitions of the type W_, 
in Eq. (8) (mj=}— —}; m=—3— —}); (b) the 
mixing which follows saturation at v_, involves only 
transitions of the type Wi (mj=}— —}, m=} — 3); 
(c) to account for the data at saturating frequency vo 
both of these types of transitions are required, but it is 
not necessary to invoke spin flips of the type W; 
(mj=4— 3, m.=—}— —3). It is not at all obvious 
why all three kinds of transitions are not present in each 
of the above three cases. 


IV. TIME DEPENDENCE OF THE APPROACH 
TO EQUILIBRIUM 


The measurements described in this section were 
made at splittings sufficiently large to allow measure- 
ment of the change in the N,, as a function of time. The 
procedure followed in these experiments was identical 
to that described in the previous section. 

Figure 4 shows Soo(t) for the splittings 6/(@2)= —0.5 
kc/sec, —1.6 kc/sec, —3.2 kc/sec, and —4.9 ke/sec. 
At the smallest of these splittings (open circles) the 
spin system is observed to reach equilibrium in the 
shortest measurable time. At 6/(@2)=—4.9 kc/sec 
(solid circles), Soo(t) rises smoothly from ~zero at 
t=0.06 sec to unity for >7,~70 sec. In the interval 
0.06 sec<t<7 sec the signal amplitudes are due almost 
entirely to spin mixing. At /=10 sec spin lattice 
relaxation alone would give S;;=0.1, which is roughly 
the experimental error in these measurements. 

At 6f(@2)=—1.6 kc/sec, and even more noticeably 
at 6f(@2)=—3.2 kc/sec (half-filled circles), an un- 
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Fic. 6. Mixing rate measurements at the splitting 6/(@2) = —3.2 kc/sec. The first subscript on S;;(¢) denotes 
the saturating frequency; the second index denotes the frequency of the nuclear resonance signal. 


expected plateau appears in the spin mixing rate. The 
existence at these splittings of what appears to be a 
quasi-equilibrium of the spin system is one of the most 
striking results of this investigation. 

Figure 5 shows relaxation measurements for 6/(62) 
= 17+2kc/sec. At this splitting spin mixing proceeds so 
slowly that signals measured at times much less than 7; 
are too small to be determined accurately. To obtain a 
relaxation rate curve one then must make measure- 
ments over a time interval comparable to 7. Therefore, 
the relaxation rate observed at this splitting is certainly 
due to both spin-lattice relaxation as well as spin 
mixing. In the time interval /< 45 sec, the measurements 
are described by the equation Soo(¢)=1—exp[— (¢/47 
sec)]. For longer times, Soo(/) rises more slowly, 
indicating that for ‘280 sec, spin lattice relaxation 
dominates. 

Shown in Fig. 6 are various §;,(t) at 6f(02)=—3.2 
kc/sec, the splitting at which the plateau in the mixing 
rate is most pronounced. Several qualitative features of 
the data are to be noted: (a) The plateau that appears 


in Soo(t) also appears for all the other S,;(¢), (b) The 
signal S,,(¢) is very small. This is to be expected since 
the overlap of v; with the other two lines is quite small. 
Therefore, energy fed into the system at » cannot 
rapidly distribute itself throughout the entire spin 
system, (c) Since the overlap of »; with the other two 
lines is small, it might be expected that saturation of 
either of the closely spaced lines vp or v_; would be 
followed by the establishment of 3-level Boltzmann 
equilibrium between the m= 3, }, and —} states. The 
normalized signals expected in this case are So_1=Soo 
= §_.9=S_11=0.75; So.=1.25. Comparison of these 
numbers with the data in Fig. 6 shows that 3-level 
equilibrium is not established. 

The measurements So_:(¢) and S_i-:(t) are also 
difficult to understand. Since the lines vp and vw, 
overlap greatly with each other but only slightly with 
v, as indicated by the measurements S1:(é)], it might 
be expected that the relative populations of the } and 
4 states after mixing would depend only weakly on 
which of the lines v» or v_; were initially saturated. 





56 WALTER lI. 


Expressed in another way, one would expect So_.~S_1-1. 
The data, however, show S, v1.2, S_1 10.3.8 It 
has not been possible to provide a simple interpretation 
of these results. 

V. APPARATUS 

The pulse apparatus used in these experiments was 
operated at a frequency of 10 Mc/sec and is described 
elsewhere."* The cryostat was exceedingly simple, 
consisting of a Styrofoam box with 3-in. walls. The 
crystals used were cylindrical in shape with a diameter 
of 3 in. and a length of } in. It was deemed necessary 
to establish to a high degree of certainty that the 
crystals used in these experiments were indeed single 
crystals. This was done by x-ray diffraction. It was 
found that the experimental results could be reproduced 
using various crystals. 

The source of the rf saturating field was the signal 
from a BC 221, which was amplified with conventional 
circuitry and finally coupled inductively into the 
transmitter coil of the pulse apparatus. The field 
produced with this arrangement was sufficiently large 
to produce saturation of the sodium spins (at 77°K) in 
a small fraction of a second. 

The desired mixing angle, 62, was established by 
rotating the magnet rather than the crystal. This 
involved first finding O,in (using the zero beat method 
described in the foregoing) and then rotating the magnet 
to the desired angle through the small angular difference 
9 min — 2. The magnet angle could be set with a precision 
of +0.005°. The rotations involved in making the 
measurements at a given splitting were accomplished 
by rotating the crystal. While the time of transit 
between the orientations 6, and 6, was not small 
compared to the smallest measured mixing times, the 
fraction of that transit time during which mixing could 
take place was negligible.t 


VI. SUMMARY 


It is found that for small mixing angles (0S 6<0.80°) 
the level populations of the sodium spin system after 

18The measurements at saturating frequency vo in Fig. 6 
satisfy the internal consistency requirement expressed by Eq. (11). 

4 R. T. Schumacher, reference 2. The circuitry closely resembles 
a design by Dr. John Spokas [John J. Spokas and Charles P. 
Slichter, Phys. Rev. 113, 1462 (1959). 

t Note added‘in proof.—The experimental results were not 
sensitive to the rate of rotation of the crystal as long as the rota- 
tions were completed in a time short compared to 7}. 
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mixing show an unexpected dependence on which pair 
of levels is initially saturated. It is also found for these 
small mixing angles that the spin system is in a quasi- 
equilibrium state after mixing. Both of these results are 
difficult to understand on the basis of Bloembergen’s 
theory. 

The experimental results seem to imply that there are 
correlations between the orientations of neighboring 
nuclear spins which have the effect of reducing the 
probability of certain types of transitions in spite of the 
fact that they are allowed by pairwise interaction terms 
in the dipole-dipole Hamiltonian. If correlations of this 
type do play an important role in determining the 
behavior of the spin system, then one would not expect 
Eq. (8) to be applicable. 

It should be noted that the spin mixing phenomenon 
is quite different from that of spin-lattice relaxation 
where, at sufficiently high temperatures,, the rate 
equations have been very successful in describing the 
dynamic behavior of spin systems. In spin-lattice 
relaxation one observes the interaction of a system of 
relatively small specific heat with a “reservoir,” the 
lattice vibrations, whose temperature does not change in 
the relaxation process. In the spin mixing, however, no 
reservoir is present to absorb the energy of saturation. 
The spins must rearrange themselves to produce a 
more probable energy distribution. The experiments 
described here present some evidence that correlations 
between neighboring spins might make the thermal 
equilibrium distribution inaccessible.'® 
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16 The exponential time dependence of the relaxation at the 
relatively large splitting 5/(@2)=17 kc/sec might be produced by 
a higher-order process in which the spins exchange their energy 
through an intermediate interaction with the lattice phonons. If 
this happens, one might expect Eq. (8) to hold, and the observed 
exponential rise in Soo(t) would not be unexpected. 
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Data are presented showing CsAu to be a semiconductor. The optical absorption curve is typical of a 
semiconductor with a threshold for direct optical excitation across the gap between 2.6 and 3.3 ev and 
exciton peaks at about 2.6, 3.0, and 3.3 ev. A relatively high optical absorption at smaller photon energies 
may indicate an indirect absorption process. Additional information has been obtained by measuring the 
spectral response curve of the photoemission from CsAu. The resistivity of the material is approximately 
0.01 ohm-cm over the range from 410°K to 4.2°K, indicating either degeneracy or impurity banding. X-ray 
studies show that CsAu has a CsCl structure and a lattice constant of 4.2630.001 A. Finally, some pre- 
liminary results obtained with other alkali metal-gold compounds are described. 





I. INTRODUCTION 


HE existence of a stoichiometric compound CsAu 
with nonmetallic optical properties was first re- 
ported by Sommer in 1943.! This finding was confirmed 
in 1952 by Borzyak? who described quantitative meas- 
urements of photoemission and light absorption of this 
compound. He found a threshold of photoemission at 
about 7200 A and an absorption edge at about 5000 A. 
The present work is concerned with a more detailed 
study of light absorption and photoemission of CsAu; 
in addition, the crystal structure of the material, as 
well as the change of resistivity with temperature, has 
been established. The principal aims have been to verify 
that CsAu is a semiconductor, to investigate its semi- 
conducting properties, to indicate possible band models 
for CsAu, and to suggest the nature of the chemical 
bonding involved. 


II. EXPERIMENTAL TECHNIQUES 
A. Preparation of CsAu 


CsAu is chemically unstable in air and must there- 
fore be prepared and studied in vacuum. For the x-ray 
structure determination, finely divided gold powder was 
exposed to Cs vapor at 200°C in an evacuated thin-wall 
quartz capillary suitable for Debye-Scherrer powder 
diagrams. For electrical and optical measurements, thin 
films were used which were formed on the wall of 
cylindrical glass (or quartz) vacuum tubes. The CsAu 
films were prepared by exposing an evaporated Au 
layer, several hundred A thick, to Cs vapor at 150—-200°C 
until the reaction was completed. Excess Cs was re- 
moved by continuing the baking process. Electrica] 
contact to the film was made by means of two strips of 
Pt, fused into the glass. These films decomposed at 
about 250°C. 


1A. H. Sommer, Nature 152, 215 (1943). 
2P. G. Borzyak, Trudy Inst. Fiz. Akad. Nauk Ukr.S.S.R. 2, 
1924 (1952). 
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B. Measurements of Optical Absorption 
and Photoemission 


The apparatus’ and experimental methods‘ used in 
this work have been described previously and are, 
therefore, not discussed in detail. All optical measure- 
ments were made with a Model 12B Perkin-Elmer 
monochromator. The bandwidth of this instrument, 
expressed in hy per mm slit width, has been determined 
by DeVore® and is given below for several values of 
photon energy. 


Bandwidth (ev/mm) 
0.1 
0.07 
0.05 


Photon energy (ev) 
1.2 to 2.0 
3.0 
4.0 


The actual slit widths used in obtaining various op- 
tical absorption curves are indicated on the respective 
curves shown in the figures. A 0.3-mm slit width was 
used for the photoemissive measurements. The mono- 
chromator was equipped with a motor drive and the 
output signal was recorded. This made it possible to 
record the incident, transmitted, or reflected light in- 
tensity continuously as the spectrum was swept out. 

Most of the experimental tubes were cylindrical 
with a diameter of 1} inches. In making the optical 
absorption measurements, the experimental tube was 
positioned so that the intensity of the reflected light 
and of the transmitted light could be measured without 
moving the tube. For the photoemissive measurements, 
the Au evaporator was used as the collector. 

To obtain the absorption coefficients, the equation 


Laan) 


was used. In this equation, / is the intensity of the 
transmitted radiation, J» is the intensity of the incident 
radiation, Jr is the intensity of the reflected radiation, 
d is the thickness of the film, and a@ is the absorption 
coefficient. The use of Eq. (1) to correct for the reflec- 
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3H. B. DeVore, RCA Rev. 13, 453 (1952); H. B. DeVore and 
J. W. Dewdney, Phys. Rev. 83, 805 (1951). 
‘W. E. Spicer, Phys. Rev. 112, 114 (1958). 





SPICER, 





2-(CsAu) _ oe” 


77" 


ABSORPTION ({--3-) 


tv 


3-CsAu(i- 


let 











Pe eee ee een Pe Pre Pee 
Ss 


10 tS 20 25 30 35 40 
PHOTON ENERGY (ev) 

Fic. 1. Absorption of a Au layer before and after reaction with 
Cs. Curve 1 is the absorption (1—J/J») of the Au layer before 
reaction with Cs, curve 2 is the absorption (1—J//Io) of the CsAu 
ayer formed from the Au layer of curve 1, curve 3 contains the 
data of curve 2 corrected for the reflection of the CsAu layer 
[1—(1/Io)/(1—Ir/Io)]. The CsAu curves show structure at 
about 2.6, 3.0, and 3.3 ev 


tion of the film gives, of course, only an approximation 
since the effects of multiple reflections are not con- 
sidered ; however, the error involved in this approxima- 
tion is estimated to be less than 10% in the region of 
highest absorption and not much higher elsewhere. It 
should be mentioned that in the absorption data there 
was no evidence of interference effects. 

To determine the absorption coefficient, the sample 
thickness was determined as follows. The thickness of 
the original Au layer was found by comparing the Au 
transmission (curve 1, Fig. 1) with published curves 
for Au layers of known thickness. The transmission of 
thin evaporated Au layers depends on the manner of 
evaporation and on the subsequent annealing treat- 
ment.’ Fortunately, curves have been published for 
layers prepared like ours® as well as for well-annealed 
layers.’ Since the characteristic transmission window 
of Au in these two types of layer differs by about 700 A 
in spectral position, the position of the window may be 
used to identify the type of layer. The position of the 
transmission window in curve 1, Fig. 1, was identical 
with that of Krautkramer® who formed his layers in a 
similar manner. The only difference between the spec- 
tral distribution of transmission of the two Au layers 
was slightly lower transmission of Krautkramer’s layer 
on the long-wavelength side of the transmission win- 
dow. By comparing the absolute values of transmission 
curve 1, Fig. 1, with the curves of Krautkramer for 
thicknesses of 208 A and 281 A, a thickness of about 
220 A was estimated.* Because of the similarity be- 
tween our and Krautkramer’s transmission curve, it 
seems unlikely that the estimate of the film thickness 
can be off by much more than 10% or 20%. Since the 
thickness of the original gold layer was known, the 


§Q.S. Heavens, Optical Properties of Thin Solid Films (Butter 
worths Scientific Publications, London, 1955). 

* J. Krautkramer, Ann. Physik 32, 537 (1938). 

? Gillham, Preston, and Williams, Phil. Mag. 46, 1051 (1955). 

* It should be noted that the thickness of Krautkramer’s layers, 
and hence that of our layers, was obtained by assuming the bulk 
density of gold. 
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thickness of the final CsAu layer was calculated to be 
1000 A by using the densities of Au and CsAu (as ob- 
tained from the x-ray study, Sec. VI). 


III. OPTICAL ABSORPTION 


A number of CsAu samples were studied and the 
spectral distribution and temperature dependence of 
the optical absorption reported here was found to be 
reproducible. Because of the difficulties in determining 
the sample thickness, the absolute value of the absorp- 
tion coefficient was determined for only one sample. 

Figure 1 contains typical absorption curves for CsAu 
as well as an absorption curve of the Au layer taken 
before its reaction with Cs. Curve 1 is the absorption 
of the gold layer before reaction with Cs; these data 
are presented in the form (1—J/Jo) where J is the in- 
tensity of the incident radiation and / is the intensity 
of the transmitted radiation. Curve 2 is the absorption 
after reaction with Cs, again in the form (1—J/Jo); 
and curve 3 is the absorption after reaction with Cs, 
corrected for the reflected light, Zr. These latter data 
are presented in the form 1— (//Jo)/(1—Jr/Jo). Curve 
1 shows the characteristic transmission window of Au 
near 2.4 ev. The formation of CsAu is accompanied by 
a very marked decrease in absorption at photon ener- 
gies below 2.5 ev and a rise above 2.5 ev. This is just 
the change one would expect if Au combined with Cs 
to form a semiconductor. The CsAu curves also show 
peaks at about 2.6, 3.0, and perhaps 3.3 ev. 

An absorption curve was also measured before the 
reaction of Au with Cs was completed. Although this 
curve was practically identical with curve 2 for photon 
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Fic. 2. Optical absorption coefficients of CsAu. The experimental 
points of Borzyak multiplied by five are also shown. 
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Fic. 3. The temperature dependence of the CsAu absorption. 
Note that the peaks at about 2.6, 3.0, and 3.3 ev become much 
sharper on cooling. 


energies above 2.5 ev (including the structure at about 
2.6, 3.0, and 3.3 ev), increased absorption was observed 
below 2.5 ev. Visually, the layer showed some golden 
color in reflection which is absent in the final CsAu 
layer. These observations indicate that in the inter- 
mediate stages a mixture of Au and CsAu is formed, 
rather than a compound with lower Cs content. Thus 
the existence of a reported? compound Cso.7;Au seems 
to be doubtful. 

Using the thickness of 1000 A, determined as de- 
scribed in Sec. II-B, the absorption coefficients of Fig. 2 
are obtained from the data of curve 3, Fig. 1. Note that 
the structure at about 2.6, 3.0, and 3.3 ev is associated 
with coefficients of 10°/cm and larger. Qualitatively the 
curve agrees with the experimental points of Borzyak,” 
but the absolute values in this work are about a factor 
of five higher. We do not believe it likely that our data 
are in error by such a large factor. Borzyak had only 
three values for photon energies above 2.5 ev; hence it 
was impossible for him to observe the structure be- 
tween 2.5 and 3.3 ev. However, both our and Borzyak’s* 
data indicate a relatively high absorption on the long- 
wavelength side of the fundamental absorption. This 
is discussed in Sec. VII. 

Figure 3 shows the effect of cooling to liquid nitrogen 
temperature on the absorption curve. The peak at 
about 2.6 ev becomes much sharper and quite pro- 


9W. Biltz and F. Weibke, Z. anorg. Chem. 236, 12 (1938). 
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nounced peaks appear at about 3.0 and 3.3 ev. As indi- 
cated on the curves, the resolution is almost four times 
higher than for the curves in Fig. 1. 


IV. PHOTOEMISSION 


Typical curves of the spectral distribution of photo- 
emission are presented in Fig. 4. Included are curves 
obtained from three different layers studied in this 
work and also data from the article by Borzyak.? Since 
Borzyak did not give the absolute sensitivities, his 
curve has been fitted vertically to our curves. As is 
apparent, the shape of these curves is similar. 

The absolute magnitudes of the photoemission meas- 
ured here were found to vary as much as a factor of five 
from layer to layer. Thus, the photoemission seemed to 
be the least reproducible of the quantities studied here. 
However, the threshold of response and over-all shape 
of the curves were generally reproducible from layer to 
layer. Taking the threshold as the photon energy where 
the yield is 10-7 electron/photon, we see that these 
curves all have a value of about 1.6 ev. Since the op- 
tical absorption measurements may indicate that funda- 
mental absorption occurs only for photon energies 
greater than 2.0 ev, it is possible that this photoemission 
may be due to the excitation of extrinsic carriers. The 
low value of the yield (of the order of 10~* electron/ 
photon) is consistent with this interpretation.” The 
variation in yield may be associated with the variation 
in “defect” levels. 

It is interesting to note that the curves tend to 
flatten out between 2.4 and 2.6 ev and then rise more 
steeply for higher photon energies. This rise begins at 
the edge of fundamental absorption and may indicate 
a change from a direct excitation of photoelectrons to 
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Fic. 4. The spectral distribution of the photoemissive yield 
from four CsAu layers. The dashed curve is that of Borzyak 
which has been fitted vertically to our data since Borzyak does 
not give absolute values for his yield curve 


WW, E. Spicer, RCA Rev. 19, 555 (1958), 
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a process in which excitons are first produced and then 
give up their energy to bound electrons." 


V. RESISTIVITY 


The conversion of the Au layer into a CsAu layer is 
accompanied by a rise in resistivity by a factor of ap- 
proximately 5000. The final resistivity of these thin 
films of CsAu, derived from sample dimensions and 
resistance, is in the range of 0.01 ohm-cm. This value is 
too high for a metallic conductor and more compatible 
with the conductivity to be expected for a degenerate 
semiconductor. Assuming a carrier mobility between 
100 and 10 cm?/v sec, a carrier density in the range 10” 
to 10” is indicated. 

The resistance of CsAu samples was measured at 
410°K, 300°K, 77°K, and 4°K and monitored during 
the cooling or heating to these temperatures. Over the 
whole range from 4°K to 410°K, the resistance was 
found to be constant within about 50%. The tempera- 
ture coefficient of resistance is positive, with an increase 
in resistance of about 20% between 77°K and 300°K 
and an increase of about 10% between 300°K and 
410°K. 

With the alkali-antimony compounds, it has been 
found possible” to vary the conductivity of the material 
by orders of magnitude by incorporating small amounts 
of additional alkali or antimony into the films. With 
CsAu, it was found that addition of Cs tended to de- 
crease the resistivity, whereas the addition of Au tended 
to increase it. These results suggest that excess Cs is 
the doping agent in this material. However, the changes 
which could be produced were within a factor of only 
about two, in contrast to the very large changes ob- 
tained in the alkali-antimony compounds. 


VI. X-RAY STRUCTURE DETERMINATION 


X-ray diffraction powder photographs were taken of 
several samples of CsAu, using Cu Ka radiation. As 
can be seen from Table I, all the x-ray lines can be 
indexed on the basis of a CsCl-type structure (space 
group 0,°). The weak “superlattice” lines with 4+-k+/ 
odd, are due to the difference in scattering power be- 
tween Au and Cs and show that the structure is ordered, 
in agreement with the postulated stoichiometric for- 
mula CsAu. Using the Nelson-Riley® method of ex- 
trapolation to 6=90°, the value ao=4.263+0.001 A 
was obtained. The density calculated for one atom of 
Au and one atom of Cs per unit cell is 7.065. The Au-Cs 
interatomic separation is 3.692 A, appreciably shorter 
than the sum of the metallic radii, 4.04 A. From the 
value of the density, a value for the volume of the unit 


" For a discussion of this type of emission, see E, Taft and 
L. Apker, Phys. Rev. 83, 479 (1951); E. Taft and L. Apker, in 
Imperfections in Nearly Perfect Crystals, edited by W. Shockley 
(John Wiley and Sons, Inc., New York, 1952), p. 246. 

2 A. H. Sommer, J. Appl. Phys. 29, 1568 (1958). 

3 J. B. Nelson and D. P. Riley, Proc. Phys. Soc. (London) 57, 
160 (1945). 
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TABLE I. X-ray data for CsAu indexed on the basis 
of a CsCl-type structure. 








d(calc) Intensity 


4.2630 VVW 
3.0145 VS 
2.4613 VVW 
2.1315 

1.9165 

1.7404 

1.5072 

1.4210 

1.3481 

1.2321 

1,1394 

1.0658 

1.0048 

0.95326 

0.90888 

0.87020 

0.83606 

0.77830 





4.1329 

2.9834 

2.4409 

2.1142 

1.8976 

1.7310 

1.5000 

300, 221 1.4141 

310 1.3430 

222 1.2278 

321* 1.1367 

400 1.0644 

330, 411 1.0010 
420 0.94991 
332 0.90683 
422 0.86852 
431, 510 0.83486 
521 0.77824 








* a1a2 doublet resolved from this point down. A weighted mean wave- 
length was used for the earlier reflections. 


cell can be computed and compared with a “calculated” 
volume which is obtained by simply adding the atomic 
volumes of Au and Cs as found in the crystals of the 
elements. In the case of CsAu, it turns out that the 
“real” volume is 42% smaller than the “calculated” 
volume. This result will be referred to in Sec. VII. 


VII. DISCUSSION OF RESULTS 
A. Semiconducting Properties of CsAu 


Very strong evidence for the semiconducting nature 
of CsAu is obtained from the optical absorption data. 
Whereas the transmission of the original gold layer 
(see Fig. 1) is relatively symmetrical and quite low on 
either side of the gold transmission window, the trans- 
mission of the CsAu film is much lower than that of the 
Au film above 3.0 ev and considerably greater below 
2.5 ev. These are just the changes in absorption to be 
expected in the conversion of a metallic into a semi- 
conducting material. The absorption peaks at about 
2.6, 3.0, and 3.3 ev can be interpreted as exciton peaks 
in a semiconductor, whereas there seems to be no 
mechanism which could explain such peaks in a metallic 
alloy. 

In addition to the optical evidence, the increase in 
resistance by orders of magnitude during the conversion 
of the Au film into the CsAu film indicates that CsAu 
is a semiconductor. Finally, the results of the x-ray 
studies also support the conclusion that CsAu is a 
semiconductor. The ordered CsCl crystal structure can 
be taken to indicate that the material is either a semi- 
conductor with some degree of ionic binding or a metal- 
lic alloy with long-range order. However, it is unlikely 
that a material with such a low dissociation tempera- 
ture (250°C) would form an ordered alloy at room 
temperature. Strong evidence for ionic binding is found 
in the contraction of the lattice during the formation of 
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CsAu. As pointed out in Sec. VI, the “real” volume of 
CsAu is 42% smaller than the “calculated” volume 
obtained by adding the atomic volumes of Au and Cs. 
By contrast, in predominantly covalent compounds be- 
tween metals or metalloids, such as GaAs and InSb, 
the “real” volume is larger than the “‘calculated”’ vol- 
ume by 10% to 20%, while in metallic alloys, such as 
Cu.Zn, “real” and “calculated” volumes are identical 
within a few percent. Only a few intermetallic com- 
pounds with ionic binding are known, but in a typical 
example, Cs;Sb," the “real’”’ volume is 48% smaller than 
the “calculated” volume. Thus, there is a strong indica- 
tion that contraction is associated with ionic binding. 
It should be noted that because of the very large differ- 
ence between the metallic radius of Cs, 2.62 A (8- 
coordinated), and the ionic radius of Cst, 1.67 A, an 
appreciable volume contraction could be achieved in 
compounds containing Cs with a relatively small frac- 
tion of ionic character in the bonds. 


B. Chemical Nature of CsAu 


The presence of some degree of ionic binding in CsAu, 
indicated by the volume contraction and crystal struc- 
ture as discussed in the previous section, seems sur- 
prising at first. In such an ionic compound, Au would 
have to be the negative constituent because of the 
highly electropositive character of Cs. The existence of 
Au~ does not seem to have been reported previously, 
but the electronic structure makes it, in fact, quite 
likely, in particular when combined with an element as 
electropositive as Cs. Au has the same electronic con- 
figuration as Hg, except for the presence of only one 6s 
electron instead of two. Hg has a strong tendency 
toward a completed 6s shell as indicated by the fact 
that the positive ion Hgt is not known but only Hg2**. 
In view of the identical inner-core configuration of Au, 
it is, therefore, not surprising that Au reacts with the 
strongly electropositive Cs to fill its 6s shell. It is in- 
teresting to note that in a recent publication’® the ex- 
istence of Au~ is predicted on the basis of general con- 
siderations of a similar nature. 


C. Evidence for Excitons 


All the experimental evidence is consistent with the 
identification of the absorption peaks at about 2.6, 
3.0, and 3.3 ev as excitons. This evidence includes: 
(1) sharpening of the peaks on cooling, (2) half-widths 
of the absorption bands at liquid nitrogen temperature 
which are as small as 0.05 ev, and (3) large absolute 
values of the absorption coefficients associated with the 
absorption peaks (10°/cm to 4X 10°/cm). 

The exciton peaks do not have hydrogenic spacing 
but are almost evenly spaced. Thus the excitons do not 


44H. Miyazawa and S. Fukuhara [J. Phys. Soc. Japan 7, 645 
(1952) ], have reported ionic transport in Cs3Sb. 
18C, H. L. Goodman, J. Phys. Chem. Solids 6, 305 (1958). 
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seem to be of the loosely bound hydrogenic type, but 
of the more tightly bound type found in the alkali 
halides.'* It may be significant that the lowest excited 
states above a negative Au ion (6s? configuration) are 
the 6s 6p triplet states. In Hg, where the splitting 
should be similar to that for Au~, these triplet lines are 
separated by 0.225 ev and 0.57 ev. By comparison, the 
spacings of the CsAu peaks are 0.4 and 0.3 ev. This 
similarity between the separation of the exciton peaks 
and that of the triplet lines may indicate strong 6p 
components in the exciton wave functions. 


D. Optical Absorption at Photon Energies 
below the Exciton Peaks 


Both in the data of Borzyak and of this work, the 
optical absorption below 2.0 ev is surprisingly large 
(see Fig. 1). Although the measured absorption in this 
region may be affected by experimental errors, such as 
scattering of light from the beam and inadequate cor- 
rection for the effect of multiple reflections, it seems 
certain that the reported absorption cannot be entirely 
due to these experimental errors. All, or most, of this 
absorption may be due to imperfections in the film 
and/or the large density of conduction carriers; how- 
ever, there is also a possibility that it is due to a non- 
vertical transition across the band gap" (i.e., an in- 
direct absorption process). A more thorough examina- 
tion will have to be made before the optical absorption 
can be fully understood. 


E. Energy Band Model of CsAu and 
Conduction Type 


From optical absorption, photoemission and con- 
ductivity data, tentative conclusions can be drawn 
concerning the band model and the conductivity type 
of the CsAu films. A definite model cannot be suggested 
until it has been definitely established whether or not 
indirect band to band absorption is taking place below 
2.0 ev. At present, it is apparent that the direct band 
to band absorption is in the vicinity of the exciton 
bands. In the alkali halides, the band to band transition 
has been reported to lie between the first and second or 
second and third exciton peaks.'* Assuming, by analogy, 
that the edge for the direct band to band absorption of 
CsAu lies between the first and third exciton peaks, a 
value of between 2.6 and 3.3 ev is indicated for this 
process and thus for the band gap if no indirect transi- 
tions occur below 2.6 ev. 


16 For example, see H. Haken, J. Phys. Chem. Solids 8, 166 
(1959) ; also, Halbleiter probleme, edited by W. Schottky (F. Vieweg 
und Sohn, Braunschweig, 1958), Vol. 4. 

17 Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954); also, 
Proceedings of the Photoconductivity Conference, Atlantic City, 1954, 
edited by R. G. Breckenridge et al. (John Wiley & Sons, Inc., New 
York, 1956). 

18. A. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1957). 
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Since the conductivity of CsAu cannot be explained 
as being due to intrinsic conduction in a semiconductor, 
one has to postulate conduction by extrinsic carriers. 
The negligible change of conductivity with temperature 
indicates either a degenerate semiconductor or im- 
purity band conduction. The low value of the resistivity 
would support the first alternative. However, in the 
case of impurity band conduction, this band would 
have to lie relatively close to the conduction or the 
valence band in order for the wave functions of the 
impurity to overlap sufficiently. Therefore, it seems 
unlikely that the Fermi level is more than a few tenths 
ev from either the conduction or the valence band. It 
is hoped that Hall measurements will give more infor- 
mation on the conduction mechanism. 

If the actual band gap lies between 2.6 and 3.3 ev, 
the threshold of photoemission of 1.6 ev is smaller than 
the band gap energy by between 1.0 and 1.7 ev and, 
thus, it appears that this photoemission must be as- 
sociated with the excitation of extrinsic carriers. If 
CsAu were p-type, the Fermi level would have to lie 
at least 1.0 ev above the valence band to give the 
1.6-ev threshold. However, this seems impossible since, 
according to the arguments of the preceding paragraph, 
the Fermi level must lie within a few tenths of an 
electron volt of either the conduction or valence band. 
However, this contradiction does not arise if we assume 
CsAu to be n-type. The large density of conduction 
carriers, estimated at 10" to 10, and the extremely 
low quantum efficiency of 10-7 electron/photon at the 
threshold make it likely that this threshold is due to 
excitation of the conducting electrons from either the 
conduction or ‘‘defect’’ band. Thus, the value of the 
electron affinity would be approximately equal to the 
value of the photoemissive threshold, if a degenerate 
semiconductor is assumed, or several tenths ev below 
the value of the threshold if “defect”? banding is as- 
sumed. These considerations lead to an estimate for the 
electron affinity of CsAu within the approximate limits 
of 1.3 to 1.7 ev. However, if the absorption on the long- 
wavelength side of the exciton is due to indirect ab- 
sorption across the band gap, it is possible -that the 
photoemission is due to excitation from the valence 
band. In this case, the electron affinity would be below 
the 1.3 to 1.7 estimate already made. 

‘8 “Defect” band as used here means any band caused by energy 


levels in the forbidden band, whether they be due to impurities or 
lattice imperfections. 
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APPENDIX. COMPOUNDS OF Au WITH 
Rb, K, AND Na 

While only the Cs-compound of Au has been studied 
in detail, some preliminary findings on other alkali-gold 
compounds deserve mention. The compounds RbAu, 
KAu, and NaAu have been reported.' Since the elec- 
tropositive character of the alkali metals decreases in 
the series Cs-Rb-K-Na, one might anticipate a cor- 
responding diminution in the ionic character of the 
gold compounds. The following facts seem to support 
this expectation : 

(1) RbAu shows the characteristics of a semicon- 
ductor with bonds of an ionic nature, similar to CsAu, 
but less pronounced. The visual appearance is non- 
metallic. There seems to be a band edge and an indica- 
tion of structure in the optical absorption. Again, the 
resistance increases when Au reacts with Rb, though 
by less than two orders of magnitude, and the x-ray 
study shows a CsCl structure with a 4.105+0.001 A 
lattice parameter. This corresponds to a volume con- 
traction of 36%. 

(2) KAu has a metallic appearance and the resistance 
increases only by a factor of about two during forma- 
tion. Most significantly, x-ray examination showed a 
complex structure with a large unit cell, typical of 
alloys with metallic binding. 

(3) NaAu has a metallic appearance and even re- 
tains some of the color of the original gold layer. The 
resistance of the NaAu film does not differ from that of 
the original Au layer. This contradicts recent reports” 
claiming a rise of resistance by a factor of 2000 during 
the conversion of Au into NaAu. However, these results 
may have been due to an aggregation effect which has 
been observed if thin Au layers are heated in the pres- 
ence of excess Na. X-ray results are not yet available. 

To sum up, the experimental evidence seems to point 
to a transition from semiconductors with partially 
ionic bond to predominantly metallic alloys in the 
series from CsAu to NaAu, with the break probably 
occurring between RbAu and KAu. More detailed 
studies are now being made. 
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Elastic constant measurements have been made on a representative series of a-brasses in the temperature 
range 4.2-300°K. No appreciable change with temperature occurs in the dependence of C and C’ on solute 
concentration. Possible explanations for this result are considered. The © values for the alloys, as computed 
for the elastic-constant data at 4.2°K, differ significantly from the calorimetric values. It is believed that 
this discrepancy results from the difference between the phonon wavelengths used in the ultrasonic measure- 
ments and those contributing to the lattice heat capacity of the alloys at low temperatures. 


INTRODUCTION 


OLLOWING recent work! on the variation with 

solute concentration of the room temperature 
elastic constants of the a-brasses, it was considered of 
interest to extend the measurements to liquid helium 
temperatures. Thus the overlap contribution to C44, 
resulting from the intersection of the Fermi surface 
with the {111} faces of the Brillouin zone, might be 
expected to become more prominent at low tempera- 
tures owing to the less diffuse nature of the electron 
distribution function. Such a situation should cause an 
appreciable change in the concentration dependence of 
c44 and also should give rise to an anomalous variation 
with zinc content of the apparent electronic heat 
capacity of the alloys. The latter effect has already 
been discussed by Jones.? In addition, liquid helium 
measurements would enable a comparison to be made 
between the Debye temperatures for the alloys ob- 
tained from calorimetric data*® and from the theory* of 
the phonon spectrum of solids at low temperatures. 
This comparison is of some importance, since it is 
necessary to know to what extent elastic-constant data 
can be used to predict the lattice heat capacity of 
alloys at low temperatures. 


EXPERIMENTAL 


A description of the methods of measurement and 
specimen preparation has been given in a previous 
paper! and requires no further elaboration. Details of 
the cryostat are shown in Fig. 1. The coaxial feed A, 
which also acts as a supporting member of the assembly, 
brings 10 Mc/sec pulses to the transducer B through 
the spring-loaded plunger C. The latter consists of an 
inner copper electrode surrounded by a recessed insu- 
lating disk, which serves to center the transducer. To 
enable the latter to be oriented in a fixed position 
relative to the specimen, the plunger is prevented from 
rotation by means of a peg D sliding in the slotted 
insulator EZ. In this way, a Y-cut transducer may be 


1J. A. Rayne, Phys. Rev. 112, 1125 (1958). 

2H. Jones, Proc. Roy. Soc. (London) A240, 321 (1957). 

3 J. A. Rayne, Phys. Rev. 108, 22 (1957). 

4J. de Launay, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 285. 


bonded to the crystal at low temperatures so as to 
produce a shear wave of the desired polarization. 

The specimen F is mounted in a spring-loaded plastic 
cup G oriented in the copper sleeve H. This sleeve is 
keyed onto the spacer J and can be moved vertically 
by means of the stainless steel tube K, which slides in 
an O-ring seal at the top of the cryostat. When the 
specimen is lowered onto the stage L, it makes con- 
tact with the upper plated face of the transducer and 
hence completes the electrical path for the rf pulse. 
A platinum resistance thermometer M mounted on the 
stage L serves to indicate its temperature. Values of 
the latter between 300°K and 77°K are obtained by 














Fic. 1. Details of cryo 
stat for low-temperature 
elastic constant meas- 
urements. 
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Fic. 2, Variation with temperature of shear constant C 
for a-brasses. 


evacuating the insulating space of the helium Dewar as 
well as its interior, and allowing the assembly to cool 
down slowly with liquid nitrogen in the outer Dewar. 
To obtain temperatures intermediate between 4°K and 
77°K, the copper vane assembly JN is allowed to dip 
into liquid helium and the required temperature differ- 
ence set up across the stainless steel tube O by means 
of power supplied to the heater P. 

For covering the complete temperature range 4 
300°K, it is necessary to use two bonding agents. Down 
to 120°K, glycerin applied to the transducer at room 
temperature gives satisfactory echos, but at lower 
temperatures it tends to crack. Below 120°K EPA,’ 
a mixture of ether, ethyl alcohol, and isopentane is 
used. A drop of this solution is applied to the trans- 
ducer at 120°K through the capillary Q and the speci- 
men is then pressed onto the stage. At about 100°K the 
solution forms a glassy film, which gives a good acoustic 
bond to the specimen down to liquid helium tem- 
peratures. 

In computing the elastic constants, the crystal densi- 
ties at 300°K were obtained from the x-ray lattice 
spacings appropriate to the crystal compositions em- 
ployed. For the samples of higher zinc composition, 
these values are significantly higher (~}%) than the 
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Fic. 3. Variation with temperature of shear constant C’ 
for a-brasses. 


5 W. C. Overton, Jr., and J. Gafiney, Phys. Rev. 98, 969 (1955). 
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densities determined by direct macroscopic measure- 
ment, as a result of diffusion voids within the samples. 
It is felt, however, that if measurements of transit times 
are taken from the leading edge of the pulse, then the 
x-ray densities are the correct ones to use. In any event, 
either assumption makes little difference to the con- 
clusions of the paper. 

Since there are no low-temperature thermal expansion 
data for the a-brasses, it is necessary to make an addi- 
tional assumption in order to obtain the temperature 
variation of the elastic constants for the alloys. Fortu- 
nately, the correction for thermal expansion is small 
and there is no sensible error in assuming that in all 
samples it is the same as that for pure copper. In the 
present work, we have computed the latter using the 
interferometric expansion measurements of Rubin ef al.® 


RESULTS 
Graphs giving the temperature variation of the 
relevant elastic constants for the various samples are 
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for a-brasses. 


shown in Figs. 2, 3, and 4. The values at 4.2°K are 
summarized in Table I, which also gives the estimated 
probable errors in the data arising from uncertainties 
in the velocity determinations. No definite figure can 
be adduced for the error arising from the presence of 
crystal imperfections. It is believed, however, that a 
figure of one percent is not an unreasonable value for 
the over-all random probable error in the elastic 
constants. This estimate has been adopted in Figs. 5 
and 6, which, respectively, shown the shear constants 
C and C’ as a function of solute concentration both at 
4°K and 300°K. Systematic errors, such as transit-time 
effects, will not affect the relative variation of the elastic 
constants and have not been considered in drawing 
these curves. No limits of certainty have been placed on 
the points for pure copper, since the errors are sub- 
stantially smaller than for the alloys because of the 
larger specimen length employed and the greater degree 
of crystal perfection. 


6 Rubin, Altman, and Johnston, J. Am. Chem. Soc. 76, 5289 
(1954). 
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DISCUSSION 


Reference to ‘Table I shows that there is very good 
agreement between our values for the elastic constants 
of copper at 4.2°K and those of Overton and Gaffney.° 
In fact the maximum discrepancy between the two 
sets of measurements over the whole temperature range 
covered is only about one percent. Above 80°K, the 
present data for copper can be well represented by a 
linear variation with temperature, whereas that of 
Overton and Gaffney appears to have a slight curvature. 
This difference, however, is well within the limits of 
error and does not appear to be significant. It is believed, 
therefore, that the general agreement between the two 
sets of results constitutes adequate proof of the accuracy 
of our techniques and substantiates our claims for the 
general confidence limits of C and C’. 


(a) Overlap Effects 


From Figs. 2, 3, and 4 it can be seen that the curves 
of the temperature variation of the elastic constants 
for the various alloys are geometrically similar to those 
of copper. This is further demonstrated in Figs. 5 and 6 


TABLE I. Elastic constants of a-brasses at 4.2°K.* 


4(c11 +012 +2044) 
(102 dyne cm~?) 


Composition 
(atomic %) 


4(c11 —c12) 
(102 dyne cm~?) 


cu 
(10 dyne cm~?) 


2.316 +0.003 
(2.323) 

2.278 +0.010 
0.242 +0.001 2.200 +0.010 
0.226 +0.001 2.156 +0.010 
0.213 +0.001 2.124+0.010 


0.260 +0.001 
(0.256) 
0.254 +0.001 


0.814+0.001 
(0.818) 

0.803 +0.004 
0.786 +0.004 
0.775 +0.004 
0.773 +0.004 


® The values in parentheses are those of Overton and Gaffney (refer- 
ence 5). 


which show that there is no significant change in the 
dependence of C and C’ on solute concentration between 
4°K and 300°K. Such behavior is somewhat surprising 
in view of our previous conclusions regarding the effect 
of overlap on the dependence of cy with solute con- 
centration. It would be expected that, owing to the 
diffuseness of the Fermi distribution function at room 
temperature, the effects of overlap at 300°K would be 
less pronounced than at liquid helium temperatures. 
The absence of such an effect could be due to a number 
of causes: 


(1) Microscopic inhomogeneities in the alloy speci- 
mens smear out the onset of overlap. 

(2) Experimental errors are too large to show any 
discontinuities in the curves. 

(3) Overlap is not initiated in the composition range 
studied. 

(4) Overlap effects are modified even at absolute 
zero by correlation or are not present at all. 


Of these possibilities, it is believed that a combination 
of the first two is the most likely explanation of the 
lack of any temperature effect. Local inhomogeneities 
are believed to play a significant role, since their 
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Fic. 5. Variation with solute concentration of shear constant C 
for a-brasses at 4.2° K and 300° K. 


presence could easily explain why the corresponding 
heat capacity data does not show the anomalous be- 
havior predicted by Jones.’ 

It is, of course, impossible to eliminate the other 
alternatives in view of the rather precarious state of 
alloy theory in general. If we adopt the ideas of Cohen 
and Heine,’ overlap across the {111} faces of the 
Brillouin zone already occurs in copper. Alloying merely 
alters the area of contact consistent with the general 
requirement that the Fermi surface becomes more 
spherical with increasing solute concentration. Pro- 
vided that the Fermi surface does not actually break 
away from the zone faces, this model could easily 
explain the absence of a break in the concentration 
dependence of cq, at low temperatures. There is, how- 
ever, a difficulty with such a viewpoint arising from the 
fact that the initial decrease in overlap would cause a 
negative contribution to the change in cq, with solute 
concentration. Thus, the experimental curve would lie 
below the dotted line, which represents the theoretical 
change in cq, arising from effects other than overlap.’ 
Such is clearly not the case; hence it is unlikely. that 
the present results can be explained in this way. In fact, 
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lic. 6. Variation with solute concentration of shear constant C’ 
for a-brasses at 4.2° K and 300° K. 


7M. Cohen and V. Heine, Advances in Physics (Taylor and 
Francis, Ltd., London, 1954), Vol. 7, p. 395. 
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>. 7. Comparison of 6, for a-brasses obtained from 
calorimetric and elastic constant data. 


the observed behavior of the elastic constants is in 
definite disagreement with the Cohen and Heine model 
whether the Fermi surface breaks away from the zone 
boundary or not, so that there is considerable doubt as 
to whether their theory does provide a satisfactory 
explanation of the properties of the a-brasses. 


(b) Variation of Debye Temperature with 
Solute Concentration 


There is considerable interest in a comparison of the 
Debye temperatures of solids obtained from calorimetric 
and elastic constant data at liquid helium temperatures. 
In this region the simple continuum model should 
adequately describe the phonon spectrum of a solid, 
so that one would expect exact agreement between the 
two sets of data. Indeed, a comparison’ of the available 
measurements shows that, for simple cubic metals and 
the alkali halides, such agreement does exist. It is of 
some importance (e.g., in computing the lattice con- 
tribution to the heat capacity of a system such as 
Cu-Mn which has a low-temperature anomaly) to 
know whether such agreement exists for simple alloys. 

Since only long-wavelength phonons are involved at 
low temperatures, an alloy should presumably behave 
as a homogeneous solid having the same density and 
elastic constants. Now, according to the work of 
de Launay,'‘ we have for a cubic solid 


ON shy® fcu\! 9 
ee eas ( ) (“) -f(s,), (1) 
8rV \k p/ 18+v3 


where f(s,/) is a tabulated function of the variables 
s= (¢1:—C44)/ (C1944) and t= (C12—C44)/44. AS demon- 
strated in a previous paper,’ Eq. (1) may be written 
in the form 

(3 = aca’ f( S,l ), (2) 


where a is a constant and the reduced Debye tempera- 


8G. A. Alers and J. R. Neighbours (to be published). 
9 J. A. Rayne, Phys. Rev. 110, 606 (1958). 
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ture ©, is given by 
M ao , 
e-(—=), (3) 
Mo a 
M and a being the appropriate molar mass and lattice 
parameter. Hence, if the subscript zero refers to pure 


copper, we can readily determine the variation of 0, 
from the formula 


0,= (9,)0(C/Co)*(f/ fo)?. (4) 


Figure 7 shows the resulting variation of 0, computed 
from Eq. (4) and that obtained from the calorimetric 
data.’ Clearly there is a systematic discrepancy between 
the two curves, which is outside the experimental error. 
It is believed that this disagreement results from the 
difference between the phonon wavelengths employed 
in the ultrasonic measurements and those contributing 
to the low-temperature heat capacity. The principal 
contribution to the latter comes from those phonon 
wavelengths A, given approximately by 


A~ (O/T )a, (5) 


which for 9=350°K, T=4°K, a=4A gives A~350 A. 
Typical values for the ultrasonic wavelengths are 
A~75 mm. Thus, the latter would be expected to 
average out the microscopic inhomogeneity in the 
crystal structure much more effectively, and hence it is 
not surprising that there is a small difference in the 
elastic behavior for the two cases. It is to be emphasized 
that this difference would not occur in crystals of a 
single component or in ordered structures, thus account- 
ing for the success of the continuum model in these 
cases. We conclude, therefore, that elastic-constant 
measurements cannot give very accurate values of the 
Debye temperatures even of simple cubic alloys. Thus, 
their use in estimating the lattice contribution to the 
heat capacity of an alloy exhibiting a low-temperature 
anomaly is somewhat limited. 


CONCLUSION 


From elastic constant measurements on the a-brasses 
in the temperature ranges 4.2-300°K, it is found that 
the effects of overlap on the concentration dependence 
of c44 do not become more prominent at low tempera- 
tures. It is tentatively concluded that this results from 
a smearing caused by microscopic inhomogeneities in 
composition within the samples. The differences be- 
tween the values of Debye temperature obtained from 
the present work and those found from calorimetric 
data are attributed to the different phonon wave- 
lengths employed in the ultrasonic measurements. 
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Stage I recovery (14°K-65°K) in electron-irradiated copper consists of five substages of recovery, desig- 
nated as I4-Iz in order of increasing temperature. We report here the shift in the populations of I4-Ig as 
a function of the energy of the bombarding electrons. The sum of the first three substages (Iu, In, and Ic) 
increases with decreasing bombarding energy at the expense of the higher temperature sub-stages. The ratio 
Ip/Iz also increases with decreasing energy. The data are interpreted as corroboration of a previously 
proposed model for stage I recovery. The measured shifts are quite small. This is discussed in relation to the 
recoil energy distributions and it is concluded that the most likely interpretation is that the average sepa- 
ration between a primary recoil and its vacancy does not vary rapidly with increasing recoil energy near 
threshold. Several possible explanations for this behavior are outlined. 


INTRODUCTION 


T has been shown recently!” that the stage I recovery 
(14°K-65°K) in irradiated copper consists of several 
substages. There are five substages of recovery in 
electron irradiated copper. These are labeled I4-I¢ in 
order of increasing temperature. This paper reports the 
way the populations of these various substages change 
when the bombarding electron energy is varied. 

Evidence has been presented* which indicates that 
the three lowest temperature substages (4, Iz, and I) 
result from the recovery of close pairs, i.e., interstitial- 
vacancy pairs which are sufficiently close together to 
form a bound state due to their mutual interaction. 
Evidence concerning Ip and Ig‘ indicates that these 
recovery stages result from the free migration of one 
of the radiation induced defects—presumably an 
interstitial atom. The way in which the substage 
populations change with incident bombarding energy 
corroborates this picture of stage I recovery. 

The amount the substage populations change with 
bombarding energy is found to be small but measurable. 
The magnitude of the population shifts are examined in 
relation to the primary recoil energy distributions 
characteristic of the different bombarding energies. The 
implications of these data concerning the details of the 
damage production process are discussed. 


EXPERIMENTAL APPARATUS 


The apparatus and techniques used in these measure- 
ments have been thoroughly discussed*§ and will be 
reviewed here only briefly. All the data are electrical 
resistivity measurements made by a standard po- 
tentiometric technique. The sample was 0.0032 cm 
thick and was made from zone-refined copper. The 
starting material for the zone-refining was American 
Smelting and Refining Company copper of 99.999% 
nominal purity. The sample thickness is small com- 

1 Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 (1958). 

2J. W. Corbett and R. M. Walker, Phys. Rev. 110, 767 (1958) 

3 Corbett, Smith, and Walker, Phys. Rev. 114, 1452 (1959). 

4 Corbett, Smith, and Walker, Phys. Rev. 114, 1460 (1959). 

5 Corbett, Denney, Fiske, and Walker, Phys. Rev. 108, 954 
(1957). 
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pared to the range of the incident electrons, even for 
the lowest energies used. The irradiations were per- 
formed using either liquid helium or liquid hydrogen 
as a coolant. For economy, the recovery above liquid 
hydrogen temperature (20.4°K) was studied using 
liquid hydrogen as a coolant. Consequently the work 
on the recovery below 20°K and the recovery above 
20°K represent different experiments. Experiments 
have been performed to show that nothing spurious is 
introduced by this procedure.* The recovery is studied 
by means of an isochronal annealing experiment; that 
is, the sample is pulse-annealed at successively higher 
temperatures for the same time of ten minutes. Between 
anneals the remaining resistivity is measured at the 
coolant boiling temperature. The general reproducibility 
is +0.3% and only differences larger than this are 
regarded as significant. 

The source of high-energy electrons was a commercial 
model G. E. resonant transformer. The energies quoted 
are average energies halfway through the copper sample 
and were obtained as described in reference 5. As shown 
in that paper a rather wide spectrum of energies is 
actually present. The total doses were such as to induce 
about 1 ppm (part per million) atomic concentration 
of defects. 

RESULTS 

Figure 1 shows the results of several recovery experi- 
ments performed at different bombarding energies. The 
solid curve corresponds to a bombarding electron energy 
of 1.40 Mev. This curve has been discussed before and 
shows the characteristic plateau regions corresponding 
to substages I4-Iz. The open squares represent a helium 
run at 800 kev. This run is essentially identical with the 
1.40-Mev run for the I, recovery. The open circles 
represent a hydrogen run at 690 kev and it can be seen 
that there is a significant deviation beyond the Iz 
recovery region from the 1.40-Mev curve. The fact that 
the 690-kev data merge with the 1.40-Mev curve at the 
beginning of I, is due in part to the fact that the lower 
energy run was performed at a lower total defect 
concentration. As we showed previously,‘ Ig recovery 
proceeds more slowly at lower concentrations. The 
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lower temperature substages however are quite inde- 
pendent of defect concentration*® and hence the observed 
differences in the recovery curves must be ascribed to 
the differences in bombarding energy. Hydrogen runs 
have also been made at 930 kev and 650 kev. For 
simplicity, these runs are not plotted in Fig. 1. The 
relative amounts of recovery in the various substages 
for differing bombardment conditions are shown in 
Table I. The results of Magnuson, Palmer, and Koehler’ 
using deuterons as the bombarding particles are in- 
cluded for comparison. In their experiment there is 
only one substage corresponding to the free migration 
of the interstitial (Ip +I). Also included in Table I 
are the values of the maximum energy (7,,) and the 
average energy (7',) imparted to the displaced copper 
atoms. In calculating these quantities we have used 22 
ev for the threshold energy. 

The division into the various substages was made in 
the following way. In previous papers** we have 
assessed the fractions in the various substages by 
detailed analysis. A single bombarding energy of 1.40 
Mev was used in those experiments. We designate as 
T'4,-+:Tg the temperatures at which this standard 
1.40 Mev isochronal reaches the recovery values 
corresponding to the various substages. These tempera- 
tures are then used to delineate the substages for 
bombardments at different energies. About the same 
results are obtained if one simply plots the data for 
each bombardment and performs the separation into 
substages by inspection. 


DISCUSSION 


We consider first the implication of these results to 
the measurements previously made to determine the 
threshold energy.® In that experiment it was assumed 
that the same type of damage was produced at all 
bombarding energies. The data in Table I show that 
the relative populations of the various peaks does not 
change very much with bombarding energy. The 
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Fic. 1. Isochronal recovery curves for several 
different bombarding energies. 
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assumption that the same type of damage is produced 
is therefore quite valid and the conclusions concerning 
the threshold energy are not changed by these results. 

Although the effect on the recovery spectrum is not 
too striking the data show clearly that a definite effect 
does exist. Table I shows that the total recovery in the 
first three substages Iu, Is, and Ic increases with 
decreasing energy at the expense of the higher tem- 
perature recovery stages. This behavior is simply 
explained by the model previously proposed** to 
account for stage I recovery. In this model I4, Is, and 
Ic are due to close pairs while Ip and I¢ arise from the 
free diffusion of the interstitial. The observed increase 
in the close pair substages at low energies is simply due 
to the fact that the interstitials are not knocked as far 
into the lattice as at high energies. 

In the model, Ip recovery is ascribed to the correlated 
recovery (the interstitial returns to its own vacancy) 
while Ig is due to the uncorrelated recovery (the 
interstitial migrates to a distant sink). The ratio of 
Ip to Ig depends on the initial distribution of inter- 
stitials with respect to their own vacancies and should 
increase when the average separation between an 
interstitial and its vacancy decreases. From Table I 
we find that Ip/Ig increases from 3.8 to 4.2 as the 
incident energy is decreased from 1.40 Mev to 0.69 
Mev. This again indicates that the average distance a 
recoil atom travels is less at lower bombarding energies. 

Although the observed effect is in the expected 
direction, the magnitude is rather small. In discussing 
this point we shall show first that the results imply 
that even high-energy recoils must be forming some 
close pairs. We shall then show that the most likely 
explanation for this fact is that the average separation 
between a primary recoil atom and its vacancy does 
not vary rapidly with increasing recoil energy. In order 
to discuss the expected magnitude of the population 
shifts, we have calculated the primary recoil energy 
distribution for the different bombarding energies. If 
one assumes that the damage process is described by a 
sharp threshold such that all copper recoils above a 
certain energy, Tz, have unit probability of being 
displaced then the differential cross section for pro- 
duction in cm? is given by® 


(1—6?) Tr 
da = 2.0983 X 10-2—T,,| 1— B-— 


B 
T\! T ) dT 
}0.66506| (—) I (1) 
T Tn) 4T? 


m 


T is the copper atom recoil energy and T,, is the 
maximum kinetic energy that can be transferred. B is 
the reduced velocity, v/c, of the incident electron. The 


8 F. Seitz and J. S. Koehler, in Solid State Physics edited by 
I’. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 2, p. 330. 
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Taste I. Experimental data for the population of the various recovery substages for different bombarding electron energies. 7 and 
a are the maximum and average copper atom recoil energies. E is the energy of the bombarding electrons. Apo is the resistivity added 


at low temperature by bombardment. 








Bombardment E(Mev) 
Conditions T m(ev) 
a(ev) 
Apo(10—" ohm cm) 
Recovery Ta 
Data 


Close pairs (Ia+Is+Ic) 25.6 


Run C 
0.69 .65 10 
40 k 1.2 10° 
240 
561.0 
4% 
8.5 
to 


Run D 10-Mev deuterons* 


i) 


Nore Pee 

SNE RANN 

NRNONM WN 
x9 


26.7 











® Estimated from data of reference 5. 


| 


| 


> The energy was variable during this run. The avehage value is given here. This run is not discussed in the text 


¢ Assumed equal to measured 1.40-Mev run. 


4 Assumed equal to measured value for 0.80-Mev liquid helium run (not shown). 


fraction of the displaced atoms which are displaced with 
an energy between the threshold energy and some value 
of the recoil energy, 7, is defined as F(T) and is given by 


i 


do 


F(T)=— : (2) 


These equations with T= 22 ev were used to calculate 
the solid curves of Fig. 2, which give F as a function 
of 7. In the earlier determination of the threshold 
energy it was pointed out that the results depended 
primarily on the average value of the threshold energy 
and were rather insensitive to the detailed shape of the 
displacement probability function. The curve of pro- 
duction rate vs bombarding electron energy was equally 
well fitted by a displacement probability function, with 
an average displacement energy of 22 ev, which started 
from zero at 10 ev and reached a saturation value at 
34 ev. The recoil distribution calculated for such a 
probability function are shown as the dashed curves of 
Fig. 2. In what follows, virtually the same numbers 
result when one uses either assumption about the 
threshold function. For simplicity, only the solid 
curves in Fig. 2, calculated for the simple step displace- 
ment function, will be used in the subsequent discussion. 

Let us assume that the close pairs are formed only by 
the lowest energy recoils—those between the threshold 
energy and some higher energy, 7,. All recoils above T, 
are assumed to result in interstitial-vacancy separations 
larger than the close-pair separations. In the lowest 
energy irradiation performed, the close pairs accounted 
for 29.7% of the damage. Referring to the solid curves 
in Fig. 2, this corresponds to the fraction of atoms with 
energies less than T.= 24.4 ev. Using this value of T,, 
we would predict that in the 0.93-Mev and 1.40-Mev 
irradiations the close pairs would constitute, respec- 
tively, 20.1% and 14.7% of the total damage. The 
experimental values from Table I are 26.7% and 
25.6%. The substantial disagreement indicates that 


our initial assumptions are incorrect. The higher energy 
recoils also form some close pairs. This conclusion is 
substantiated in still another way of looking at the data. 
In the 0.93-Mev and 1.40-Mev irradiations, 18% and 
34% respectively of the primary recoils have energies 
higher than the maximum energy in the 0.69-Mev 
irradiation. If none of these formed close pairs, we would 
expect the close-pair peaks to be reduced in these 
irradiations by the corresponding amounts. On this 
basis, the predicted close pair fractions for the 0.93 
Mev and 1.40 Mev become 24.4% and 20.2%. The 
fact that these are lower than the experimental values 
again indicates that the high-energy recoils form some 
close pairs. 

We now discuss the possible origins for the observed 
relatively slight dependence of the close-pair fractions 
on primary recoil energy. The first possibility is that 
the higher energy recoils themselves produce secondary 
displacements. This would have the net effect of 
lowering the average recoil energy for the displacements 
characteristic of the higher primary recoils and would 
tend to explain the observed result. Although this may 
account for some of the result we feel that this is 
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Fic. 2. F, the fraction of primary recoils with recoil energy <7, 
plotted as a function of JT. The solid curves were calculated 
assuming a step displacement probability function with threshold 
energy, 74=22 ev. The dashed curves were calculated assuming 
a displacement probability function which starts from zero at 
Ta=10 ev and rises linearly to unity at Tr=34 ev. 
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probably not the full explanation. In the case of the 
0.93-Mev irradiation, we calculate according to the 
formalism outlined in Seitz and Koehler’ that only 
3% of the defects are produced by the secondary 
collisions of the primary recoil atoms. Even if all of 
these secondary displacements were to result in close 
pairs we would still predict, following the first line of 
reasoning advanced above, a lower total fraction in the 
close pair peaks than is observed experimentally. In 
the 1.40-Mev irradiation, we estimate 14% of the 
defects are produced by secondary collisions; hence, if 
a large fraction of the secondaries resulted in close pairs, 
the observed fraction of close pairs could be accounted 
for. However, the treatment used to evaluate the extent 
of multiple defect production is subject to considerable 
criticism since it predicts a defect production rate per 
particle considerably in excess of experimental values. 
In a future publication we shall discuss a simple 
modification of the multiplication calculation which 
tends to give better agreement between theory and 
experiments. This modification reduces the predicted 
secondary defect production for the present experiments 
to very low values. 

If multiple defect production is not important, the 
results imply that the average separation between a 
displaced atom and its vacancy does not vary rapidly 
with the initial recoil energy in the neighborhood of 
the threshold energy. Unfortunately, no calculations 
have as yet been performed on the possible spatial 
distribution of displaced atoms. Qualitatively one can 
understand a slow variation of average separation in 
terms of a displacement probability function which 
varies from zero to some saturation value over a fairly 
wide range of recoil energies. Although the higher 
energy recoils have a higher probability of being dis- 
placed, the details of the displacement process might be 
such that a considerable fraction of them may still end 
up as close pairs. Physically this could correspond to 
the displacement probability being a function of both 
the recoil energy and the direction of the recoil with re- 
spect to the crystal axes. At a certain recoil energy, only 
those recoils within certain solid angles would become 
displaced. At higher recoil energies, those recoils within 
the same solid angles would travel further. However, 
at this higher energy the solid angle for displacement 
would be increased. Those recoils in this additional 
solid angle may lose considerable energy in being 
displaced and end up preferentially as close pairs. The 
net effect would be to leave the average separation 
rather insensitive to energy. It should be remembered 
that since we are dealing with a polycrystalline sample 


7F. Seitz and J. S. Koehler, in Solid State Physics edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 2, p. 381. 
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all our measurements are averages over all possible 
recoil angles with respect to the crystal axes. 

Another possible physical explanation follows from 
a suggestion made by Koehler.* If the atoms once 
displaced diffuse to some extent due to the vibrational 
energy released in the displacement process any initial, 
sharp range-energy relation for the displaced atoms 
would become broadened. This process potentially 
could give an average separation rather independent 
of initial recoil energy. 

The fact that nearly the same total fraction of close 
pairs are observed in both electron and deuteron 
irradiations is quite interesting. The accepted picture 
of deuteron damage is that it consists of groups of 
defects produced in secondary collisions of high-energy 
primary recoils. Since these secondary collisions are 
essentially low-energy collisions of the same order as 
those produced by the electrons discussed here, the 
result is easily understood. On the other hand, if the 
multiplication effects are not as predominant as has 
been heretofore thought, this would mean that the 
constancy of the average separation persists to quite 
high recoil energies. 

SUMMARY 


The shift of the populations of the recovery substages 
I4-I~ has been measured as a function of bombarding 
electron energy. The total fraction of the recovery 
included in the first three substages increased with 
decreasing bombardment energy at the expense of the 
higher temperature recovery stages. The ratio Ip/Ir 
also increased with decreasing energy. These data were 
interpreted as additional confirmation of a previously 
proposed model for stage I recovery. 

The measured shift in population was rather small. 
This substantiated previous measurements on the 
average threshold energy for the production of damage 
where it was assumed that the same type of damage 
was produced at different bombarding energies. 

It was shown that the results imply that even fairly 
high-energy recoils form some close pairs. The possible 
origins of this fact were discussed and it was concluded 
that the most likely interpretation was that the average 
separation between a primary recoil and its vacancy 
does not vary much with recoil energy near threshold. 
Several possible explanations for this behavior were 
outlined. 
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Use of thin unsupported selenium absorbers has permitted observation of significant structure in the K 
absorption spectrum. Observations of the Kz emission and the fundamental optical absorption of similar 
samples have been made and used to assist in the interpretation of the K edge structure. It is suggested that 
the prominent absorption maximum at the experimentally determined “edge’’ arises from transitions to an 
x-ray excitation state or states in the region of the forbidden energy gap. The following general absorption 
is attributed to transitions to the conduction band. The gap energy required in this interpretation is ap- 
proximately 4 electron volts, indicating that the lower part of the conduction band contains little p-type 


symmetry. 


1. EARLIER WORK 


HE &K absorption spectrum of selenium has been 
obtained by several investigators. Kievit and 
Lindsay,! Idei,? and Hanawalt’ used single-crystal spec- 
trometers and photographic detection. Kievit and Lind- 
say observed no structure ; Idei reported a broad (30 ev) 
maximum of absorption at the K edge of selenium in 
some of its compounds, and Hanawalt found evidence 
for a narrower (reportedly 4 ev) maximum of absorption 
at the K edge of solid selenium. 

Hulubei and Cauchois' observed an absorption maxi- 
mum (12.8 ev) at the K edge of solid selenium, using a 
curved-crystal spectrometer with photographic detec- 
tion. Zinn® observed fine structure in the K edge of 
selenium and two of its compounds. He used a double- 
crystal spectrometer with ionization chamber detection. 
His transmission curves are in general agreement with 
the data of Hanawalt and Hulubei and Cauchois; but 
he points out that Idei probably did not resolve the first 
absorption maximum. His transmission curves show two 
barely resolved peaks of approximately the same height. 
Although there seems to be general agreement that there 
is an absorption maximum at the K edge, it does not 
seem to have been specified with sufficient detail to 
permit interpretation. 

The inconclusiveness of these earlier measurements 
may be attributed principally to two causes. In the first 
place, notorious difficulties are associated with the use 
of photographic detection where the dynamic range of 
intensities is large. Secondly, the techniques used for 
the preparation of the absorbers used are such that 
the thicknesses obtained were probably too large. The 
discrepancies would then arise as a consequence of the 
washing out of structure associated with the “thickness 
effect,””’ which was unknown at the time of these early 
measurements. 

* Present address: Cornell University, Ithaca, N. Y. 

1B. Kievit and G. A. Lindsay, Phys. Rev. 36, 648 (1930). 

2, Idei, Sci. Repts. Téhoku Univ. 19, 653 (1930). 

3 J. D. Hanawalt, Phys. Rev. 37, 715 (1931). 

4H. Hulubei and Y. Cauchois, Compt. rend. 211, 316 (1940) 

® W. H. Zinn, Phys. Rev. 46, 659 (1934). 

6D. H. Tomboulian, Handbuch der Physik, edited by S. Flugge 


(Springer-Verlag, Berlin, 1957), Vol. 30, pp. 269-270. . 
7 Parratt, Hempstead, and Jossem, Phys. Rev. 105, 1228 (1957). 


The Ly and Ly edges of selenium were obtained by 
Sandstrém.* In the reproductions of microphotometer 
traces of these edges which are shown there is little 
evidence of appreciable structure and certainly nothing 
to suggest the results of the present observations. This 
is somewhat more difficult to attribute to experimental 
technique since the method of preparation of the absorb- 
ing screens used by Sandstrém is quite similar to that 
used here. In addition, some of the thicknesses men- 
tioned indicate that the requirement of thin absorbers 
dictated by the presence of the thickness effect could 
have been met. It will accordingly be necessary that the 
interpretation advanced here in connection with the K 
edge structure be at least in principle compatible with 
the absence of a similar structure in the Zy and Ly 
edges. The recent measurements of the Ly absorption 
edge by Rudstrém and Sjéberg? are of special relevance 
to the present study. Their results will accordingly be 
discussed in detail later. 


2. EXPERIMENTAL TECHNIQUE 
(a) The Spectrometer 


The measurements reported here were obtained with 
a two-crystal spectrometer of high resolving power. The 
crystals were arranged in a Ross mounting. In this the 
first crystal moves along the perpendicular bisector of 
the line joining the focal spot of the x-ray tube and the 
axis of rotation of the second crystal. Small wavelength 
changes are affected by rotation of the second crystal 
about its axis by means of a micrometer-driven lever 
system. With the present spectrometer, absolute wave- 
length measurements are not possible so that where 
these are required, they have been taken from other 
sources. Quartz crystals! cut with their reflecting sur- 
faces parallel to the planes (1011) were used. With this 
pair of crystals rocking curve widths approximately 
30% lower than those reported in the literature! have 
been obtained. With the vertical divergence limited to 


* A. Sandstrém, dissertation, Uppsala, 1935 (unpublished) 
*L. Rudstrém and S. Sjéberg, Arkiv Fysik 13, 297 (1958). 

'” Obtained from the Valpey Crystal Company. 

 Adell, Brogren, and Haeggblom, Arkiv Fysik 7, 197 (1953). 
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Fic. 1. Pulse-height distribution obtained from the Nal scintilla- 
tion counter illuminated by an analyzed beam of 10-kev photons. 
3-v channel. 


().02 radian, the nominal resolving power is approxi- 
mately 13 000. 
(b) Detection 


Photons were detected in a Nal counter,” amplified 
in a conventional linear amplifier, and the signal peak 
isolated from the noise and higher order radiation by 
means of a differential analyzer which had been modified 
to give up to a 24-volt window. A typical pulse-height 
distribution obtained with 10-kev photons is shown in 
Fig. 1. With the window edges set well down in the tails 
of this distribution, counting efficiencies of over 90% 
are obtained while the background at this energy is 
generally 1 or 2 counts per minute; this should be com- 
pared with Geiger counter backgrounds which generally 
exceed this rate by a factor of 10 or more. The dead 
time of this system was about 6X 10~ second. 


(c) Radiation Sources 


For the absorptions measurements, continuous radia- 
tion was obtained from a commercial tungsten tube 
(Machlett AEG-50-A). For the emission measurements, 
a demountable, continuously pumped tube™ was used. 

The continuously pumped tube has a four-sided 
anode structure onto which selenium was deposited by 
vacuum evaporation. The target thus formed deterio- 
rated rapidly under electron bombardment. Some im- 
provement was obtained by cooling the anode with 


# Obtained from the North American Phillips Company. 
13 J, A. Bearden and G. Schwarz, Phys. Rev. 79, 674 (1950). 
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water refrigerated to 2°C. Even so, measurements taken 
more than 10 minutes after commencing bombardment 
at very low beam currents (2 ma) were no longer re- 
producible. Accordingly, emission data were taken only 
during this period. 

Voltage and current supplied to these tubes were 
highly stabilized. The voltage stabilizer is a modified 
version of the inductively coupled degenerative circuit 
of Pepinsky and Jarmotz." Performance tests indicate 
drifts of the order of a few parts in 10° per hour or about 
what would be expected from drifts in the reference 
batteries. The current regulator is of the controlled- 
reactance type due to LeMieux and Beeman.!® After 
suitable aging of components, drifts are generally below 
a part in 10°. 


(d) Data Accumulation 


For the absorption measurements, runs were pro- 
grammed for automatic execution by means of simple 
circuitry.'6 With this circuitry and servo devices for 
changing absorbers and wavelengths, the only manual 
operation necessary was establishing the initial wave- 
length for a scan. Scans were interlaced during separate 
12 hour runs so that adjacent points in the absorption 
spectrum were obtained from different runs. 


(e) Absorber Preparation 


Selenium films were deposited on fresh cleavage faces 
of rocksalt single crystals. The crystals were masked 
by a plate containing circular holes approximately } 
inch in diameter. Selenium powder was placed in a 
tantalum boat and heated slowly to the melting point. 
Thereafter, it was attempted to raise the temperature 
rapidly and complete the deposit as quickly as possible. 
Unfortunately, in order to avoid a tendency for the 
selenium to be ejected violently from the boat, it was 
necessary to allow about 5 minutes for completion of 
the deposit. The rocksalt was then dissolved in water 
and the resulting selenium disk picked up from the water 
surface, weighed, and placed in an aluminum mounting 
ring. The free area of the resulting absorber was a disk 
approximately ¢ inch in diameter. Absorber thicknesses 
were generally about 5 mg/cm?. 

Foils prepared in this way are reported to consist 
largely of amorphous selenium." To verify this, meas- 
urements were made of the fundamental optical absorp- 
tion edge in similarly produced samples using a Beck- 
man DK-1 spectrophotometer.’* In order to eliminate 


4 R. Pepinsky and P. Jarmotz, Rev. Sci. Instr. 19, 247 (1948). 

15 “y F. LeMieux and W. W. Beeman, Rev. Sci. Instr. 17, 130 
(1946). 

16R. D. Deslattes and D. L. Clemmons, Air Force Technical 
Report No. 3, Florida State University, 1958 (unpublished). 

17 T.S. Moss, Photoconductivity in the Elements (Academic Press, 
Inc., New York, 1952), p. 189. 

18 The authors are indebted to Mostafa Anw El Sayed for his 
assistance in these optical measurements. 
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the effects of reflectivity changes, two specimens of 
differing thickness were prepared in the same evapora- 
tion and one introduced into the reference path of the 
spectrophotometer. The resulting value of the absorp- 
tion edge energy agreed with that given for amorphous 
selenium.” In attempting to convert the absorber to 
metallic selenium, considerable difficulty was experi- 
enced with tearing resulting from the dimensional 
changes. Although a successful conversion to the metal- 
lic state would have been desirable, our conclusions may 
be applied qualitatively to this state on account of the 
similarity of the band structure in the two and the in- 
sensitivity of x-ray measurements carried out at these 
energies to small changes in this structure. 


(f) Absorber Position 


It has recently been pointed out that the position of 
an absorber with respect to a spectrometer having the 
high angular resolution of a two-crystal instrument in- 
fluences the apparent value of the absorption coefficient 
as well as the extent to which a complex spectrum may 
be resolved.” It is suggested that the absorber be placed 
between the x-ray source and the spectrometer in order 
to minimize the effects of small-angle scattering, avoid 
alteration of the spectrometer’s window function, and 
secure adequate rejection of fluorescent radiation. This 
absorber position has accordingly been employed in the 
present measurements. 


3. EXPERIMENTAL RESULTS 


‘igure 2 shows the K absorption edge and the KB» 
emission band of selenium as obtained in the present 
study. The insert to this figure gives the spectral win- 
dow at the edge energy. It was obtained from the 
(1, —1) rocking curve which is shown by Parratt and 
Porteus” to approximate the window function fairly well 
except in the distant tails. Measurements in the case of 
the absorption curve are at intervals of approximately 
1 electron volt. On account of the difficulty of maintain- 
ing a stable target for the emission spectrum, it was 
only possible to make measurements at intervals of 
about 2 electron volts, and these with very poor statistics. 

The absorption data indicate the possibility of faint 
structure both at the foot of the edge and beyond the 
second absorption maximum. Deviations from the 
smooth curve drawn are in both cases approximately 
three times the statistical uncertainties. Since such 
structure was not of particular interest to the present 
study, it has not been investigated further. The princi- 
pal features of the absorption curve are evident. The 
asymmetry of the first peak is well beyond experimental 
error. Correction of this curve for the effects of instru- 


19 See reference 17, p. 202. 

* Parratt, Porteus, Schnopper, and Watanabe, Rev. Sci. Instr. 
30, 344 (1959). 

1. G. Parratt and J. O. Porteus (to be published). 
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Fic. 2. The left-hand curve is the Af: emission band. It is 
followed by a prominent satellite. The absorption spectrum is 
referred to the right-hand ordinate scale. The energy scale refers 
to a zero taken at the inflection point of the arctangent curve 
discussed in the text. 


mental resolving power would be expected to narrow the 
first peak by about 20%, increase its amplitude and 
deepen the following valley. A crude graphical decompo- 
sition of this curve is possible, leading one to regard it 
as the sum of a Lorentzian line (at 3.5 ev on the energy 
scale of Fig. 2) and an approximately arctangent-type 
edge whose inflection point occurs at 0 on the energy 
scale of Fig. 2. The second absorption peak deviates 
appreciably from this but may also be accounted for 
(see below). 

The emission band shown is considerably broader 
than the absorption line discussed above. It is possible 
that the slight asymmetry indicated may be explained 
by self absorption in the target.”* In order to minimize 
this effect, the electron beam was brought to the target 
under a small grazing angle of incidence (about 10°) 
and the target viewed from close to the normal to its 
surface. The small grazing angle of incidence tended to 
reduce the depth from the surface at which the x-rays 
were produced while the large take-off angle reduced 
the amount of target material which the x-rays had to 
penetrate. The effectiveness of these procedures is ap- 
parent from the small asymmetry of this line compared 
to those reported in neighboring elements by Bearden 
and Shaw,” for example, who used a fairly large in- 
cidence angle and a small take-off angle. The following 
weak line is a satellite whose origin will be the subject 
of brief comment below. 


* H. P. Hanson and J. Herrera, Phys. Rev. 105, 1483 (1957). 
*3 J. A. Bearden and C. H. Shaw, Phys. Rev. 48, 18 (1935). 
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4. INTERPRETATION 


In a general way, it may be stated that the absorption 
spectrum reflects the product of density of unoccupied 
states times a transition probability while the emission 
band reflects the density of occupied states times a 
similar transition probability. Two difficulties intervene 
in attempts to draw conclusions about the energy band 
structure in solids from x-ray spectroscopy. 

First, there is the effect of the transition probability 
which is principally to select from the total manifold of 
available states only those which have nonzero projec- 
tions on the states of (in the case of K emission and 
absorption) p-type symmetry which can be constructed 
about the initial vacancy. Secondly, the states which 
are available are not characteristic of the unperturbed 
solid but rather such as are appropriate to the neighbor- 
hood of an ionic defect in the lattice.*‘ The first difficulty, 
corresponding to the dipole selection rule, is always 
operative and provides, in principle, an experimental 
method for obtaining the degree of hybridization in the 
energy bands. The second is most striking in insula- 
tors”**” but suppressed in metals owing to the rapid 
screening of the ionic defect by the conduction elec- 
trons.** The case of semiconductors is interesting, since 
according to the carrier density and mobility one might 
expect either situation to arise. 

Since the carrier density is expected to be low at room 
temperature in the selenium samples used here, x-ray 
spectra characteristic of an insulator may be anticipated. 
We have accordingly interpreted the decomposition of 
the total absorption curve suggested above (Sec. 3) 
tentatively in the following way. The line absorption is 
associated with transitions to a bound, hydrogen-like 
p state produced by the field of the K-shell vacancy. 
The absorption edge which follows would then represent 
transitions to the p-type continuum (conduction band). 
The excess absorption (second peak in the absorption 
curve) is consistent with the conduction band structure 
observed by Givens and Siegmund.” 

If the midpoint of the upper edge of the emission 
band is interpreted as yielding the highest filled p-type 

*L. G. Parratt, Air Force Technical Report No. 8, Cornell 
University, July 1957, revised October, 1958 (to be published). 

%L. G. Parratt and E. L. Jossem, Phys. Rev. 84, 362 (1951); 
Phys. Rev. 97, 916 (1955). 

26 Korringa, Jossem, Liefeld, Kvarda, and Shaw, Office of Naval 
Research Technical Report No. 6, The Ohio State University, 
May, 1957 (unpublished). 

27 Y. Cauchois and N. F. Mott, Phil. Mag. 40, 1260 (1949). 

8 J. C. Slater, Phys. Rev. 98, 1039 (1955). 

*” M. P. Givens and W. P. Siegmund, Phys. Rev. 85, 313 (1952). 
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state, the gap which is obtained is 4.50.3 ev. This is 
considerably in excess of the gap obtained by optical 
studies for either amorphous (2.5 ev) or hexagonal 
(1.6 ev) selenium.” Such a situation may arise in several 
ways. A probable explanation would attribute the larger 
x-ray gap to the absence of appreciable p-state admix- 
ture in the lower 2 ev of the conduction band. 

The absence of structure such as observed here in the 
Ly and Ly edges reported by Sandstrém‘ would seem 
to require that the state responsible for the line absorp- 
tion be of strictly p-type symmetry and that there be 
no neighboring states of s- or d-type symmetry. Such an 
interpretation suggests that an absorption maximum 
similar to that reported here in the case of the K absorp- 
tion limit should also be observed in the case of the Ly 
absorption edge. Indeed Rudstrém and Sjéberg’ report 
the appearance of such structure in their preliminary 
measurements of the L; edge. They were, however, ap- 
parently unaware of the “thickness effect” since, in their 
final measurements aimed at confirming this structure, 
they employed an absorber having considerably greater 
attenuation. This was of course advantageous from a 
statistical standpoint but was unfortunate in view of the 
“thickness effect.” Their results are thus compatible 
with the interpretation offered here. It would, however, 
be most desirable to have measurements on the L; edge 
taken with absorbers sufficiently thin to avoid the ob- 
jections given above. 

The satellite observed in the emission spectrum is 
similar to those observed by Bearden and Shaw” in 
neighboring elements. While there has been general 
agreement that satellites arise from atomic states in- 
volving multiple ionization, there has been little in the 
way of a satisfactory explanation of how such states are 
produced in K spectra.* Parratt™ has recently suggested 
that the notion of a single valued K state (vacancy in the 
K shell, electron at rest at infinity) should be dispensed 
with and replaced (for both emission and absorption) 
with a multiplicity of states (excitation states) as seems 
to be required by the absorption data. A suitable elabo- 
ration of this idea would seem capable of providing an 
origin for some of the K satellites in a natural way. 


ACKNOWLEDGMENTS 


We are indebted to R. A. Kromhout of the Florida 
State University and L. G. Parratt of Cornell University 
for helpful discussions. 


%® A. Sandstrém, Handbuch der Physik, edited by S. Flugge 
(Springer-Verlag, Berlin, 1957), Vol. 30, p. 200. 





PHYSICAL REVIEW VOLUME 


115, 


NUMBER 1 1, 1989 


Electromagnetic Properties of Superconductors* 


K. K. Gupraf anp V. S. MATuuR 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, 
The University of Chicago, Chicago, Illinois 
(Received February 2, 1959) 


An integral relationship between the super-current and the vector potential of the electromagnetic 
field, similar to Pippard’s phenomenological equation, is derived from the gauge-invariant theory of 
Wentzel. Expressions for coherence distance and penetration depth have been calculated. 


1, INTRODUCTION 

T is known that the derivation of the electromag- 

netic properties of superconductors in the theory of 
Bardeen, Cooper, and Schrieffer! suffers from lack of 
gauge invariance.? An explicitly gauge-invariant deri- 
vation of the Meissner effect has recently been given by 
Wentzel,’ using Bogoliubov’s mathematical approach‘ 
to the BCS model of superconductivity. In this note we 
obtain, starting from Wentzel’s gauge-invariant ex- 
pression for the supercurrent, an integral or nonlocal 
relationship between the current j(r) and the vector 
potential A(r), as first proposed by Pippard.' Our 
derivation neglects all temperature and Coulomb effects, 
as has been done in Wentzel’s paper. We find that our 
coherence distance differs by a factor 1/m from the 
BCS value. We further obtain the Fourier transform 
of the integral equation. The penetration depth in the 
long-wavelength limit (London limit) is found to differ 
by a factor (2/p)! from the BCS value, as already shown 
by Wentzel, p being the Bogoliubov constant. In the 
short-wavelength limit (Pippard limit), it differs by a 
factor (2/mp)' from their value. 

Recently a derivation of the Meissner effect and 
Pippard equation has also been attempted by Rickay- 
zen® using Bogoliubov’s method. However, his deriva- 
tion is not gauge-invariant, as has been pointed out by 
Wentzel.’ 


2. DERIVATION OF PIPPARD EQUATION 
Wentzel starts with the gauge-invariant Hamiltonian 
H=HotH,+HatHaa, (1) 


where Hp is the energy of the free electron and phonon 
gas, H, the electron-phonon interaction with coupling 
constant g, and H4+H4,4 the interaction of the elec- 
trons with the electromagnetic field described by the 
vector potential A. In order to be able to apply 
Bogoliubov’s method in a gauge-invariant way, he 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t On leave of absence from the Tata Institute for Fundamental 
Research, Bombay, India. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957), 
hereafter referred to as BCS. 

2M. J. Buckingham, Nuovo cimento 5, 1763 (1957). 

3G. Wentzel, Phys. Rev. 111, 1488 (1958). 

4N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 

5 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

6 G. Rickayzen, Phys. Rev. 111, 817 (1958). 


makes a canonical transformation which brings (1) to 
the form 
H'=e""He?, 
where L satisfies the equation 
[Hot+H,, [|= —H Ae 
Since L is linear in A, we obtain, neglecting terms of 
order A’, 
H'= Hot+-H,, 

which is the Hamiltonian in the absence of the electro- 
magnetic field. The current density, 

J= > (1/V)dH/dA= jotja, 
is correspondingly transformed into 

j=e-Xe" 

=Jotjatlo,LJ+0(A?). 

Expanding L in powers of g, one can write 

1 =Jot ya’ t+igat }ooat ig 
Wentzel now shows that certain “exchange terms’’ of 
the expectation value of jgga in the unperturbed 
Bogoliubov ground state, which are absent in the 
ordinary perturbation theory, give rise to a supercur- 
rent. These terms, in the special gauge divA=0, are 


9 
7* 
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q- (I+4q) 2E(")— E(1+4)— E() 


; w*(I'+1+q) 
x ( tq) 
w(I'+1+q)—LE(l’)— E() 
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Here I, I’ are the momenta of electrons, q the momentum 
transfer with the electromagnetic field, w(l) the energy 
of a phonon of momentum I, E(l1) that of an electron 
of momentum I, and 


(uv), = ele + K(1)— Er F} i (3) 


c being the energy gap, and Er the energy of an electron 
at the surface of the Fermi sphere. It is understood 
that at singularities one takes the principal values of 
the integrals. We use the natural units in which h=1, 
velocity of light=1. We shall replace factors like 
w*/{w*—[E(I')—E() P} by unity, since the main 
contributions to the integrals arise from the neighbor- 
hood of the Fermi surface, where [E(I')—E(DP<c 
<a’, @ being the mean phonon energy. 

The second term in the curly brackets in Eq. (2) can 
easily be shown to be zero. In the remaining term we 
put I+q=k, and perform integrations over the direc- 
tions of | and k making use of the following! 


“7 2 f(k,R) 
J d(cos6) ketik:(-#") = TR 
+i RR 


where 
R=|r-r'|, 
S(R,R)=RR coskR—sinkR. 


We then obtain 


VRLA(r’)- VR] 
ir’ G(R) 


R‘ ; 
with 
S(LR) f(R,R) 1 
G(R) = f _ 
k°—[? 2E(l')—E()— E(k) 
x (uv),(uv) pldl kdk Udi’. 
Now let 
E(k)— Ep, 


tf=E(l)—Er, #=E(U)—Ep, &= 


= (&+&;,)/2. 


Since the maximum contribution to the integral comes 
from regions near the Fermi surface, we take! 


f(L,R)f(k,R)~FkePR? cosl (F:—¥)R/ov] 
for R>kr“. (6) 


Then Eq. (5) becomes 


G(R)= 
Ia) fff 


where 


—gyc?m*kp® R*I (a), 
cosLa( (n—&) | 


ya t)(n— BN (LE) +E” ) 
xX détdt'dn, (8) 


(9) 
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To perform the integrations in J(a@), we note that 


=<. ¥ e R Ez sin[a(n—é)] 


Now 


(n—#)(2+E)We+e)! 


x dédt'dn. (10) 


t* sinLa(n—&) | 

f ——dn=r7 cosaé cosat’, 
—» (n— t’) 

(10) becomes 


dI (a)/da= 


* cosxé 
K(x) -{ — ~dé 
o (1+¢8)! 


is the modified Bessel function of the second kind.’ 
From Eq. (8) one sees that J(*)=0. Hence 


so that Eq. 
—4rK P(ac), 


where 


: a 


dor 
I(a)= ~{ Ko"(y)dy. 
" 


ac 


From Eqs. (13), (7), and (4), we finally obtain 


rp REA(r)-R] 
fae atest! "9 


eg” 
j(r) = ——mckp*— 
, 4 R' 


4° 
4 . ' 
= f K*(y)dy. (15) 
T 


ac 


where we have put 


J(R) 


The factor 4/x* in the definition of J(R) is chosen to 
make J(0)=1. 
Now making use of the following expressions for the 


Bogoliubov constant p and the London coefficient A, 
p= g’mky/2r’, 
A=m/ne?= 32°m/kr*e’, 
the current density can be written in the phenomeno- 
logical form of Pippard: 


a 3p 1 R[A(r’)- 
Shier eer fae- pot RI R). (16) 
4 2A &o R' 
Here we have introduced the constant 


D Ur 
tom f J(R)dR=—. 
0 TC 


Equation (16) is not identical to the original Pippard 
equation 
ie ® | RLA(r)- 7 . 
j(r)=—-—- - far’ Riko, 
dr A ty R‘ 


7 "1 Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher Trans- 
cendental Functions (McGraw-Hill Book Company, Inc., New 
York, 1953), Vol. 2. 


(17) 


(18) 
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but differs by a factor p/2, and in the form of the kernel 
J(R). Our kernel J(R) is, however, quite similar to 
Pippard’s as can be seen from Fig. 1. They coincide at 
R=0 and at R= ~, and their integrals over R from 0 
to « have the same value £o. Therefore £ defined by 
Eq. (17) can be interpreted as the coherence distance. 
It differs from the BCS value by a factor 1/x. It may 
also be written in the form suggested by Faber and 


Pippard : 
'F Ur 
)(z)-om(G2) 
kT, kT, 


kT. 

= ( 

nc 

where, following BCS, c/kT. has been taken to be 1.75. 
The numerical factor 0.06 is to be compared with the 
experimental values of 0.15 by Faber and Pippard,*® 
and of 0.27 by Glover and Tinkham.’ A precise com- 
parison with experimental data is, however, not very 
meaningful in view of the simplifications involved in 
the model. 


3. FOURIER TRANSFORM OF THE 
PIPPARD INTEGRAL 


The Fourier transform of Eq. (16) may be written as 
j(q) = — (1/4) K (q) A(q) 
3 p 1 | A(@)] 


=— “ta-RI(R)dR. 
4m 2A £ R‘ 


(19) 


The angular integrations can be performed by choosing 
the polar axis in the direction of q. We then get 


pil fr +1 
K (q) =34—- f arf du(1—wu*)e~'®a"J(R), (20) 
2A £o | 


0 


where “= cos@, @ being the polar angle. Upon using Eq. 
(15) for J(R), the R-integral in Eq. (20) can be written 


as 


r= f Ko? (yR)Re~*®a“dR. (21) 


0 


Now using the following representations’ of the modified 
Bessel functions, 


oa) 


K(x) = 2f K (2x coshié)dt, 
0 


ee) 
Ko(x) -f e* coshr dy 
0 


Eq. (21) can be written as 
—dtdv, 


[=2 f ig , 
es (2y cosht cosho+-igu)? 


. “8T. E. Faber and A. B. Pippard, Proc. Roy. Soc. 
A231, 53 (1955). 
9R. FE. Glover and M. 


(22) 


(London) 


Tinkham, Phys. Rev. 104, 844 (1956). 


PROPERTIES OF 


SUPERCONDUCTORS 


1.0 














Fic. 1. The kernel J(R) for the current density at 7=0°K 
compared with the Pippard kernel e~”/& and the BCS kernel 
J (R,0) 


where integration over R has been performed. Sub- 
stituting this in Eq. (20), and carrying out integration 
over y, we obtain 


48c p 1 +H 
pe auf = dv 
NUP 2A & i 


(23) 
grt + ( 16c2, /y 7?) cosh* cosh? 


In the long-wavelength limit (London limit), gur/c—0, 
we easily find that 


whence 
(24) 
which agrees with Eq. (42) in Wentzel’s paper.’ 


In order to evaluate the kernel for larger values of g 
(Pippard limit), cgvr, we rewrite Eq. (23) as 


K(q)= af ‘s iof du(1—u?*) 


d 
ae a 
du\ gB8 cosh cosh B cosht coshv 


where we have put 


a 
TVUp 2A Eo 
and 


B = 4c/vp. 





78 es GUPTA 


Upon integrating over u by parts, Eq. (25) becomes 


K(q)= 2a f- af ivf 


éu—____—_ 
g8 cosht coshv 


uq 
xtar( —— -). 
B cosht coshv 


Now making use of the identity 
tan-'x=2/2—tan—(1/zx), 


and of the result 0% dx/coshx=2/2, we obtain 


a {/r\? 
K(9)=- (*) +1(q), 
gB\2 
where 
du ——— 


wo * fof af 
98 cosht coshv 


B cosht coshv 
xian). (30) 
ug 


We shall now estimate the integral J(¢g) and show 
that it contributes terms of order (c/vrq)*. We first 
split the range of integration of « into two intervals, 
0<u<B/g and B/g<uX1. In the first interval, the 
argument of tan~!(8 cosh coshv/ug) is >1, and so we 
use the expansion tan“'w=2/2—1/x+1/3a3--+ and in- 
tegrate term by term. For the second interval, we 
again divide the range of v into two parts: 


(A) 
(B) 


0<v< cosh (ug/B) 
B/qgug il. 
cosh(ug/B) vg w 
In the interval (B), the argument of 


tan (6 cosht coshv/uq) 


is again >1, and the same expansion of tan“ may be 


used, as before. The integral (30) in range (A) is 


2a l are cosh (uq/B) ea 
—— f au f af 
GB “B14 0 0 


B cosht coshv 
xtan-(~ — =). (31) 
ug 


d{-———-- 
cosht cathe 
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Here the integral over ¢ is of the type 


© gt 
f tan~!(a cosh?) 
o cosht 


which may be evaluated again by splitting the range 
of integration at cosh~!(1/a). The result is 


> an 1 
f — tan~'(a coshi)~a in ). 
0 cosht a 
Then (31) 


becomes 
_ 2a arc cosh (uq/B) ug 
af auf dof n( )-m cosh. 
8 B 


In the integral involving In(coshv), we divide the 
range of integration of v at 1; in the first interval we 
put In(coshv) ~v?/2, and in the second ~In(e*/2). The 
integral (31) then becomes ~— (a/g*)[In(q/8) ?. This 
turns out to be the major contribution to J(g), Eq. (30). 


Thus finally for g>8, 
8 B q\ 7 
1-—— - in( = tes} (32) 
mT g B 


ron() 3 
2/ QB 


The leading term of K(g) may be written, by using 
Eqs. (26) and (27), as 


with a<1, 


(33) 


p 1 
K (q)=3r°— —. 
2A gé 


4. PENETRATION DEPTH 


The kernels in the London and Pippard limits are, 
respectively, 


K(q)= (p/2)(44/A), (vrg/c1), 
K (q)= (4p/2)(3m'c/Avrg), (vrg/c>>1). 


A comparison with the corresponding expressions of 
BCS shows that in the London limit our K (q) is smaller 
by a factor p/2, and in the Pippard limit by zp/2. In 
the London limit, therefore, our penetration depth is 
larger by a factor (2/p)', as already shown by Wentzel. 
In the Pippard limit, however, the increase of penetra- 
tion depth [as defined by Eq. (5.55) of BCS] is only 
by a factor (2/mp)!. 
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Electron Paramagnetic Resonance in SrTiO; 


W. I. Dosrov, R. F. VretH, AND M. E. BROWNE 
Lockheed Research Laboratories, Palo Alto, California 


(Received February 13, 1959) 


The intensities of paramagnetic resonance lines in SrTiO; have been correlated to the iron concentrations. 
Evidence for attributing the origin of the resonance in titanates to iron impurities (Fe**) rather than to the 
domain structure was obtained. In SrTiO;, resonance experiments over the temperature range 300°K to 
1.9°K show a slow continuous increase of the tetragonal component of the crystalline field down to the 
ferroelectric region. From intensity considerations the absolute signs of the crystalline splitting parameters 


have been determined. 





LECTRON spin resonance has been studied in 

single crystals of SrTiO; at 3-cm wavelength 
between 1.9°K and 300°K in order to determine the 
variation of the crystalline field parameters and to 
study the phase transitions. Mueller' observed para- 
magnetic resonances in SrTiO; at 300°K and 80°K. He 
has shown that the spectrum can be described by the 
following spin Hamiltonian: 


I= gBH -S+ (a/6) (S.!+S+S,4)+DS2, 
g= 2.004, 


if one assumes °Sy as the ground state of the resonance 
centers. °S, is the ground state of the trivalent iron 
which is usually present in SrTiO; crystals as an im- 
purity. However, it seemed that a direct proof of the 
relation between the observed resonances and iron was 
needed in view of the controversy” concerning the 
origin of resonances in BaTiO; where an analogous 
situation exists. We investigated two crystals obtained 
from the National Lead Company in which the ratio 
of iron concentration in the melt was approximately 
10:1. The intensity of the resonances observed was in 
the ratio 7.3:1, thereby identifying the paramagnetic 
species as iron. 

Previously two groups, Hornig, Rempel, and Weaver? 
and Low and Shaltiel,’* have published reports con- 
cerning the origin of the paramagnetic resonance in 
single crystals of BaTiO;. Low and Shaltiel suggested 
in one of their papers*® that the resonances were con- 
nected with the ferroelectric state, while Hornig e¢ al.’ 
deduced that they were due to Fet** impurities. Our 
results substantiate the results of Hornig, since SrTiO, 
which is chemically similar to BaTiOs, is not ferro- 
electric at room temperature and yet shows an analo- 
gous resonance. We also investigated KNbOs, a sub- 
stance ferroelectrically very similar but chemically 
dissimilar to BaTiOs, and found no trace of a resonance. 
Hence, there is no indication that the ferroelectric state 
is responsible for the observed resonances. 

The spectrum was studied at 300°K as a function of 


1K. A. Mueller, Helv. Phys. Acta 31, 173 (1958). 

2 Hornig, Rempel, and Weaver, Phys. Rev. Letters 1, 284 
(1958). 

3 W. Low and D. Shaltiel, Phys. Rev. Letters 1, 51 (1958). 

4 W. Low and D. Shaltiel, Phys. Rev. Letters 1, 286 (1958). 


crystalline orientation with respect to the applied mag- 
netic field, and the fit of experimental data with theory 
is shown in Fig. 1. Except for the fact that we found a 
better agreement with the theory (maximum deviation 
from the theoretical positions is 1.5% for the +39 +} 
lines as compared to 5% in reference 1), our results are 
in basic agreement with Mueller’s. For the +3<> +3 
lines the deviations are greater (3%). However, con- 
trary to reference 1 we found that the positions of the 
+3<> +$ lines are in sufficiently close agreement with 
the theory to be clearly resolved from the +$«> +} 
lines and to be measured accurately (Fig. 2). It is not 
clear from our measurements that the existence of 
partial covalent bonding should be inferred from the 
observed discrepancies.! 

At 77°K a doubling of the +} <> +3 and +3 +} 
lines appears for orientations with the magnetic field 
parallel to the [100] direction. This doubling is attrib- 
uted! to the formation of domains with the tetragonal 
domain axes parallel to the cubic axes. We observed at 
4.2°K an intensity ratio of 2:1 for the components of 
each line, corresponding to } of the ions in domains 
oriented perpendicular and 3 in domains oriented 
parallel to the magnetic field. The over-all splitting of 
the spectrum is given by 


Apo? = 5a—4D, Ag—90°= 5a+2D, 


where 6=angle between the tetragonal axis and the 
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Fic. 1. Paramagnetic spectrum of Fe*+** in SrTiO; at 300°K 
(D=0) vs angle between the magnetic field and crystalline cubic 
axis. The magnetic field was rotated in the [100] plane. The 
curves represent the calculated line positions; the points are the 
experimental data. 
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Fic. 2. Derivatives of absorption lines of Fe+*+* and Cr++* (line Cr) vs magnetic field at 300°K. 
The magnetic field is in the [100] direction. 


magnetic field. Since the component of the doublet 
nearest the center of the spectrum is strongest, we 
deduce that D and a have opposite signs. The sign of a 
may be determined by a method suggested by Low.° 
By varying the temperature down to 1.9°K and ob- 
serving the intensity change for the +$«> +} and 
—4 «+ —} lines, it was found that the intensity of the 
high field line increased more rapidly than the low 
field line. Thus, the sign of a was determined to be 
negative. 

TaBLe I. Magnitude and sign of a and D for Fe+** in SrTiQOs, 


a (cm D (em) 


(—1.977+0.007) x 10-2 
(—2.208+0.011) x 10-7 


(—2.256+0.019) X 10? 
(—2.340.1) X10 


0 (<1.0K10™) 

(+7.340.3) X10™ 
(+16.1+0.7) X 10-4 
(+17.941.0) x 10~ 


5 W. Low, Phys. Rev. 105, 793 (1956). 


The values of the crystalline parameters at various 
temperatures are given inTable I. From the (Ba-Sr)TiO; 
phase diagram® one should expect a ferroelectric phase 
transition for SrTiO; at about 40°K. Also, the dielectric 
constant of SrTiO; follows closely the Curie-Weiss law, 


e=C/(T—8), 


between 100°K and 240°K, with C=83X10*° and 
6=38°K. 

Comparison of our values of D (Table I) at 1.9°K, 
4.2°K, and 77°K shows that no sharp phase transition 
occurs between 77°K and 1.9°K. These data also indi- 
cate that the transition from the nonferroelectric to the 
ferroelectric state is much more gradual in SrTiO; than 
in BaTiOs. 

Work is continuing on the effects of electric fields on 
the spectrum of SrTiO; at temperatures down to 2°K. 
Certain anomalies in the line shapes at low temperatures 
will be discussed in a future publication. 


6H. Graenicher, Helv. Phys. Acta 29, 210 (1956). 
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X-Ray Measurement of the Atomic Scattering Factor of Iron 


Boris W. BATTERMAN 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 11, 1959) 


The x-ray integrated intensities of Bragg reflections of iron, copper, and NaCl powders were measured 
with monochromatic Fe Kq radiation. By investigating the effect of cold work on intensities of the metal 
powders and comparing the measured intensities of different orders with theoretical values, it was shown 
that extinction, surface roughness, and preferred orientation effects were negligible. The four measured iron 
reflections gave atomic scattering factors relative to either copper or NaCl which agreed, within experi- 
mental error, with values calculated from wave functions of the isolated iron atom. It is estimated that the 
experimental form factor for the lowest order reflection of copper and iron agrees with free-atom values to 
an error corresponding to the contribution of + one free-atom-3d electron. This is to be contrasted with 
results of Weiss and DeMarco, who concluded from single-crystal measurements that metallic iron has 
(2.340.3) 3d electrons, compared with 6 for the free atom. 


INTRODUCTION 


a recent paper Weiss and DeMarco! have reported 
an x-ray measurement of the number of 3d electrons 
in Cu, Ni, Co, Fe, and Cr single crystals. Their method 
was to measure the absolute intensities of Bragg re- 
flections from these crystals, apply a correction for 
extinction, and using the equation for the integrated 
intensity of an imperfect crystal, compute the atomic 
scattering factor for each reflection. The difference 
between the measured and theoretical scattering factors 
was attributed to a change in the 3d electron distribu- 
tion from a free atom configuration. They report that 
metallic iron has (2.30.3) 3d electrons compared with 
6 for the isolated atom. Since the Weiss-DeMarco 
results were unexpected in light of present theoretical 
considerations, it was felt that an independent measure- 
ment of the atomic scattering factor of iron should be 
made. The results of the present measurements indicate 
that the atomic scattering factor for metallic iron agrees 
with that calculated for the isolated atom. These results 
have already been reported.’ To facilitate a critical 
evaluation of the validity of the reported atomic 
scattering factors, the experimental procedures, the 
measured data, and the calculations will be presented 
in detail. 


THEORY 


The integrated intensities of Bragg reflections from 
ideally imperfect crystals are proportional to the square 
of the atomic scattering factors. The integrated in- 
tensity of a Bragg reflection of an ideal powder specimen 
measured with monochromatic radiation is* 


mF? exp(—2M)(1+-cos?26 7 cos?26) 


p= 
up(M.W.)vq sin8 sin26 


1R. J. Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 
(1958). 

2B. W. Batterman, Phys. Rev. Letters 2, 47 (1959). A reply to 
this preliminary report has been made by Weiss and DeMarco, 
Phys. Rev. Letters 2, 148 (1959). 

3R. W. James, The Optical Principles of the Diffraction of 
X-Rays (G. Bell and Sons, London, 1950). 
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where & is a constant for all measurements with a given 
wavelength; m is the multiplicity; F is the structure 
factor of the cell of molecular weight (M.W.) and 
volume 4; exp[ — 2M ]=exp[—2B sin’0/\*] is the De- 
bye temperature factor; 0a, is the Bragg angle for the 
monochromator; and yu, is the mass absorption coeffi- 
cient. 

If a crystal is not ideally imperfect, one must apply 
a correction for extinction based on an assumed model 
for the crystal imperfection. To eliminate the necessity 
of employing such a correction, it was decided to per- 
form the experiment in such a manner as to render 
extinction effects negligible.t It has been shown®:® that 
cold-worked metal powders can be made free of extinc- 
tion. Measurements on powders, however, introduce 
problems of preferred orientation and surface roughness 
absorption. The latter reduces the intensities of low- 
angle reflections due to unevenness of the specimen 
surface. This has been observed by McKeehan and 
Warren? and qualitatively measured by deWolff.’ If the 
particle size and absorption coefficient are low enough, 
this effect can be negligible. Both extinction and surface 
roughness tend to reduce the intensity of lower order 
reflections more than higher orders. By investigating 
the effect of cold work and surface preparation on these 
lower order reflections, one can establish whether or 
not extinction or surface roughness are significant. 
A further check can be made by comparing the ob- 
served and theoretical intensities of several orders if 
the theoretical atomic scattering factors are not in 
question. 

In this work, two experimental determinations of the 
atomic scattering factor of iron have been made. In one, 
the iron intensities were standardized against the copper 


4 Tn the iron single crystal measurements of Weiss and DeMarco, 
the extrapolated value of /?(110) (presumably with no extinction) 
ranged from 1.2 to 2.0 times the observed values (Fig. 3 of their 
paper). 

5M. McKeehan and B. E. Warren, J. Appl. Phys. 24, 52 
(1953). 

6B. L. Averbach and B. E. Warren, J. Appl. Phys. 20, 1066 
(1949). 

7P. M. deWolff, Acta Cryst. 9, 682 (1956). 
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TABLE I. Effect of sample preparation on integrated intensities of 
powder compresses of iron and copper. 


Prwi 
Iron 110 200 211 220 
Pressed 40 000 psi 924 166 38417 269 
Cold-worked in ball mill 
pressed 30 000 psi 
Only Duco binder 


916 
873 


160 399 266 
165 403 261 
220 ; 222 
261 197 


Copper 200 
Less than 100 psi 333 
2000 psi 
60 000 psi 
120 000 psi 


340 
338 


261 200 


267 181 


(111) reflection using Fe K, and Mo K, radiation. In 
the second experiment, the iron intensities were stand- 
ardized against NaCl using Fe K, radiation. 


EXPERIMENTAL 
(1) General Considerations 


The x-ray intensities were measured with a General 
Electric x-ray diffractometer which was adapted to 
receive monochromatic Fe Kq radiation from a singly 
bent lithium fluoride monochromator. Iron radiation 
was chosen because it would be expected to give the 


/ 
Fe: FREE ATOM FREE ATOM 


SAMPLE A: Cu 60 000 PSL 
SAMPLE B: Cu 500 PSi 

SAMPLE C: CU 40 000 PSi 
SAMPLE D: Fe 40 000 PSi 


SAMPLE E: Fe COLD WORKED IN BALL MILL 
PRESSED 30 000 PSi 








4 i 





0.3 0.5 
SIN 6/A 

Fic. 1. Experimental values of f? for iron and copper vs sin®/A. 
Theory and experiment are matched at a single point, the (111) 
reflection of copper. The three copper specimens are matched at 
the (111) and the two iron specimens at (110). The curves for 
iron with 2, 4, and 8 (3d) electrons are from /-curves of electrons 
of the isolated atom. The dotted curve is the Fe:2 (3d) curve 
times a constant to match the free-atom curve at the (110 
reflection. 
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smallest surface roughness absorption of the more con- 
ventional radiations. The tube voltage for all measure- 
ments with iron radiation was 20 kv. From a measure- 
ment with an NaCl single crystal, the primary beam 
was found to contain 0.3% \/2 component. This can be 
neglected in these measurements. 

The iron specimens were made from powders of 
carbony] iron containing particles about 3 u in diameter 
and purity 99.5%. The copper specimens were made 
from an electrolytic powder of purity 99.2% with a 
particle size of about 5 estimated microscopically.* 
The powders were pressed in a highly polished cylin- 
drical mold. Preliminary measurements were made with 
both powders to check the effect of molding pressure, 
and consequently the density of sample and state of 
the surface on the integrated intensities of the various 
reflections. In addition to the cold work introduced in 
the molding process, some of the powders were initially 
cold worked in a small oscillating ball mill before being 
pressed. The data from these measurements are pre- 
sented in raw form in Table I. The intensities are the 
total number of counts (Xj9) entering the counter as 
the diffractometer rotates counter and sample a fixed 
26 distance bracketing the reflection, and consequently 
includes the background under the peaks. (The back- 
ground was shown to be independent of sample prepara- 
tion.) The relative intensities of different /&/ reflections 
are not significant; only the intensities of a given 
reflection from the different samples are to be compared. 
The purpose of presenting these data is to show the 
sensitivity of integrated intensities to sample prepara- 
tion. The copper briquets made at the higher pressures 
showed considerable line broadening and reduction of 
peak heights by as much as 30% over those made at 
low pressures. At the high pressures the plastic flow 
was great enough to produce a mirror-like finish, which, 
upon microscopic observations showed local variations 
in flatness of about 3 4. The <100 psi specimen had a 
surface variation about 3-5 times those at the higher 
pressures, and showed no appreciable difference in 
intensities. Only at the very highest pressure of 120 000 
psi was there possibly a slight texture developed as 
evidenced by the slightly lower (111) and (222) in- 
tensities. Data not presented in the table showed that 
copper powder cold worked in a ball mill and lightly 
pressed into a briquet gave (111) intensities within the 
range presented in the tables. The fraction of the final 
metallic density ranged from approximately 0.2 in the 
loosely packed copper powder to 0.8 with the high 
molding pressures. 

The results for the iron powders are similar to those 
for copper. The powder held together merely with a 
Duco cement binder had a density of approximately 
0.50 of solid iron, while at the highest molding pressure 
a value of 0.72 was reached. The Duco-bonded specimen 


* Manufactured by Whitaker Metals Corporation; supplied by 
Charles Hardy, Inc., New York, New York. 
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TABLE II. Summary of experimental and calculated parameters used in Eq. (1) to evaluate atomic scattéring factors. 





up (cm?/g) 
(Mo Ka) 


Sample 


ao (A) 
3.615 
2.866 
5.639 


Copper 
Tron 
NaCl 
See reference (11). 


See reference (10). 
See reference (23). 


Af” 
Mo K,* Fe K,> 
1.4 0.93 


1.0 0.61 
1.2 


Af’ 
Fe K,> 


Mo K,* 


0.4 
0.4 


B(293°K) 
0.5554 


0.3684 
1.36! 


es 
~2.45 
+.0.42¢ 


! K. Londsdale, Acta Cryst. 1, 142 (1948). Based on Debye @ for copper and iron of 315°K and 420°K, respectively 
« These values are the sum of Na* and Cl~ dispersion corrections [calculated from reference (10)] and are valid for those reflections for which Na* and 


Cl- scatter in phase. 


f I. Waller and R. W. James, Proc. Roy. Soc. (London) A117, 214 (1927). 


showed about a 5% lower (110) reflection, while the 
higher orders were within experimental error of in- 
tensities from higher pressure samples. The (110) 
intensities from samples with intermediate molding 
pressures were consistent with those from the higher 
pressure samples reported in the table. These results 
for the copper and iron powders indicate that no 
preferred orientation is introduced in the compression 
and that extinction and surface roughness effects are 
not important.® 

The parameters used to calculate the atomic scatter- 
ing factors from the intensity data are given in Table II. 
The H6nl corrections are calculated by the method of 
Parratt and Hempstead,” or were taken from the 
tabulation of Dauben and Templeton" based on this 
method. A description of the measurements of the mass 
absorption coefficients is given in the Appendix. 


(2) Measurement of Iron Relative to Copper 


The complete Fe K. spectra of copper and iron were 
measured from three copper and two iron compressed 
powders. The total number of counts entering the pro- 
portional counter was recorded as the diffractometer was 
driven through a Bragg reflection between two points 
beyond the tails of the peak. The background was 
determined from the average of the fixed counts at 
these points. The measured intensities corrected for 
background are given in Table III. The intensities for 
the three copper specimens were matched at the (111) 
reflection, and the two iron specimens at the (110). 
These low order reflections were picked because their 
high signal-to-noise ratio gave them the highest pre- 
cision. The weakest reflections, having poor signal-to- 
noise ratios have the largest experimental errors. The 
two iron (110) reflections and three copper (111) re- 
flections were measured with a carefully monitored 
primary beam. The spread in intensity of each set was 
less than 4%. Using the average values of these results, 

° These points will be further checked for copper by comparing 
the relative intensities of the different Akl reflections with theo- 
retical predictions. For iron, the relative intensities will be com- 
pared to theoretical values for the iron atom with different 
numbers of d electrons. 

10. G. Parratt and C. F. 
(1954). 

1C, H. Dauben and D. H. Templeton, Acta Cryst. 8, 841 
(1955). 


Hempstead, Phys. Rev. 94, 214 


the two sets of spectra were put on a common intensity 
scale. Equation (1) was matched to experimental in- 
tensities at the copper (111) reflection. This evaluates 
the constant &, and from this single value, all the 
theoretical intensities for iron and copper in Table III 
were computed. In the last two columns of Table II 
are the theoretical'?:* and average experimental values 
of the atomic scattering factors (without dispersion) 
using the same one-parameter fit. 

In Fig. 1 the experimental values of f* for the 
individual specimens are plotted against sin@/A. The 
relative intensities of the copper specimens A and B 
(Fig. 1) can be matched separately with the theoretical 
free atom values to +3% for all reflections, while for 
sample C, the match can be made to +6%. If surface 
roughness and extinction were important, the experi- 
mental points would be considerably higher than theory 
at high values of sin@/A. It is felt that the good fit 
between theory and experiment for all the copper 
reflections shows that the copper specimens are free 
of extinction and surface roughness effects. 


TABLE III. Experimental intensities and average atomic scatter 
ing factors of iron and copper obtained from a single-parameter 
match between the experimental copper (111) scattering factor 
and that calculated from free-atom wave functions. The arrows 
show where data have been matched. 


Theoretical 
intensities 
(tree atom) 


Free 
atom 


Exp. 


P measured* av 


A BS <¢ 
578 < 578 «+ 878 «> 
273 «263 ~—(283 
206 «200-211 
323 325-337 
113. 121.119 


22.2 + 22.16 
20.6 20.78 
17.0 16.78 
14.9 14.76 
14.5 14.20 


578 
280 
200 
320 
113 


D E 
816 «+ 816 
139 = 134 
360 352 
213-201 


813 
138 
338 
197 


‘e 110 
200 
211 
220 


*® Sample A: pressed 60 000 psi; B: pressed 500 psi; C: pressed 40 000 psi; 
D: pressed 40 000 psi; E: powder cold-worked in ball mill, then pressed 
30 000 psi. 

2 The theoretical f(Cu) values from J. Berghius et al. [Acta 
Cryst. 8, 478 (1955) ] are for Cut. The difference between Cu* 
and Cu is negligible in the range of sin@/d involved. 

18 The f values for iron are those of A. J. Freeman and J. H. 
Wood, Acta Cryst. 12, 271 (1959). 
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Fic. 2. Plot vs siné of 
Vk=[Pu,(M.W.)o./m(LP)F? exp(—2M) }* 


for h, k, | even reflections of NaCl with Fe K, radiation. (LP) is 
the Lorentz and polarization factors. 


Since this experiment is concerned primarily with 
the electron distribution in iron, one must compare 
measured iron f values with those expected for the atom 
with different numbers of 3d electrons. In Fig. 1 are 
the f? curves for iron with 2, 4, 6 (isolated atom), and 
8 free-atom (3d) electrons." The iron intensities can be 
matched to the free-atom curve to +4% for sample D 
and +3% for E. To facilitate discussion of the existence 
of extinction and surface roughness in iron, drawn in 
Fig. 1 is a dotted curve of f? for iron with two (3d) 
electrons matched at the (110) value for the free-atom 
curve. Considering only the relative intensities of the 
different reflections, it can be seen that the f? curve for 
two (3d) electrons is higher at high sin6/d. If the iron 
specimens had extinction or surface roughness, cor- 
recting for these would depress the data points at 
large sin@/A relative to low values, and the departure 
from the functional variation predicted for two (3d) 
electrons would be greater.'® 

In light of the measured values of f? for iron, and its 
variation with sin@/A, it is concluded that the experi- 
mental data are not consistent with metallic iron con- 
taining significantly less than six (3d) electrons. From 
the average value of the ratio of the intensity of copper 
(111) to iron (110) for several pairs of specimens, 
Eq. (1) gives for {(110) of iron 18.9+0.3 relative to 
the theoretical value f(111)=22.16'* for copper. The 
free-atom value (110) of iron is 18.77." 

The experimental atomic scattering factors for iron 
relative to copper depend upon the theoretically deter- 
mined dispersion corrections. A cross check on these 
theoretical values can be made by measuring the iron 
and copper reflections with another wavelength having 
a different dispersion correction. Another check would 
be provided by using the Fe Kq radiation to measure 


14 The curves are taken from reference (13) and do not include 
any change in the wave functions of other electrons in the atom 
due to a change in the 3d electron screening. 

15 Tf a number of the 3d electrons have a wider spatial distri- 
bution than in the isolated atom, the corresponding reduction in 
screening would contract the distribution of the remaining elec- 
trons (Walter Marshall, private communication). This would 
flatten the f* curve for an atom with less than six (3d) electrons 
and result in even greater departure from experiment than is 
indicated by the dotted curve of Fig. (1). 
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TABLE IV. Intensities (P) of NaCl used to standardize 
copper and iron data. 


Theoretical 


hkl kt x 1010 intensity 


200 1.46 647 
220 7 1.37 429 
222 : 1.31 143 
400 7 1.38 66.6 
420 ; 1.28 193 
422 58 1.33 162 
110 3220 


another material with a different dispersion correction 
and thus standardizing the iron and copper intensities. 

The first check was made by measuring the iron (110) 
and copper (111) with unfiltered molybdenum radiation 
with a Philips diffractometer. Two pairs of specimens 
gave intensity ratios Py.(110)/Pcu(111) of 1.52 and 
1.57, as determined from the peak areas on the strip 
charts. Using Eq. (1) with @4,=0 (unpolarized incident 
beam) and the constants in Table II, these area ratios 
reduce to /(110)=18.6 and 18.9 relative to the free 
atom scattering factor forthe (111) reflection of copper. 
These results are in good agreement with those ob- 
tained using iron radiation.!® 


(3) Standardization of Iron and Copper 
Against NaCl 


Rocksalt is considered a good intensity standard 
because experimental results!’ have shown that the 
high-order reflections from single crystals are free of 
extinction. Since in powdering rocksalt, plastic de- 
formation occurs, it is reasonable to expect that extinc- 
tion should be even smaller than in the single crystals. 
Reagent NaCl was ground in a ball mill, passed through 
a 400-mesh screen and pressed into a briquet. In the 
initial attempt using a molding pressure of about 
14.000 lb/in.*, a strong (100) texture was developed. 
This was overcome by dusting a layer of NaCl powder 
(thick enough to completely absorb Fe K.q radiation) 
over a highly compressed NaCl substrate and pressing 
the surface merely with the weight of the mold. This 
corresponded to a pressure of about 2 Ib/in.*. In this 
way the weakly pressed powder adhered to the sub- 
‘6In using polychromatic radiation, it becomes necessary to 
use a filter to suppress the characteristic 6 line. This filter pro 
duces a discontinuity in the background near a Bragg reflection 
and consequently adds uncertainty to the determination of the 
background under the peak. With molybdenum radiation, the 
copper (111) and iron (110) could be measured without a filter, 
and yet not have any serious interference from a higher order 8 
line. Since only a single reflection of iron and copper has been 
measured, it has not been explicitly proven that extinction and 
surface roughness are absent with molybdenum radiation. The 
fact that there is good agreement with the Fe K, results can mean 
that these effects are negligible, or that a combination of errors 
are present. That the intensity ratios were the same between 
specimens having different compressions and degrees of cold work 
lends support to the former contention. 

17 Bragg, James, and Bosanquet, Phil. Mag. 41, 309 (1921); 
42, 1 (1921). Also, reference 3 of this paper, pp. 287-292. 





ATOMIC 


SCATTERING 


FACTOR OF Fe 85 


TasLe V. Measured values of the atomic scattering factors for iron and copper standardized against sodium chloride. The arrows 
show where data have been adjusted to the same intensity scales. All values of atomic scattering factors for the three substances are 


calculated from the value of »/& determined in Fig. (2). 








NaCl 
Fitted 


Copper 
Theory* A B 





= 


Iron 


¢ Theory» D E Theorye 





21.47 22.3 + 
18.21 20.6 
16.17 17.1 
14.76 14.9 
13.70 14.3 
12.85 


23.4 
18.6 
15.8 
15.2 
13.1 
422 12.7 


20.3 
16.9 
15.0 
14.8 


the + 23 


22.16 19.0 «+ 19.0 
20.78 15.9 15.5 
16.78 14.0 13.8 
14.76 12.5 12.1 
14.20 


18.77 
15.57 
13.45 
11.91 


21.0 
17.3 
1$.Z 
14.7 








® See reference (18). 
b See reference (12). 
© See reference (13). 


strate, and presented a flat surface to the x-ray beam. 
It was found that the high-multiplicity (422) reflection 
changed only about 4% between the highly and lightly 
compressed specimens, while the texture lines (200) and 
(400) changed by about 50%. Since surface roughness 
effects would be small for high-angle reflections, it is 
reasonable to assume that the high-multiplicity, high- 
angle reflections are fairly insensitive to texture and 
that for these, the small differences in flatness of 
surface between the two compressed specimens should 
be negligible. 

The intensity data from this specimen and from the 
(110) of iron and the (111) of copper are given in 
Table IV. Using the experimental values of Pyaci and 
(u,)naci, and the tabulated values!® of faci corrected 
for dispersion, the values \/& in Eq. (1) were calculated 
for each NaCl reflection. The values are plotted against 
sind in Fig. 2. The horizontal line gives the average 
value of 4/k so drawn to favor the higher order reflec- 
tions. Using this single parameter, the theoretical in- 
tensities listed in Table IV were calculated. Upon 
comparing the theoretical and experimental intensities 
of the NaCl reflections, it can be seen that there is a 
small (100) texture.” 

The experimental values of the atomic scattering 
factors for all the copper and iron specimens calculated 
from the NaCl standardization, together with}the f 
values for NaCl are given in Table V.* There is good 


18 Na* values are taken from A. J. Freeman, Acta Cryst. 12, 261 
(1959). Cl- values are taken from reference 12. 

18 The experimental ratio P(200)/P(400) is about 11% higher 
than predicted by theory. This is attributed in part to the in- 
accuracy in the (400) intensity measurement. The (400) is the 
weakest of all the measured reflections and consequently has the 
most unfavorable signal-to-background ratio. In addition, the 
amount of texture is not necessarily uniform across the specimen 
surface and consequently the (400) and (200) reflections could 
involve different degrees of preferred orientation. 

2” The f values for NaCl and samples B and E£ differ slightly 
from those presented in reference 2. The experimental value of 
up(NaCl) = 148 was used in the present calculations instead of the 
tabulated value. In addition, after reconsideration of the experi- 
mental methods involved, it was decided to use the Waller and 
James value of 0.227 A for the rms amplitude for NaCl rather 
than the Wasastjerna value of 0.239 A [J. A. Wasastjerna, Soc. 
Sci. Fennica, Commentationes Phys.-Math. 13, No. 5 (1945) ]. 
The experimental u, value would give closer agreement with the 
free-atom f values for iron and copper by about 2%, while the 
different rms amplitude would be of opposite sense. The net 


agreement between theoretical free-atom f values for 
all copper and iron reflections. 


SUMMARY AND CONCLUSIONS 


The intensities of Bragg reflections of iron and copper 
pressed powders have been measured with mono- 
chromatic Fe K, radiation. By investigating the effect 
of different methods of sample preparation upon 
integrated intensities and comparing these intensities 
with theoretical predictions, it was concluded that the 
specimens were free of extinction, preferred orientation 
or surface roughness effects. A comparison of the 
measured iron intensities relative to those from copper 
shows that the form factor for metallic iron agrees with 
that of the free atom, assuming the free atom values 
for the form factor of copper. The most precise iron 
reflection, the (110), has a measured atomic scattering 
factor relative to copper estimated at 18.9+0.3. This 
variation corresponds to a relative intensity measure- 
ment of uncertainty +3%. The theoretical value based 
on the calculation of Freeman and Wood* is 18.77. 
The ratio of the copper (111) to iron (110) measured 
with molybdenum radiation gave f(110) of iron in 
good agreement with the Fe K, results. 

From the measured intensities of the Fe Ka Bragg 
reflections of lightly pressed NaCl powder, an average 
parameter was obtained which allowed the copper and 
iron intensities to be reduced to atomic scattering 
factors relative to sodium chloride. Relative to NaCl, 
the Fe(110) scattering factor is estimated as 19.0+0.6 
and the Cu(111) as 22.30.6, compared to theoretical 
values of 18.77 and 22.16, respectively. The limits 
correspond to an estimated precision of +6% in the 
measured intensities. The uncertainty in the reported 
values involved, in addition to the actual errors in the 
observed intensities, the uncertainty in the mass ab- 
sorption coefficients, the Debye temperature factors 
and the theoretical scattering factors for the standard. 

We wish to report in this paper only the measured 
atomic scattering factors for iron and copper and 
conclude that these are consistent with calculations 


change in the iron and copper f values over those in reference 2 is 
the order of —1%. 
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from self-consistent wave functions of the respective 
isolated atoms. These results are not in agreement with 
those reported by Weiss and DeMarco from their 
measurements on a single crystal of iron. In order to 
facilitate a comparison of the two results, we present 
our measurements in terms of an effective number of 3d 
electrons. To do this, we assume that the contribution 
to the atomic scattering factor of a 3d electron is 
independent of the number of such electrons in the 
atom and is the value calculated for the free atom. The 
contribution of a free atom-like 3d electron at the 
(110) reflection of iron is 0.60 unit, and at the (111) 
reflection of copper approximately 0.62 unit.! In terms 
of these contributions, the number of effective 3d elec- 
trons in iron is estimated at 6.3+1.0 and in copper 
10.2+1.0, while the reported Weiss and DeMarco 
value for iron is (2.30.3) 3d electrons. 

The reduction of the experimental iron scattering 
factors to a number of 3d electrons involves, of course, 
a comparison with theoretical calculations for the 
isolated atom. The present results were compared to 
the free-atom values for iron calculated by Freeman 
and Wood since their values are probably the most 
reliable. However, it has been pointed out to the writer 
that their open-configuration method might tend to 
overemphasize exchange. A recent publication of iron 
scattering factors*! calculated from the nonexchange 
wave functions of Manning and Goldberg are lower 
than the Freeman and Wood values in the vicinity of 
the (110) reflection. Comparing the present data to 
these nonexchange form factors would give about 7.5 
as the number of effective 3d electrons in iron, and a 
comparison with the Thomas-Fermi-Dirac values calcu- 
lated by Thomas and Umeda” would give about 7 3d 
electrons. 

We bring in these latter comparisons to stress the 
point, that considerable caution must be exercised 
when deducing the number of electrons in an atom 
from an experimental value of the atomic form factor. 
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APPENDIX 


The absorption coefficients for Fe Ka were experi- 
mental values obtained in the following manner: The 
area densities of uniform foils of copper and iron were 
measured directly. The intensity of monochromatic 
Fe Kq transmitted through the foils was measured. 
From the ratio of these intensities and the measured 
area densities, a linear relation between the two mass 
absorption coefficients can be obtained. Using a mul- 
tiple-foil technique with the copper, the absolute value 
p= 96.3 cm?/g was obtained. From this value and the 
experimental linear relation, the value 4,=70.1 cm?/g 
for iron was obtained. For the purposes of this work, 
knowledge only of the ratios of the mass absorption 
coefficients is necessary. For the foil sizes chosen, the 
error in this ratio can be shown to be about 0.14 times 
the sum of the errors in the measured intensity ratio, 
and the single 1, value for copper. Thus, this difference 
technique provides a simple and accurate means of 
obtaining the ratios of absorption coefficients and is 
especially useful in obtaining these ratios when it is 
inconvenient to obtain thin, uniform foils of the ab- 
sorber. It is with this difference technique that the 
mass absorption coefficient of NaCl was measured. 
Two single crystal slabs were ground to thickness of 
approximately 0.025 cm and a powder compress to 
about 0.040 cm (a powder compressed with 20 000 psi 
could be readily ground and polished). The two single- 
crystal values of u,(NaCl) relative to copper were 146 
and 150, while the powder gave 148 cm?/g. The average 
value of 148 cm*/g was used. The coefficients for Fe Ka 
radiation in Table II are all relative to the measured 
value of 96.3 for Cu. The values for iron and copper 
for Mo K, radiation were obtained with a fluorescence 
spectrometer using the difference technique. The value 
u,Cu=51.0 cm*/g is taken from Compton and Allison” 
and u,Fe=38.9 cm?/g is experimental, relative to the 
copper value, the ratio being insensitive to the tabu- 
lated copper value. 


*3 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand, Inc., New York, 1935). 
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Frequency Shifts in Hyperfine Splitting of Alkalis Caused by Foreign Gases* 
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The difference in the dispersion force between an alkali atom in a particular hyperfine level belonging to 
the groundstate and a perturbing molecule is computed. These asymptotic forces, if active alone, generally 
produce red shifts and suffice to account for the results obtained for the heavier buffer gases. Experimental 
data exhibit blue shifts for the lighter gases and therefore indicate that the net frequency shifts are the 
result of exchange as well as dispersion forces. The former cannot be determined theoretically. Therefore, 
a simple model is devised in which the difference in the forces is given a positive trend at distances of 
separation smaller than d, while beyond d it is given the calculated form. The experimental data for all 
alkali-rare gas interactions can then be fitted by values of d which, for the different foreign gases, are of the 


order of their gas-kinetic diameters. 


1. INTRODUCTION 


NGENIOUS experiments’ have shown that hyper- 
fine transitions in the spectra of Na, Rb, and Cs 
suffer shifts in the presence of noble gases. Qualitatively, 
these shifts are similar to those observed in optical 
spectra under the action of Van der Waals forces; but 
their magnitudes are smaller. It is tempting, therefore, 
to calculate the Van der Waals forces for the different 
fine structure levels of an alkali atom and to see whether 
agreement with the data results when the ordinary 
concepts of pressure broadening are employed in their 
simplest form.’ 

This plan encounters a major difficulty: the data 
indicate shifts to higher frequencies when the buffer 
gas atoms are light, opposite shifts when they are heavy. 
Such occurrences are well known in optical spectra, 
though they are less prominent. They imply the 
presence of repulsive (exchange) energies at small 
distances of separation; in the case of hyperfine levels 
the bespeak a reversal of their energy difference. 
Since they are of lesser importance in the optical case, 
rather crude assumptions can reproduce the optical 
data. Here, exchange effects are clearly prominent, 
and a model is needed to approximate the energy 
reversal. Only the asymptotic interaction between an 
alkali and a rare gas can be computed, and hence the 
model must bear half the burden of all numerical 
comparisons. We chose a model patterned after the 
ordinary exchange forces, and the success we may claim 
for our interpretation, if any, must depend upon the 
circumstance that reasonable model parameters can 
be chosen to account for the data. 

Our method differs conceptually from the pattern 
of thought usual in nuclear physics. The hyperfine 

* Research supported by the Air Force Office of Scientific 
Research and the Office of Naval Research. 

1M. Arditi and T. R. Carver, Phys. Rev. 109, 1012 (1958); 
Bender, Beaty, and Chi, Phys. Rev. Letters 1, 311 (1958). 

2 EF. C. Beaty and P. L. Bender, Bull. Am. Phys. Soc. Ser. II, 3, 
185 (1958); M. Arditi and T. R. Carver, Bull. Am. Phys. Soc. 
Ser. II, 3, 185 (1958); M. Arditi and T. R. Carver, Phys. Rev. 
112, 449 (1958); P. L. Bender and A. R. Chi, Phys. Rev. 112, 450 
7 ik Phys. Rev. 40, 387 (1932); H. Margenau and 
W. W. Watson, Revs. Modern Phys. 8, 22 (1936). 


splitting arises from the Fermi interaction of the 
nuclear magnetic moments with the electron shells, 
and to account for its change one feels tempted to 
compute, first the effect of a perturbing atom on the 
alkali electrons, then the secondary effect upon the 
hyperfine levels. Here we pass around these details 
and utilize empirical data, such as the spacing of energy 
levels, the normal hyperfine splitting, f-values, and so 
forth. Our method obscures the features of the nuclear 
picture but does not violate them. 

The present approach leaves the details of the line 
shapes obscure. Since line widths receive contributions 
from several causes, their understanding involves more 
difficult problems. Hence our calculation is limited to 
the first moment of the line frequencies, a quantity 
which is largely independent of the accidents of line 
shapes. The first moment can be identified with the 
line maximum, which is measured, only if the line is 
symmetric, and this is reported as empirically true. 


2. ASYMPTOTIC ENERGY SHIFTS 


The hyperfine transitions giving rise to the microwave 
lines under consideration take place between different 
F states composing the *S; ground level of the alkali 
atoms. Each of these states suffers a downward energy 
displacement when a rare gas atom approaches the 
alkali, a displacement which can be computed by well- 
known methods involving second-order perturbation 
theory. But the usual Van der Waals force calculation 
does not distinguish between the different hyperfine 
states. In this section we perform it for specific F levels 
and find a dependence of the London force on F which 
reduces the transition frequency between the states in 
question. These are *S;(F=3,mr=0) to *S;(F=4, 
mp =() in cesium, *S;(F= 1, mp=0) to *Sy(F = 2, mp=0) 
in both rubidium and sodium. 

Since our major concern will be with the Cs line 
(frequency v=9192.6 megacycles sec~'), the concrete 
references in the sequel are to this case. Results for Rb 
and Na follow by analogy and will be stated. Likewise, 
to save writing, we shall often symbolize any noble 
gas by the representative A. The theory of angular 
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momenta permits the reduction of all matrix elements 
encountered in the calculation to those involving only 
the radial parts of the state functions, and these can 
be approximated by known quantities, e.g., f-values 
and atomic polarizabilities. For the alkali atoms we 
employ f-values because only one electronic transition, 
the resonance transition corresponding to the D lines, 
is strong, and its oscillator strength is nearly 1. 

The perturbing noble gas atom, on the other hand, 
is capable of numerous electronic transitions from the 
groundstate to higher states, all of them in the neighbor- 
hood of the ionization potential. Here, then, we sum 
over all f-values, assuming a common transition energy, 
and obtain the polarizability via formula (21) below. 

For completeness we present a calculation of the 
asymptotic energy shifts which includes the splitting 
of the P states and introduces all details of angular 
momentum couplings. The result can be obtained with 
very good approximation in a simpler way described 
in the last paragraphs of this section and is summarized 
in Eq. (27). 

The effective electron coordinate in the Cs atom is 
denoted by (1), that in the noble gas by (2); the vector 
distance between their nuclei is R. The classical 
interaction energy is given in a very general form by 
Rose‘ and reduces in the dipole-dipole approximation to 

16mr*e? +1 
V=— Yr (ry) Yr (re) Yi" (V)T"(R), (1) 
Q M.m=-1 
where Y,™ is a regular solid spherical harmonic defined 
as 
Yu" (1) =r VM (r™), (2) 


and T,™ the irregular solid harmonic 
T,.”(R)=R L IV, (R”); (3) 


r”) and R® denote unit vectors in the directions of 
rand R. 
If the V operation, which applies to R, is performed 
and the z axis taken along R, Eq. (1) becomes the 
familiar 
: dr e* 


V=———rnr.) 2! 
3 R3 Vu 


IV (r,) V(r) 


e 
—(x1X%2+ ViV2— 22152). (4) 
R’ 


Writing 7 for the total angular momentum (j= F for Cs), 
we let Vj,m; represent the state function of the alkali 
atom, Vjom2 that of the noble gas. 

The second order energy difference between the two 
hyperfine levels due to the noble gas perturbation is 
given by 

| ‘iV 2 
AE. 3=>. , 1@IV Ig? 
e 6E,—E,’ ” E—E,’ 


4M. Rose, J. Math. Phys. 37, 215 (1958). 


\(e'|V |p) |? 


’ 
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where V is the interaction energy as given in (1); 

p refers to the Cs-A gas system with Cs in the 7;=4 

state, and q to the system with Cs in the j;=3 state. 
The matrix element (p’| V| p) is given by 


(p'| V| p) 
= (jy'my',jo'me! | V | jymy, jome) 


16me? 41 
~ Yr"(V)T(R) 


Q Mm—1 
 (ji'my’ jo’! | Ys" (11) Yi" (42) | jmi,jome). (6) 


Since Y;""(r;) depends only on the Cs atom and 
Yi""(r2) only on the A atom, (6) can be factored and 
written as 


16m’e? +1 


DY (V)T"(R)(jr'my’) | Yr" (11) | jvm) 
9 Mm—1 
X CGo'me' | Yi™" (re) | ome). (7) 


Let us first evaluate the matrix element 
(j1'my'| Y.""(r1)|j:m1). To obtain the hyperfine state 
function W;,m; it is necessary to couple spin and angular 
momentum of the valence electron to form the total 
electronic angular momentum, which in turn must be 
coupled with the nuclear spin through Clebsch-Gordan 
coefficients C. Thus 


Wams=D C(LSI; mi, my—mz)VLmWVsmz—mz, (8) 


mi, 


and 


WViimy => C(I Thi; My, my— my)V Im Vim -mJ 


mJ 


=F ¥ CIT; ms, mi—myz)C(LSJ ; m,, mz—mz) 


mj mL. 


XV LmyV Smy—mypVImy—my. (9) 


A similar equation holds for Wj;’m,’. As mentioned, 
in the case of the Cs atom only the P,P; resonance 
levels are used for the primed states, which is permis- 
sible because the intensities of the transitions from all 
the other states to the ground state are much weaker 
than these. 

Use of (7) leads to 


(jr'my’ | Ys" (11) | jx) 
Y LCI jy 5 mys’, my'—my')C(ITj1:; ms, mi—my) 


my’ my 


XK b71bmy’ —my’,mj—my > a cuss : my), my’ — mr’) 


mL! mL 
x C(LSJ ; mr, my— mz) (L' mz! | Vy" (11) | Lmz) 
(10) 


X 5s: sdmy’— mL’,mjJ—my. 


The matrix element (L’mz,'|Y,""(r;)|Zmz) in (10) 
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can be reduced by means of the Wigner-Eckart theorem: 
(L'mz!| Yi" (11) | Lmz) 
= (—)"C(LAL’; mi, —m, mz’) 
XK (L"|| Yi(ty)||L)bmp’m_—m. (11) 


In this way the sum over mz’ in (10) can be eliminated 
and one sees that 


Yi" (11) | jm) 
=P YL C(I'Tj' 5 my’, m—my)C(ITj1; my, mi— my) 


my’ my 


Xd C(L'SI’; me—m, my—mz)C(LSJ ; my, my— mt) 


mL 
X(—)mC(L1L’; m,, — m)(L’|| Yi (11) ||) 
X Smy/,my - mos's. 


(jy'm)' 


(12) 


By applying the symmetry and orthonormality 
relations of the C-coefficients Eq. (12) can be written 
in a more convenient form (the details of this calculation 
follow developments in the cited book by Rose) 


(ja'my’ | Yr" (1) | jm) 
=C(piljy’; mi, —my) (—) 5-224 +itmt2 
X(0(2714+1)(2’+1) (2I+1) (2L'+1) }! 
XW (IjJ'i!; 1)W (LIL'J'; $1) 
X (L'|| Y(t) ||), 


coefficient W is 


(13) 


where the Racah defined as in 
reference 5. 

The remaining matrix element (L’|/Y;(r;)|!Z)_ is 
evaluated by using (2) and the orthogonality relations 
of the spherical harmonics. 


(L'||Yr(r) |Z) 


3(2L+1) 7 
=(H\n\] — | C(L1L’; 00), (14) 


4n(21’+1) 
C(LAL’ 00) is different from zero only if L+1+L’ is 
even. (L’|r;| L) is the matrix element of the radial part 
of the alkali function between the states L’ and L. The 
matrix element for the noble gas atom can be calculated 
in a similar way: 
(j2'me! | Yr" (te) | joe) 

= (—)™C (jel je’ ; 3, — Mm,')( je") Yi (re) |) 72). (15 ) 


In our case j2=0 and (15) reduces to 


- 1 } 
(=)4{ —] cor 0-atnc(o11 00) nl), (16) 


T 


(jo'|r2|72) being the radial matrix element for the noble 
gas. In terms of the formulas (13), (14), and (16) 


5M. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 
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expression (7) takes the form 

4re? +1 

“store 
[3(2 7141) (2I’+1) (2 +1) PC(jil jy’; mi, —m) 
XW (Ii; MW (OSI; S1) 


( ai 1)S-4 2J+1+m+M+ ey ( v)T,"( R) 


X (L'| ri] L) (72! | rel je), (17) 
note being taken of the fact that C(011,0—M) and 
C(011, 00) are equal to one. 

For the evaluation of Y,;“(V)T,"(R) it is convenient 
to take R along the positive z axis. In that case this 
quantity is zero unless m=—M. Application of this 
condition results in 

aig 
yy (V)T,-™(R) - (18) 
4 (1—M)!(1+-M)!R3 


and substitution of (18) and (17) yields, on squaring (6), 
| 


det ee 


(| V1 p)|[?=— _ 
P P ORo u—1 (1—M)!(1+M)! 


XC(jlyy ; mM )W (JjiJjy ; N)w(os1J'; sp| 


x (L’ |r; LE) 2! (jo’| re| Jo) |?. (19) 
Now (L’|r;|L) depends on the oscillator strength f; of 
the alkali and (j2'|re|j2) on the polarizability of the 
noble gas; specifically 
3 hf 
| (L’|7,| L)|?= ; (20) 
2 mE(L’L) 


3a2E(j2"}2) 

- ; (21) 
2? 
where E(L’L) is the difference between the mean 
energy of the */ states (L’=1) and that of the 2S 
(L=0) state, while E(j2"j2) is the ionization potential 
of the noble gas. Each doublet of the P state enters 
separately into the subsequent calculation, and f; is 
taken to be 1. 

As to the energy denominators in Eq. (5), 


E,— Ey’ = —LE(j2',j)) tES 1 Ji) J, 


where E(J’j;’,Jj,) is the energy difference between the 
excited hfs-states J’j,' and the ground-state hfs 
levels Jj;. Substitution of (22), (21), (20), and (19) 
into (5) yields finally 


9(eh)* / 1 ‘ak ( j2') 2) 
7 ( 


AE}, +1,335= ———_- ——_ Ajy+1 
4m R®FE(L'L) 


Aj), (23) 
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\:21.38 110 “ey ; 


Fic. 1. Energy level diagram of Cs (J =). 


where 


Aj= » 


jy'a' M- 


a 
3(1—M)!(1+M)! 


XC(jrljr’; mM)W (SjJ'jy ; TW (OAS’ ; s)| 
1 


X~——— ~~ . (24) 
E(J'jy Jj) +E(G2'j2) 


The W coefficients needed in this work are available 


in the tables of Obi and collaborators.°® 
The results for Cs are 


1 a/ 15 
324LE(43;34) E(44;34) E(33;44) 
21 104 
<r | 
E(34;34) E(35;34) 


In these formulas, every E is understood to include 
the ionization energy of the rare gas atom with which 
Cs interacts, in accordance with Eq. (24). For example, 


‘Obi, Ishidzu, Horie, Yanagawa, Tanabe, and Sato, Ann. 
Tokyo Astron. Observ., Univ. Tokyo, 2nd Series 4, 3-74 (1954). 
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Fic. 2. Energy level diagram of Rb*7(J= 3). 


E(34; 34) represents the bracketed energy difference 
in Fig. 1 plus the ionization energy of the rare gas. 

If the hyperfine splitting were neglected, A; and A, 
would be equal and the effect computed would vanish. 
The energies E appearing in the denominators of Eq. 
(25) are taken from Kopfermann’ and from Senitzky 
and Rabi,® and are summarized in Figs. 1 and 2. A 
similar calculation for Rb, written in the same abbrevi- 
ated fashion, gives 


45 





E(3 





25 55 
=e 
E(31;31) E(§2; 41) 


Numerical! results for Cs and Rb are listed in Table I. 
The computation for Na is similar to that for Rb since 
the values of J are the same: the values of a are very 
small (as are the observed shifts) and have not been 
included. 

These results justify a simple approximation which 
avoids the use of angular momentum theory altogether. 
The hyperfine splitting of the S state is considerably 
larger than those for the P states; the coefficients of 
the various terms in A; are irregular and of the same 

7H. Kopfermann, Nuclear Moments (Academic Press, Inc., 


New York, 1958). 
8 B. Senitzky and I. I. Rabi, Phys. Rev. 103, 315 (1956). 
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TABLE I. Parameters used in calculation of asymptotic interactions and values obtained. 








Rb# 
Az —Ai(ev™) R*Ex (ev A®) 


—2.776X10"* — 2.18X10-5 
—2.536X10-§ — 3.98x10~5 
—6.252X10-* —26.9 X10°5 
—5.188X10-® —23.2 K10~5 
—7.126X10-§ -—40.3 X10-5 


E(j2'j2) 


24.5 
25.7 


a (A$) 


0.205 
0.39 
1.74 


Ai —A;3(ev™) RE, (ev A*) = —a 


— 3.78X10°§§ — 3.28X10~5 
— 3.46X10-°§ — 5.97X10~5 
— 8.57X10-§ — 40.6 X10-5 
1.63 — 710X10°° — 34.9 X10-5 
2.46 — 9.78X10* — 61.0 X10 
4.0 —13.70X10-§ = —115.0 K10-5 














order of magnitude. This suggests that we ignore the 
P-state splitting and take into account only the 
structure of the S state, whose hyperfine energy 
separation we call e. : 
In the present notation the ordinary dispersion force 
is 
3 (eh)? fia2kE(j2"j2) 


2 m RE(L'L)LE( jij) +E joj) ) 


Hence 
AEj; +131>= AE'—AE, 


where AE’ is given by (26) but with replacement of 
E(jv‘ji) by E(ji'j)—e. It is then also proper to put 
E(ji'ji)=E(L’L). The result is 

€ 


AE} 41,31 = AE 


E(L'L) +E( jojo) 


This formula yields results indistinguishable within 
the accuracy of our calculation from the values listed 
in the tables provided one takes for E(L’L) the 
weighted mean of the P states, 


E(L’L) = E=3E(P;)+4E(P;)—E(S)). 


In less cumbersome notation, 
€ 
AF (hyperfine) = AE(dispersion)——, (27) 
E 


9 
/, being the ionization energy of the rare gas, while 
= (eh)? friar TI» 


AE (dispersion) = — ==, 
2m REE+I, 

An approximation of this type, based on the simpler 
London formula in which | (Z’|r;|Z)|? is expressed via 
the polarizability of the alkali atom, has been employed 
in a technical report by Robinson.’ The level spacing 
in the alkali does not favor this approach. 


3. FREQUENCY SHIFTS 


In the absence of detailed knowledge of line shapes, 
theory can be applied to calculating only shifts of the 
mean frequencies of the lines. Only if the lines are 
symmetric will this first moment agree with the line 
maximum. The calculation of the mean frequency, 

9L. B. Robinson, Technical Report 59-0000-00557, Space 
Technology Laboratories (unpublished). 


however, is easy in principle. For according to a 
theorem,” perhaps not well known, the mean line 
frequency equals the statistical mean of all perturba- 
tions under very general conditions. This statement 
does not imply that the statistical theory of pressure 
broadening is in the present instance expected to 
account for more detailed features of the lines; on the 
contrary, it is held that the statistical theory will fail 
to describe the measurements fully. Nevertheless, if U 
is the difference in energy between the two hyperfine 
levels, the shift of the line’ is 


4rn ” 
p=— 


UR*dR, 


0 


(28) 


provided is the number density of the perturbing 
atoms or molecules. We know that the asymptotic 
form of U is —a/R® (see fifth column of Table I). 
Assume this to be valid where R>d. For smaller R we 
use a simple model which is based on the belief (see 
above) that the function U, which behaves like an 
ordinary dispersion energy at large distances, follows 
the pattern of a typical intermolecular force at small 
distances also. This means that it changes sign, pre- 
sumably not far to the left of d, It turns out that the 
precise turning point has little effect upon the calcula- 
tion. Hence we approximate the “repulsive” part of U 
by a straight line between d and ed, assuming that 
U(ed)=E, an adjustable energy parameter. To the 
left of R=ed, the interaction energy U between Cs 
and A is taken to be infinite, so that because of the 
Boltzman factor this range makes no contribution to ?. 

As to the physical agencies which cause the reversal 
of sign in a, they certainly include exchange effects. 
There may be others, such as the Fermi mechanism 
suggested by Arditi," although the latter can hardly 
predominate under the conditions present in the 
experiments. For simplicity, we will speak here collec- 
tively, and somewhat mysteriously, of exchange effects. 

The model described has the form 


de a\R 
U= (1 —_ €) | eet (dot ) | ed < R<d 
d§ d'/ d 


R2d. (29) 


0H. Margenau and M. Lewis, Revs. Modern Phys. (to be 
published). 
uM. Arditi, J. phys. radium 19, 873 (1958). 
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TABLE II. Values of closest distance of approach (d) and exchange 
force parameter (¢€) which produce fit with experimental shifts. 


€ 
Cs-He : 0.5 
Cs-Ne 3 0.8 
Cs-N>» j 0.5 
Cs-A 7 0.9 
Cs-Kr 33 1 
Cs-Xe 2. 1 


The parameter ¢ is a measure of the steepness of the 
exchange forces; in particular, e=1 means that they 
rise vertically at R=d. In that case, receives no 
contribution form the exchange forces: the asymptotic 
effect here computed is responsible for the entire shift, 
which is then of course to the red. It is noteworthy, 
and encouraging to the belief that our approach is at 
least in part correct, to observe that for the heavy 
rare gases, Xe and Kr, the choice e= 1 gives the experi- 
mental results for values of d in the neighborhood of the 
gas-kinetic diameters. 

As for the other perturbing gases, many choices of 
e and Ey produce correct fits. The use of (28) and (29) 
yields 

4irnf Eod* 
p= —] —(1+ «+ &— 36’) 


ht 12 


a la ' 
—- —(3-«-e-e)-- 4] (30) 
12d 3@ 


A rather arbitrary procedure for accommodating the 
observations, yet a reasonable one, is the following. 
If we put e=1 for Cs-Xe, we obtain d=2.62 A. The 
same choice for Cs-Kr gives d= 2.57 A. But for Cs-A 
we would find d=3.7 A, and greater values for the 
lighter gases. We must therefore conclude that for A, Ne, 
Ne, and He the interactions for R<d are softer, «<1. 

Next, one might let d vary somewhat in the manner 
of the kinetic radii of the noble gases, choose for Eo a 
suitable value of the same general magnitude for all 
perturbers (Eop~7X10~® ev is suitable) and see what 
e is needed. The correlation for Cs-rare gases (we 
include Ng) is given in Table II. 

It might be argued that the resulting d are smaller 
than gas-kinetic radii, which is contrary to expectation. 
This means that our asymptotic interactions may be 
too small; they would indeed be larger if dipole- 
quadrupole effects had been included.t 

There is another way to represent the situation. 
Numerical fitting shows that, when Ep is plotted against 
« for a given pair of atoms, a minimum results. Thus, 
Eo can be effectively eliminated as a parameter if its 
minimum value is chosen. For d one might take the 
same value, e.g., 2.5 A, in all cases. The correlation 

t Note added in proof.—Higher multipole contributions have 
been calculated. Their inclusion in our model slightly increases 


the values of d in Table II, making them more nearly correspond 
to the sum of the gas kinetic radii. 
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TABLE III. Values of ¢ which produce experimental shifts 
for constant d=2.5 A. 





Gas efor Cs 


He 0.47 
Ne 0.52 
y 0.55 
0.60 

0.74 

0.76 


«for Rb 


0.46 
0.51 
0.52 
0.56 
0.63 


then obtained for Cs and Rb is given in Table III. 
Choice of the same d is of course artificial, but the 
increasing stiffness of the “exchange” forces becomes 
evident. 

4. LINE WIDTHS 


If line widths were computed with the use of a 
statistical theory, which we have employed for the 
shift, they would turn out to be comparable in magni- 
tude with the shifts themselves.'’* This, however, would 
be an erroneous procedure because the phase shift 
occurring in a single collision, Ag, is here very small. 
The validity of the statistical theory for line shape and 
width, on the other hand, is tied to the condition” 
Ag> 1. 

For a perturber flying past the radiator at a distance 
of closest approach p with velocity 2, 


is en 
Ag= f —dt =- f (p?-+0°0?)-%dt = 3ara/ (Shvp'). 
ae A ee 


For reasonable values of v and p this is smaller than 107°. 
Hence we conclude that an impact theory should give 
an adequate account of the line width. 

We choose Lindholm’s version." In the notation 
of reference 10, the ratio of half-width to shift is 


ww a 3 
R= =f sin?(Ag ode | f sin(Ay)pdp. 
Ue d 


We shall ignore the contributions from p<d and take 
advantage of the smallness of Ay. For d=3 A we then 
find, in the case of Cs-A, 


R=9ra/(64hvd*) = 10>. 


This agrees, at least in order of magnitude, with the 
residue of experimental line widths ascribable to the 
buffer gas. Of course, w; is proportional to m, as our 
analysis shows. 
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Wave Function for the Free Electron. I. The Coulomb Potential* 
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The wave function for a free electron in the presence of an atom is considered for the case of the Coulomb 
potential, a potential which ignores both the effects of electron exchange and core polarization. A sample 
calculation involving the neutral oxygen atom is carried through. From the single-determinant wave 
function for the *P ground state of this atom the Coulomb potential is developed, and the important parts 
of the potential for the s- and d-wave portions of the free-electron wave function are considered. The relevant 
Schrédinger equations are solved by means of an IBM 704 program which is written so as to be readily 
adaptable to electrons in the presence of other atoms or ions having electrons through 2. In our oxygen 
example the wave function calculations were carried out for values of the free-electron linear momentum 


ranging from 0.01 through 0.80 atomic unit. 


I. INTRODUCTION 


N two previous papers! we have described the 

programs developed for the computation of analytic 
atomic wave functions; these programs were written 
primarily with an eye toward their subsequent utiliza- 
tion in free-electron wave function calculation. It is our 
purpose in this and succeeding papers to describe the 
manner in which we may use the wave functions 
obtainable from these programs in order to determine 
the wave function for the free electron in the presence 
of the atom described by the wave function. In this 
paper we shall consider the free electron under the 
influence of a Coulomb potential. In two subsequent 
papers we shall consider the effect of the introduction 
of exchange and polarization. Throughout the calcu- 
lations and considerations we shall be referring specifi- 
cally to a free electron in the presence of oxygen, but 
bear in mind that this is merely being used as a con- 
venient and interesting example and that the calcula- 
tions could equally well be carried out for electrons in 
the presence of other atoms or ions having electrons 
through 2. The same statement applies to somewhat 
more complex atoms, but here the potentials will 
contain certain additional terms. 

Our general procedure has been about as follows: 
We obtain a potential for the electron by utilizing a 
single-determinant wave function for the *P ground 
configuration of the unperturbed neutral oxygen atom. 
This potential is obtained under the assumption of a 
Coulomb potential which infers the neglect of (1) 
exchange forces and (2) forces due to atomic polariza- 
tion by the free electron. An expansion in terms of 
Legendre polynomials is assumed for the free-electron 
wave function, and this is substituted into the Schréd- 
inger equation which contains our computed potential. 
Two coupled equations for the s- and d-waves in this 
Legendre expansion for the electron are obtained. 

* Based on work performed under the auspices of the U. S. 
Air Forces Ballistic Missiles Division. 

t Consultant. Correspondence address: 1234 South Arlington, 
Reno, Nevada. 

1R. G. Breene, Jr., Phys. Rev. 
(1959). 
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Investigation shows this coupling to be of no real 
importance, so that the two equations may simply be 
solved independently. The equations are solved numeri- 
cally and fitted to the familiar asymptotic solutions. 
A general program for the calculation has been written 
for the IBM 704 electronic data processing machine, 
and, using this program, the wave functions for several] 
values of the electronic translational energy have been 
computed. 

The program in question is easily adaptable to the 
computation of the p-wave functions, for example, and 
has, on occasion, been so adapted. However, it will be 
rather obvious from what is to follow that waves of 
higher order than s correspond so closely to Born 
approximation as to be practically indistinguishable 
therefrom. 


II. SCHRODINGER EQUATION FOR THE s AND d 
WAVES OF THE FREE ELECTRON 


A first step in setting up the Schrédinger equation for 
the free electron is, of course, the determination of the 
potential field in which the free electron exists. Let us 
first outline our procedure in obtaining this potential. 

We suppose our potential due only to the Coulombic 
forces of the nucleus and orbital electrons. Quite 
obviously then, we are neglecting (1) exchange effects 
and (2) atomic polarization effects.? Under these 
conditions our potential function will be of the general 


form: 
Ps Wsp(Q) ,? 
- +f dr. 
r Ter 


In Eq. (1), the first term on the right represents the 
nuclear portion of the potential while the second term 
is accounted for by the orbital electrons in our oxygen 
atom. The *P wave function which appears under the 
integral sign is our eighth order determinant, the 
orbitals of which were obtained from our simple vari- 


(1) 


2 We shall detail our treatment of these effects in later papers. 
For an interesting recent treatment of (2) see A. Temkin, Phys. 
Rev. 107, 1004 (1957). 
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ation calculation. The r,, represents the separation of 
the free electron from the element of atomic charge dr. 

It is rather apparent that the evaluation of this 
potential is a matter of the evaluation of the integral in 
Eq. (1). In evaluating this integral we might first 
write the orbitals which we have obtained for neutral 
oxygen : 


R),=2(7.661)'r exp —7.661r ], (2a) 


1 
—(5.4961)#[1.5673—5.4961r |r 
2v2 


Ro, - 
Xexp[—2.859r], (2b) 


1 
— (4.389) §r? exp[ — 2.1945r ]. 
2v6 


Rop= (2c) 


These orbitals will, of course, go to make up our 
simple determinantal function which may be repre- 
sented as the antisymmetric product : 


1 
W»p(O) =——P(—)]] vx. (3) 
(8!)3 


We now utilize Eqs. (2) and (3) within the framework 
of Eq. (1) to obtain the following rather lengthy 











he 008 zg sinlke) 
~ 4 3 + s 4 # 4 


z sinlkr/ 





40.01 








Fic. 1. The radial portion of the s wave function for the free 
electron in the presence of the oxygen atom for the indicated 
values of the momentum, in atomic units. The Born approximation 
[&~ sin (kr) ] has been drawn in for comparison and is so labeled. 
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potential : 


2 
Vo=—- (15.3224) (38.33074+-18.308 
r 


2 
+8.930+ jon ( 14.092r?+-19.264r+ 13.168 


r 


4 
+ em (3 cos*— 1) ( 1.7617r°+2.409r 


r 


+ 2.200+——++——+—_ — 


r , 3 


1.500 1.684 0. =~) 
e774 -889r 


-(3 cos*9—1). (4) 


We shall now make use of Eq. (4) in obtaining wave 
functions for the free electron in the field of the oxygen 
atom much after the fashion in which these wave 
functions were obtained in the field of the hydrogen 
atom by Chandrasekhar and Breen.’ 


TABLE I. The s-wave phase shifts. In the case of the Robinson 
phase shifts, the corresponding & value is in parentheses to the 
right. 


k 50 
(atomic (calculated 
units) here) 


50 
(Klein and 
Brueckner) 


50 
(Robinson) 
3.941 
4.033 
4.250 


6.128 


5.798 5.14 (k=0.25) 


4.42 (k=1.00) 


We now assume a solution for the free-electron wave 
function of the following familiar form: ’ 


xi(r) 
¥.=)>), a P,(8). (5) 
1 


r 


In Eq. (5), P:(8) are Legendre polynomials while x:(r) 
are the unknown radial wave functions for which we 
must solve the Schrédinger equation. At this point, we 
intend limiting ourselves to a consideration of the s- 
and d-wave portions of this free-electron solution, 
although our demonstration of the method is equally 
applicable to other combinations of solution. As a 
consequence, after our assumed solution is substituted 
into the Schrédinger equation containing the potential 
as given by Eq. (4), we multiply through on the left by 
Py and P2, respectively, and integrate over the polar 


3S. Chandrasekhar and F. H. Breen, Astrophys. J. 103, 41 
(1946). 





WAVE FUNCTION 


angle to obtain the following: 


d’xo 
—+ ky, 


dr? 


(6b) 


Since our potential Vo is equivalent in form to a 
sum of the first and second Legendre polynomials, it is 
apparent that the only term existing in the Eq. (6a) 
are those terms having /=0 and /=2. The situation is 
somewhat different in Eq. (6b), but it can be shown 
that the terms in the sum in this equation making the 
most appreciable contribution are those having /=0 
and /=2. This means that we now have two equations 
in our two functions xo and ye, the two equations being 
coupled by the angular terms in the potential. 

Actual calculation has shown that the terms in these 
equations arising from the angular portions of the 
potential have a negligible effect, which is more or less 
apparent from inspection. Therefore, we have dropped 
the terms from both equations. Now our equations to 
be solved are 


dx 9 
: ze +[k? +2V o(r) lxo=9, 


; (7a) 
dr? 


d*x» 6 
; +[e- +2V oi) em 


dr? Yr 


III. CALCULATIONS OF THE WAVE 
FUNCTIONS AND RESULTS 


A numerical solution to these two equations has been 
programmed for the IBM 704 and carried out in the 
regions 0<r<8 for the s wave and d wave for values 
of the free-electron translational energy ranging from 
0.01 through 0.80 atomic unit. 

We have joined the numerical solution of the s wave 
at the outer end of its range to the familiar asymptotic 
solution : 


1 


xi(r) =~ sin(kr—43lr+6,). (8) 
k 


Since the numerical solution for the d wave remains 
dependent on the centrifugal potential, it was necessary 
to connect the numerical solution to an asymptotic 
solution by some other method. 

At the point where our potential is essentially zero, 


FOR 


FRE 


BLECERRON. 
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TABLE II. The s and d wave functions for a free electron in 
the presence of an oxygen atom for the case k=0.01 atomic 


unit. 


r 
(atomic 
units) 


0.002 
0.006 
0.010 
0.030 
0.050 
0.080 
0.100 
0.120 
0.140 
0.160 
0.180 
0.200 
0.240 
0.300 
0.340 
0.400 
0.600 
0.800 
1.000 
1.200 
1.400 
1.600 
1.800 
2.000 
2.200 
2.400 
2.600 


xo(r) 


0.1927 
0.5642 
0.9178 
2.4319 
3.5699 
4.6794 
5.0891 
5.2822 
5.2927 
5.1503 
4.8811 
4.5079 
3.5266 
1.6938 
0.3627 
- 1.6464 
— 7.3429 


— 10.9181 
— 12.9218 
— 14.0259 
— 14.6643 
— 15.0727 
— 15.3701 
— 15.6146 
— 15.8341 


— 16.0417 


— 16.2439 


0.710 


0.2 10-" 
0.8X 10-" 


0.210 
0.9X 10 
0.4X 10" 
0.710" 
0.1X 10 
0.210 
0.3X 10 
0.4X 10 
0.5X 10 
0.810 
0.2X 10 
0.21077 
0.41077 
0.110 
0.2 10 
0.5X 10 
0.8X 10 
0.1X10 
0.210 
0.2X 10 
0.3X 10 
0.5X10- 
0.6X 10 
0.7X 10-5 


OAOaaannaan a a 


the equation becomes 


dX. 


r 


(atomic 


units) 


2.800 
3.000 
3.200 
3.400 
3.000 
3.800 
4.000 
4.200 
4.400 
4.600 
4.800 
5.000 
5.200 
5.400 
5.600 
5.800 
6.000 
6.200 
6.400 
6.600 
6.800 
7.000 
7.200 
7.400 
7.600 
7.800 
8.000 


xo(") 


- 16.4434 
— 16.6417 
— 16.8393 
17.0366 

— 17.2337 
— 17.4307 
— 17.6277 
— 17.8245 
— 18.0212 
— 18,2179 
— 18.4145 
~18.6111 
— 18.8675 
19.0039 
— 19.2002 
— 19.3964 
— 19.5926 
— 19.7887 
— 19.9847 
— 20.1806 
— 20.3764 
— 20.5722 
— 20.7678 
— 20.9634 
— 21.1590 
— 21.3544 
— 21.5497 


18) 
he Q, 
r. 


which we recall has the familiar solution: 


3 3 
x2= (mr ainin=( -1) sinr- 
r r 


cosr. 


x2(r) 


0.9K 10" 
0.110 
0.110 
0.210 
0.210 
0.210 
0.3X 10 
0.3X 10 
0.4X 10™ 
0.4X10~ 
0.5X 10 
0.5X 10 
0.6 10™ 
0.7X10 
0.7X 10 
0.8X 10 
0.9X 10 
0.0001 
0.0001 
0.0001 
0.0001 
0.0001 
0.0002 
0.0002 
0.0002 
0.0002 
0.0002 


(10a) 


We know that the asymptotic solution of Eq. (9) is 
of the form Eq. (8), so we may modify Eq. (10a) to 
the form: 


o 


3 


Ry? 


1 


) sin(kr—m+6») 
k 


? 


3 


cos(kr 


kr 


1T+6»). 


(10b) 


Equation (10b) may be solved for the phase shift: 


tando= {—X[D sin(kro—)+F cos(kro—z) | 


+X'[B sin(kro—x)—C cos(kro—z) }} 
{X[D cos(kro—m) —F sin(kro—n) ] 


—X'TB cos(kro—2)+C cos(kro—m) }}, (11a) 


wherein X and X’ are the values of the numerical 
solution and its derivative, respectively, at the radial 
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Tas_e III. The s and d wave functions for the free electron 
in the presence of oxygen for the case k=0.80 atomic unit. 


r r 
(atomic (atomic 


units) units) xa(r) 


xo(r) x2(r) xo(r) 
0.0807 
0.0935 
0.1064 
0.1191 
0.1313 
0.1425 
0.1524 
0.1607 
0.1671 
0.1712 
0.1730 
0.1721 
0.1684 
0.1620 
0.1527 
0.1408 
0.1262 
0.1092 
0.0901 
0.0693 
0.0470 


2.800 
3.000 
3.200 
3.400 
3.000 
3.800 
4.000 
4.200 
4.400 
4.600 
4.800 
5.000 
5.200 
5.400 
5.600 
5.800 
6.000 
6.200 
6.400 
6.600 
6.800 
7.000 
7.200 
7.400 
7.600 
7.800 
8.000 


—().0404 
0.1592 
0.3547 
0.5412 
0.7138 
0.8682 
1.0004 
1.1071 
1.1854 
1.2335 
1.2501 
1.2347 
1.1878 
1.1105 
1.0049 
0.8736 
0.7199 
0.5479 
0.3619 
0.1666 
~0.0329 
—0.2316 0.0238 
—0.4244 0.0002 
—0.6063 —0.0235 
—0.7727 —0.0467 
—0.9194 —0.0689 
-1,0426 —0.0896 


0.0177 
0.0519 
0.0844 
0.2237 
0.3283 
0.4301 
0.4675 
0.4849 
0.4854 
0.4717 
0.4463 
0.4113 
0.3686 
0.3196 
0.1488 
0.0250 
0.1612 
—0.6816 
— 0.9879 
— 1.1269 
— 1.1585 
—1,1219 
— 1.0390 
—0.9217 
—0.7778 
—0.6126 
— (0.4314 
0.2390 


0.002 
0.006 
0.010 
0.030 
0.050 
0.080 
0.100 
0.120 
0.140 
0.160 
0.180 
0.200 
0.220 
0.240 
0.300 
0.340 
0.400 
0.600 
0.800 
1.000 
1.200 
1.400 
1.600 
1.800 
2.000 
2.200 
2.400 
2.600 


0.9X 10 
0.210 
0.11077 
0.2X 10 
0.1% 10 
04X10 
0.9X 10 
0.1 10 
0.2X10 
0.310 
0.510 
0.6X 10 
0.8X 10 
0.0001 
0.0002 
0.0003 
0.0005 
0.0014 
0.0030 
0.0056 
0.0092 
0.0139 
0.0199 
0.0272 
0.0358 
0.0456 
0.0565 
0.0682 


eee eeeaanena 


separation in question and 
B=3/kr—1/k, 
C= —3/k’r, 
D=3/kr—6/k'r’, 
F=6/Pr—1. 


AND OF. ©. 


NARDONE 
An alternate method of obtaining the phase shift 


under the assumption that it is small is provided by 
the following equation: 


(12) 


b= f VolNLN (br) Pir 


These phase shifts obtained by either method of 
calculation are quite small in accordance with the antici- 
pated behavior of the higher order phase shifts as the 
free-electron velocity approaches zero.‘~® 

The s-wave phase shifts are displayed as Table I. 
We have compared them with Robinson’s‘ and Klein 
and Brueckner’s® results. 

In Fig. 1 we have plotted the s wave functions for 
the k values 0.01, 0.08, 0.10, 0.30, and 0.80 atomic unit. 
For comparison the Born approximation is also plotted. 
Since the d wave so closely corresponds to the Born 
case, we have not shown it. In Tables II and III we 
have tabulated the computed s and d wave functions 
for k ‘values 0.01 and 0.80 atomic unit. 
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Absorption by Gaseous Helium in the Extreme Ultraviolet* 


Norman N. AXELROD AND M. PARKER GIVENS 
Institute of Optics, University of Rochester, Rochester, New York 
(Received February 2, 1959) 


The absorption by gaseous helium at room temperature has been studied in the spectral region 550 A to 
150 A. The measurements of Lee and Weissler have been confirmed and extended. The data are in sub 
stantial agreement with the theoretical predictions of Huang. 


E have examined the absorption coefficient of 

gaseous helium at room temperatures in the 
spectral region between 550 A and 150 A. Qualitative or 
semiquantitative determinations were made for the 
longer wavelengths and quantitative determinations 
were made in the region from 350 A to 150 A. Thus the 
work of Lee and Weissler,' who reported measurements 
between 780A and 250A, has been confirmed and 
extended to 150 A. 

Experimentally the information was obtained by 
introducing a known pressure (of the order of a few mm 
of Hg) of helium into a vacuum spectrograph? and 
measuring the intensity reaching the photographic 
plates as a function of the wavelength. The helium 
pressure in the source chamber was maintained con- 
stant during all the runs so that the absorption path 
was the light path from the slit to the grating to the 
photographic plate. From two runs at different helium 
pressures, the absorption coefficient is readily calcu- 


300) 


Fic. 1. Absorption of 
gaseous helium in the ex- 
treme ultraviolet. Theo 
retical curve (Su-Shu 
Huang) ———-; experi- 
mental curve ---. Ex- 
perimental points: @ ref- 
erence 1; ¥ this work. 


COEFFICIENT (K) in cm! (at S.7.R) 


ABSORPTION 





lated. The points reported represent averages from five 
independent determinations. 

The results of our measurements as well as those of 
Lee and Weissler are shown in Fig. 1. Lee and Weissler 
report, and we have also observed, a sharp absorption 
edge at 504 A; this is due to the photoionization of the 
helium atom. On the long-wavelength side of this edge, 
there is observed a series of very narrow resonance lines 
corresponding to absorption involving the transitions 
1s — np. The wavelengths of these lines are well known 
from emission studies.’ 

On the short-wavelength side of the edge (A<504 A), 
the absorption follows the theoretical curves to a 
reasonably good approximation. Theoretical curves 
have been calculated by Wheeler, Vinti,® and Huang.® 
One of these® is reproduced in Fig. 1. 

The probable error of the experimental points in the 
present data is 5.0 cm~. Considering this uncertainty 
and the general difficulty of measurements at these 
wavelengths, we feel that the agreement with the work 
of Lee and Weissler is remarkable. 


——— — — — — ~-@ 








gC 


! 
400 
WAVELENGTH (A)in A 


* Supported by a contract with Sandia Corporation, Albuquerque, New Mexico 


1 P. Lee and G. L. Weissler, Phys. Rev. 99, 540 (1955). 


? For a description of the instrument and details of absorption measurements, see C. J. Koester and M. P. Givens, Phys. Rev. 
241 (1957) and R. W. Woodruff and M. P. Givens, Phys. Rev. 97, 52 (1955). 
4 See, for example, W. H. Keesom, Helium (Elsevier Publishing Company, Amsterdam, 1942),"p. 412. 


‘J. A. Wheeler, Phys. Rev. 43, 258 (1933). 
5 J. P. Vinti, Phys. Rev. 44, 524 (1933). 
6 Su-Shu Huang, Astrophys. J. 108, 354 (1948). 
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Numerical Evaluation of Deuteron Stripping Cross Sections and Polarizations* 


W. TOBOCMAN 
The Rice Institute, Houston, Texas 
(Received October 2, 1958) 


The distorted-wave Born approximation is applied to deuteron stripping reactions. Optical potentials 
with rounded edges are used to distort the wave functions used in our calculations. It is found possible to get 
a fair fit to the (d,p) cross section in four cases and to the (d,p) polarization in one case with this treatment 


without introducing a cutoff. 


INTRODUCTION 


HE Butler theory' has had considerable success 

in the interpretation of the angular distributions 
of deuteron stripping reactions. Given a (d,p) or (d,n) 
reaction in which the incident deuteron has an energy 
well above the Coulomb barrier, the cutoff radius R in 
the Butler theory can be adjusted so that the Butler 
theory correctly describes the position and shape of 
the first peak in the experimental angular distribution. 
This theory is not nearly so successful in describing 
some other aspects of stripping reactions. It generallly 
underestimates the differential cross section in the 
backward angles relative to that for the forward 
angles, and contrary to experiment Butler theory 
predicts that the outcoming neutrons and protons are 
unpolarized. 

The Butler theory is based on the plane wave, cutoff 
Born approximation.’ By “cutoff” is meant that the 
Born overlap integral is limited to the region of con- 
figuration space where the captured particle is outside 
a sphere of radius R which is concentric with the 


R/o =10 











lic. 1. Comparison of the usual optical potential form factor 
f={1+exp[i(r—R)/a]}“ with the form factor used in our 
calculations, g=1 for r<R—2.239a and g=1.135{1+exp[i(r—R 
<0.239)/a]}™ for r>R—2.239a. 


* Supported in part by the Research Corporation and the U.S. 
\tomic Energy Commission. 

'S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
Rk. Huby, Proc. Roy. Soc. (London) A215, 385 (1952); F. L. 
Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953) ; Fujimoto, 
Hayakawa, and Nishyima, Progr. Theoret. Phys. (Kyoto) 10, 
113 (1953). 

?P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952); 
E. Gerjuoy, Phys. Rev. 91, 645 (1953); W. Tobocman, Phys. 
Rev. 94, 1655 (1954). 
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target nucleus. It has been shown’ that there is some 
hope of remedying the inadequacies of the Butler 
theory by using distorted waves instead of plane waves 
in the Born approximation integral. The hope of 
learning something of the extent to which the distorted- 
wave Born approximation (DWBA) treatment can 
provide an adequate description of the deuteron 
stripping reaction has been the motivation for this 
work. 

In this paper we will present the results of a DWBA 
calculation of the deuteron stripping cross section and 
polarization. The wave functions used in the Born 
integral are distorted by an optical potential with 
rounded edges. As a check on these wave functions we 








75 100 
] (C.M.) 


Fic. 2. Cross section for the elastic scattering of 8.10-Mev (lab) 
deuterons on B"°, Curves a and b are the cross sections predicted 
by optical potentials a and 6 (see Table I), respectively, while 
curve c is the Rutherford cross section. The circles represent the 
experimental elastic cross section for 7.7-Mev (lab) deuterons 
on Be®.? 


*W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 
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calculate the elastic differential cross sections predicted 
by them. 

The calculation was programmed for an IBM-650 
automatic computer. The time required to calculate a 
single case varied from 10 to 30 hours so that it was not 
practical for us to vary the parameters entering into 
the calculation to any great extent. Being unable to 
vary the parameters prevents us from determining the 
extent to which the DWBA can be made to provide a 
completely satisfactory description of deuteron strip- 
ping. The attainment of this goal is also hampered by 
the present lack of appropriate data. Nevertheless our 
calculations do indicate that the DWBA provides a 
better description of deuteron stripping than does the 
cutoff, plane wave Born approximation (Butler theory). 
This result is achieved without using a cutoff. 


CALCULATION 


According to the distorted-wave Born approximation 
treatment,‘ the deuteron stripping cross section for the 
(d,p) reaction is given by 


(2Je¢+1)MprMrpyijKe U B 
S Pra | ym | 2 


2(2J1+1) (21+-1) (2rh?)?K p m=! 


C1,p()= (1) 


while the polarization of the emerging protons is just 


4 (j-l) &, (+1) —m(m+1) }! ImBBet'* 


P(6)=- 
pe i; m Bmti* 


3 (2j+1) 
(2) 
where 


(2M,wR)! C1y(ty1) 


Br = —_——_—_ S drpr JS dry V rp( rpr)* ae 
he 1;(R) Tv] 


Y"(Qr )* 


XVvexp(tve)V¥or (toi), (3) 


i= the reduced width, Map = M,sMpr (Msa+Msz), 


STRIPPING 


CRUSS SECTIONS 








so 
Bic 


I'ic. 3. Cross section for the elastic scattering of 17.44-Mev (lab) 
protons on B", Curves a and 6 are the cross sections predicted by 
optical potentials @ and 6 (see Table I), respectively, while 
curve ¢ is the Rutherford cross section. The circles represent 
the experimental elastic cross section for 17.0-Mev (lab) protons 
on Bs 


M,=mass of the target nucleus; My=mass of the 
residual nucleus, M p= mass of the deuteron, M p= mass 
of the proton, My=mass of the neutron, r4g=separa- 
tion of particle A from particle B, #Kp=relative 
momentum of the proton and the residual nucleus, 
hKp=relative momentum of the deuteron and the 
target nucleus, Vyp=neutron-proton interaction, xp 


TABLE I, Important parameters characterizing the four cases calculated. 


A 
B0(d,p) BY 
Ep(Mev) 
Q(Mev) 
l 


J 
R(10- cm) 


Vip (Mev) 

W 1p(Mev) 
ajp(10-* cm) 
Rrp(19-8 cm) 
Vrp(Mev) 

W rp(Mev) 
arp(1078 cm) 
Rep(10-8 cm) 
y1j*(R) (Mev) 

yu" (1.4744) (Mev) 


—14 

0.68 

3.23 

— 50 

— 8 

0.40 
2.9 
0.0334 
1.79 


C4(d,p)Cat® 


B 2 Cc D 
Pb? (d,p) Pb2s Tit8(d,p) Tit* 


7.01 15.1 
3.30 5.41 
1 1 
3 3 
2 2 
6.15 8.74 
— 50 
—14 
0.68 
5.30 
- 60 
-10 
0.40 
4.26 
0.114 
0.395 


—50 
—15 
0.70 
8.60 
— 60) 
-10 
0.40 
7.12 
0.123 
0.123 


4.36 
0.293 
0.891 


4S. T. Butler, Nuclear Stripping Reactions (Horowitz Publications Inc., Sidney, Australia, 1957); W. Tobocman, Technical Report 
No. 29, Nuclear Physics Laboratory, Case Institute of Technology (unpublished). 
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~~ 160 
ane Bicm) 
— Fic. 4. B¢d,p)B™ cross section and polarization for 8.1-Mev 
Y (lab) deuterons. Q=9.24 Mev. The experimental points are 
id taken from references 5 and 6. The experimental points for the 
cross section are arbitrarily normalized to fit the theoretical 
. curves since the magnitude of the cross section was not measured. 
The curves were calculated with /=1, j7=3/2, R=5.2X10-" cm. 
(a) The Butler theory. (b) Butler theory modified to include 
Coulomb effects. (c) The cutoff distorted-wave Born approxima- 
tion using the optical potentials of set a. (d) The distorted-wave 
Born approximation using the optical potentials of set a. (e) The 
distorted-wave Born approximation using the optical potentials 
of set b. 
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DEUTERON STRIPPING 


=deuteron internal wave function, {j;(r)/r=radial 
wave function of the captured neutron, Y"(Q2) = spheri- 
cal harmonic, #/=orbital angular momentum of the 
captured neutron, #j= total angular momentum of the 
captured neutron, Jr=spin of the residual nucleus, 
J;=spin of the target nucleus, Vrp= wave function for 
the relative motion of the outgoing proton and the re- 
sidual nucleus, ¥Wrp=wave function for the relative 
motion of the incident deuteron and the target nucleus, 
and R=the cutoff radius. 

Although in this paper we present results only for 
(d,p) reactions, the program can be used for (d,n) 
reactions as well. 

The cutoff theory results when the integration over 
rx: in Eq. (3) is limited to the region where ryz>R. 
To get the Butler theory one replaces ¥*pr¥p; by 
expi(Kp-rpr—Kp-rp,) in the cutoff theory. 

If the captured neutron can be described by a pure 
single particle state, then the reduced width is given by 


WS y(R)? 

14=——_— = 7,/(8). (4) 
2MiwR 

If not, then this expression must be reduced by a 
factor representing the probability for finding the 
captured neutron in the single particle state char- 
acterized by the quantum numbers / and j. For those 
cases calculated with a cutoff, we give oap/yi;, the 
stripping cross section divided by the reduced width. 
For those cases calculated without a cutoff we use 
Eq. (4) for the reduced width. Thus for the non cutoff 
cases the calculated cross sections are upper limits. 

Another assumption used in the evaluation of the 
above expressions is the replacement of Vyp by a 
zero-range potential. It can be shown that the Butler 
theory results are quite insensitive to the range of Vyp, 
and this leads us to hope that the same is true for the 
distorted wave theory. Nevertheless, the use of the 
zero-range potential must be regarded as a shortcoming 
of our calculation. 

The wave functions for the relative motion of the 
incident deuteron and the target nucleus and for the 
relative motion of the emerging proton and residual 
nucleus are solutions of the following differential 
equations : 


+(ViptiWrp)go1+Upr— - 


| hv? h’K p* 
2Mip 2M1p 


+(Ver+iW pr) gpr+Upr— 


4 PF 414 PF 


| hv? WK p* 


CROSS SECTIONS 


Fic. 5. Cross section for the 
elastic scattering of 7.01-Mev % 
(lab) deuterons on Ca*. Curve (my 
a is the cross section predicted ‘er 
by the optical potential while 
curve 6 is the Rutherford cross 
section. The experimental 
points are for the elastic 
scattering of 8-Mev  (iab) 
deuterons on A®.! 
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optical potential. The form factor g is a flat-bottomed 
approximation to the usual form factor f. Given 


aiae (7) 


we take 
g=1, r<R—2.239a 


g=1.135{1+e"-8+0-20)/e)-1 R_2.230a<r. (8) 


Fic. 6. Cross section for the 
elastic scattering of 10.22-Mev 
(lab) protons on Ca‘, Curve 
a is the cross section predicted 
by the optical potential while 
curve b is Rutherford cross Op 
section. The experimental mp 
points are for the elastic ‘ster 
scattering of 9.5-Mev (lab) 
protons on A®,! 


10 


where Uxy is the Coulomb potential of a point charge 
e located a distance rxy from a sphere of charge of 
radius Rxy and charge Zye, and U+-(V+iW)g is the 
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Fic. 7. Ca“(d,p)Ca* cross section and polarization for 7.01-Mev (lab) deuterons. Q2=3.30 Mev. The experimental points are taken 
from reference 9. The experimental points are arbitrarily normalized to fit the theoretical curves since the magnitude of the cross section 
was not measured. The curves were calculated with 1=1, 7=3/2, R=6.0X10-" cm. (a) The Butler theory. (b) Butler theory modified 
to include Coulomb effects. (c) The cutoff distorted-wave Born approximation. (d) The distorted wave Born approximation. 


In Fig. 1 is a comparison of the two form factors for the asymptotically vanishing solution of 


d — U(t+4) 


the case where R/a= 10. 
For the region outside the target nucleus, the radial mie © ew 
wave function of the captured neutron is taken to be dr’ r? 
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hKy? 
=(Q+2.226 Mey, 


2Min 


Q being the Q value for the reaction. Inside the target 
nucleus we take ¢; to be a harmonic oscillator wave 
function 


b1(r) = Ar" exp(—Br/2) F(R (I+1—n) |1+$|Br), (10) 


where A and £ are chosen so that the value and deriva- 
tive of ¢; are continuous at the nuclear surface. 1 is 
chosen on the basis of the shell model assignment. 


RESULTS 
In Table [ are listed the four cases we have calculated 
and the important parameters involved. For each case 
we calculate 


(1) the cross section for elastic scattering of deuterons 
by the target nucleus, 

(2) the cross section for elastic scattering of protons 
by the residual nucleus, 

(3) the stripping cross section predicted by Butler 
theory, 

(4) the stripping cross section and the polarization 
predicted by Butler theory modified to include Coulomb 
interactions, 

(5) the stripping cross section and the polarization 
predicted by the cutoff distorted-wave Born approxi- 
mation, and 

(6) the stripping cross section and the polarization 
predicted by the distorted-wave Born approximation. 
Thus (1), (2), and (6) of each set give the theoretical 
predictions associated with a particular set of optical 
potential parameters. The difference between (3) and 
(4) provides a measure of the effects of the Coulomb 
interaction. The difference between (4) and (5) pro- 
vides a measure of the effects of the nuclear interactions 
(V+iW)g. Finally, the difference between (5) and (6) 
provides a measure of the contribution to the stripping 
cross section and polarization due to interactions that 
occur inside the cutoff radius R, the so called inside 
contribution. 


The calculated cross sections are plotted in Figs. 
2-13, together with appropriately normalized experi- 
mental cross sections. 

The B” case °~§ is an example of the kind of situation 
where one would expect the Butler theory to be valid. 
In this case the energy of the incident deuterons is well 
above the Coulomb barrier. Comparing Figs. 4(a) and 
4(b) we see that, indeed, the Coulomb interactions 
have a negligible effect on the angular dependence of 
the stripping cross section and give rise to a relatively 
small polarization. Comparing Figs. 4(b) and 4(c), we 

5B. Zeidman and J. M. Fowler, Phys. Rev. 112, 2020 (1958). 

6 J. C. Hensel and W. C. Parkinson, Phys. Rev. 110, 128 (1958). 


7F. A. El-Bedewi, Proc. Phys. Soc. (London) A65, 64 (1952). 
*G. Schrank (private communication). 
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Fic. 8. Cross section for the elastic scattering of 15.1-Mev (lab) 
deuterons on Pb®’, Curve a is the cross section predicted by the 
optical potential while curve 6 is the Rutherford cross section, 
The experimental points are for the elastic scattering of 15.1-Mev 
deuterons on Pb. 


see that the nuclear interactions do not affect the cross 
section angular distribution strongly but do have 
considerable effect on the polarization. Finally, in- 
spection of Fig. 4(d) reveals that the inside contribution, 
that is the contribution due to interactions occurring 
at r<R, does have a significant effect on both the cross 


Fic. 9. Cross sec- 
tion for the elastic 
scattering of 20.4- 
Mev (lab) protons 
on Pb™*§, Curve a 
is the cross section 
predicted by the op- 
tical potential while 
curve b is the 
Rutherford cross sec- 
tion. The broken 
curve is the experi- 
mental cross section 
for 17-Mev_ (lab) 
protons on Pb.* 
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Fic. 10. Pb®7(d,p) 
Pb™® cross section 
and polarization for 
15.1-Mev (lab) deu- 
terons.0=5.41 Mev. 
The experimental 
points are taken 
from reference 12. 
The experimental 
points are arbitrarily 
normalized to fit th 
theoretical curves 
since the magnitude 
of the cross section Op 20l 
was not measured. y 
The curves were cal- 
culated with /=1, j (abe 
=3/2,R=8.6X10-" 
cm. (a) The Butler 
theory. (b) Butler 
theory modified to 
include Coulomb ef- 
fects. (c) The cutoff 
distorted-wave Born 
approximation. (d) 
The distorted-wave 
Born approximation. 
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section and the polarization. Although the position of and the details of the cross section are sensitive to the 
the main peak of the cross section is unchanged, the optical potentials used to distort the deuteron and 
inside contribution increases the width of the peak and proton wave functions. In view of this fact, it would 
the cross section off the peak is considerably changed. seem possible to improve the fit of the distorted-wave 
Comparing 4(d) and 4(e), we see that the polarization Born approximation results with experiment by varying 
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the optical potentials. Figure 4(d) and 4(e) already 
represent a considerable improvement over Fig. 4(a), 
Fig. 4(d) giving the right value for the polarization at 
18° as well as giving an improved fit to the cross-section 
angular distribution. However, we lack the appropriate 
elastic scattering data to guide us in the choice of the 
optical potentials. In this case, as in most of our other 
cases, the data that appear on the elastic cross-section 
curves are not the appropriate data. In Fig. 3 the 
theoretical curve is for the elastic scattering of 17.44- 
Mev protons on B" while the experimental points are 
for 17.0-Mev protons on B"”. Similarly, in Fig. 2 the 
theoretical curve is for 8.1-Mev deuterons on B” while 
the experimental points are for 7.7-Mev deuterons on 
Be®. Such discrepancies are likely to be less important 
for the heavier nuclei involved in our other three cases 
than for this case. 

To sum up the results of the B(d,p)B" case, we 
find that the Butler theory correctly describes the first 
peak of the angular distribution. Nevertheless, the 
distorted-wave Born approximation gives a better fit 
and predicts large polarizations. It is interesting that 
the use of distorted waves have relatively little effect 
on the outside contribution so that the Butler treatment 
of this part of the interaction is adequate so far as the 
cross section is concerned. Still the inside contribution, 
which is neglected in Butler theory and which is 
strongly affected by the optical potentials, is found to 
play an important role in the reaction. 

The Ca“(d,p)Ca* case*" is one for which we would 
expect the Butler theory to fail because the incident 
energy is only about 1 Mev above the Coulomb barrier. 
However, in Fig. 7(a) we see that the Butler theory 
does give a fair representation of the first peak of the 
cross section. Comparing Figs. 7(b) and 7(c), we see 
that the success of the Butler theory in this case is 
due to a cancellation between the effects of the Coulomb 
interactions and the nuclear interactions. Comparison 
of Figs. 7(c) and 7(d) reveals that the inside contribu- 
tion has very little effect on the cross section but does 
have a strong effect on the polarization. In this case we 
find that with our choice of optical model parameters 
the DWBA gives an essentially perfect fit to the cross 
section. 

In the Pb”? case®8 the Coulomb effects are so 
important that the experimental cross section bears 
only a very slight resemblance to the Butler curve. 
The DWBA gives a fair fit to the data. It is to be 
expected that these results will be quite sensitive to 
variation of the optical model parameters. 

The Ti** case" is even more extreme than the Pb”? 


9W. R. Cobb and D. B. Guthe, Phys. Rev. 107, 181 (1957). 

10 Freemantle, Prowse, Hossain, and Rotblat, Phys. Rev. 96, 
1270 (1954). 

1 W. M. Gibson and E. E. Thomas, Proc. Roy. Soc. (London) 
A210, 543 (1952). 

2N.S. Wall, Phys. Rev. 96, 670 (1954). 

13H. E. Gove, Phys. Rev. 99, 1353 (1955). 

4 W. W. Pratt, Phys. Rev. 97, 131 (1954). 
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Fic. 11. Ratio of the cross section for the elastic scattering of 
2.6-Mev (lab) deuterons on Ti‘ predicted by the optical potential 
to the Rutherford cross section. 


case since the incident deuterons are far below the 
Coulomb barrier. Thus it is not surprising that the 
experimental cross section has no resemblance at all to 
the Butler theory cross section. Nevertheless, the 
distorted-wave Born approximation does give a fair 
representation of the experimental cross section. 


Fic. 12. Cross sec- 
tion for the elastic 
scattering of 7.2- 
Mev (lab) protons 
on Ti**. Curve a is 
the cross section pre- 
dicted by the optical 
potential while curve 
b is the Rutherford 
cross section. 
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Fic. 13. Ti**(d,p)Ti®* cross section and polarization for 2.6-Mev (lab) deuterons. The experimental points are taken from reference 14. 
The experimental points are arbitrarily normalized to fit the theoretical curves since the magnitude of the cross section was not measured. 
The curves a, b, c, d, and e were calculated with /=1, 7=3/2, R=6.18X10-" cm. (a) The Butler theory. (b) Butler theory modified 
to include Coulomb effects. (c) The cutoff distorted-wave Born approximation. (d) The distorted-wave Born approximation. (e) The 
distorted-wave Born approximation for various choices of the captured neutron wave function. The neutron wave functions used are 
shown in Fig. 14. The various cross sections are oe by different scale factors to facilitate drawing. (f) The distorted wave Born 
approximation for 1=0(j=0) ; /=1(j=3/2); l=2(j=3/2). 


The Ti*® case is of particular interest because it In Fig. 13(f) we see that the angular distribution of 
shows that with the help of the DWBA analysis it is the cross section still has enough structure to fix the 
possible, even with a small accelerator, to use stripping orbital angular momentum of the captured neutron. 
reactions to study the properties of the heavier nuclei. In Figs. 13(e) and 14 we see that the cross section is 
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Fic. 14. The neutron radial wave functions used in the calculation 
of the curves shown in Fig. 13(e). 


extremely sensitive to the inside contribution. Thus the 
sttipping cross section in this case can be used to test 


the wave functions proposed by the shell model theory. 


DISCUSSION 


We have found that the distorted-wave Born approxi- 
mation (DWBA) gives a better fit to stripping experi- 
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ments than the Butler theory in four particular cases. 
This is not surprising since the Butler theory can be 
regarded as an approximation to the DWBA. It also was 
not unexpected that a cutoff would be unnecessary in 
the DWBA. It had been thought that the large imagi- 
nary part and the large radius of the deuteron optical 
potential would make the deuteron wave function so 
small inside the target nucleus as to render the inside 
contribution negligible. This turns out to be false—the 
inside contribution is not negligible. Thus the meaning 
of the cutoff in Butler theory remains obscure. 

The degree of validity of the DWBA treatment for 
nuclear reactions remains to be ascertained. We will 
need more data and more calculations to compare with 
the data. The type of measurement that will be most 
useful in this task is one in which the elastic scattering 
cross sections associated with a given stripping reaction 
are determined. Related polarization and angular cor- 
relation measurements are also most useful. The point 
is that the theory for each of these processes involves 
the same set of optical model parameters so that each 
measurement gives a new set of conditions to be 
satisfied. 
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Decay of K**} 
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The decay of K* has been reinvestigated in an attempt to clarify the discrepancies existing in the ordering 
of the energy levels of Ca**. The external conversion spectrum showed lines corresponding to the following 
gamma-ray energies: 0.220+0.002, 0.371+0.002, 0.388-+-0.002, 0.394+0.002, 0.591+0.003, 0.614+0.004 
Mev. In addition a y ray of 1.005 Mev was observed in the scintillation spectrum. 8-y coincidence measure- 
ments establish that the gamma transitions to the ground state are the 0.371-Mev and the 0.591-Mev 
gamma rays and not the 0.614-Mev gamma as believed previously. These results and the y-y coincidence 
measurements indicate only one possible level scheme in Ca*: 0, 0.371, 0.591, 0.985, 1.373 Mev. These 
energy levels as well as their proposed spin and parity assignments are in good agreement with the results 
from the Massachusetts Institute of Technology nuclear reaction data. A two-cycle baffle for the solenoid 
8 spectrometer is described. This baffle reduces significantly the background due to scattered gamma radia- 


tion from very strong external conversion sources. 


INTRODUCTION 


HE] low-lying nuclear energy levels of Ca* have 

recently been the object of extensive studies.’~* 
The experimental determination of the level scheme of 
Ca® has been obtained from studies of the decays of 
K** and Sc*,* as well as from studies of the nuclear 
reactions Ca®(d,p)Ca® and Ca®(p,p’)Ca®*.® There were 
serious discrepancies between the results of the K* and 
Sc* decay studies. Furthermore, neither of the proposed 
possible level schemes for Ca® as deduced from 6-decay 
studies was in agreement with that found from the 
nuclear reaction data. The reaction data of Braams ef al. 
on Ca®(d,p)Ca® and Ca*(p,p’)Ca® indicated levels in 
Ca® at 0, 0.373, 0.593, 0.991, 1.394, 1.678 Mev as well 
as other levels at higher energies that cannot be fed 
by 8 decay. A consideration of the possible 6 and y 
transitions from Braams’ level ordering indicates that 
several y rays differing in energy by only a few percent 


may be emitted in the radioactive decays of K® and 


Sc. It was therefore suggested that the lack of agree- 
ment between the 6-decay data and the reaction data 
might be due to the inability to resolve several y rays 
in the decay studies. 

There has been intense theoretical interest in the 
level positions and spacing in the region of the Ca 
isotopes. The isotopes of 2oCa are sufficiently close to a 
doubly magic configuration to facilitate theoretical cal- 
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culations of level structure. Calculations of the level 
ordering and spacings for Ca have been performed by 
Kurath’ according to the j-7 coupling model, by Bohr 
and Mottelson,® who consider possible effects of surface 
coupling, by Ford and Levinson,® who performed a 
detailed calculation in the weak-coupling approxima- 
tion, and most recently, by French and Raz,'® who 
use a j-j coupling model including j-j7 mixed con- 
figurations. 

In view of the great theoretical interest in the levels 
of Ca®, it is important to ascertain a reliable energy 
level scheme for Ca®. It was hoped that a study of the 
decay of K* with a high-resolution 8-ray spectrometer 
and a selective coincidence scintillation spectrometer 
would clarify some of the discrepancies mentioned 
above. 


SOURCE PREPARATION 


K* was produced from the reaction A*(a,p)K*® by 
bombarding argon gas (99.6% A“) in the external alpha- 
particle beam of the Brookhaven National Laboratory 
60-in. cyclotron. Argon at two atmospheres pressure 
was contained in a 24-in. long, 6-in. diameter cylindrical 
brass chamber. The alpha-particle beam entered the 
container through a 0.002-in. duraluminum foil. After 
bombardment the argon gas was allowed to escape and 
the chamber was washed with several hundred cc of 
distilled water. The potassium activity is readily 
soluble in the water. Several drops of HCl were added 
to the water to form KCl and the water could be 
evaporated leaving the potassium salt behind. 

To prepare a source for the measurement of the 8 
spectrum, a 0.008-in. Cu absorber was added to the 
0.002-in. Al window in order to reduce the 40-Mev a 
beam to an energy of about 8 Mev. At this energy there 
are no significant activities produced other than the 


7D. Kurath, Phys. Rev. 91, 1430 (1953). 
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K*. The decay of these sources indicated a half-life of 
22 hours in good agreement with that reported in the 
literature. 

For the external conversion and y-ray measurements 
it was necessary to reduce the Cu absorber thickness 
in front of the gas cylinder in order to produce sufficient 
activity. For these bombardments the energy of the 
beam was only reduced to about 20 Mev with the use 
of a 0.005-in. Cu absorber. At this bombarding energy 
the activity was found to contain about 20% of the 
12-hr K® activity produced by the reaction A” (a,pn)K®. 
However, this contaminant does not interfere sig- 
nificantly with the y-ray measurements. 


TWO CYCLE BAFFLE 


The activity of the sources used for external con- 
version spectra are usually of the order of several milli- 
curies. Measurements of these spectra require very low 
gamma background. We have constructed a “two-cycle 
baffle” for the Columbia solenoid spectrometer in order 
to reduce the y-ray background from the source. For- 
tunately, the solenoid is sufficiently long to permit 
the use of a two-cycle electron trajectory and still 
maintain an entrance angle of about 45°. A schematic 
drawing of the two-cycle baffle, showing the sinusoidal 
electron trajectories, is shown in Fig. 1. The trace of 
the electron path on the plane perpendicular to the 
magnetic field consists of two complete superimposed 
circles. All adjustments for resolution are performed in 
the first baffle section. The annular openings in the 
second section are fixed for a resolution of about 2%. 
We have been able to adjust the second baffle so that 
the over-all transmission (at ~2% resolution) is 
reduced by less than 10% by the second baffle compared 
to the transmission of the first single baffle. 

The increased amount of lead between the source 
and detector in this type baffle, as well as the doubling 
of the source-to-detector distance, reduced the y-ray 
background from a 2-mC y source to almost zero. All 
the lead in the baffle system is covered with at least 
;s-in. aluminum coating to reduce electron scattering. 


EXTERNAL CONVERSION SPECTRUM 


The K* photoelectron spectra were investigated 
using both lead and uranium radiators. Sources of 
about 1 mC were placed in brass capsules thick enough 
to stop all electrons from both K* and K®. The surface 
density of the lead and uranium radiators was 11.5 
mg/cm? and 19 mg/cm’, respectively, and their diam- 
eter was 2.5 mm. The resolution of the spectrometer 
was 1.5%. 

Figure 2 shows the momentum distribution of photo- 
electrons from the Pb radiator. The K line correspond- 
ing to six gamma rays were identified. The y energies 
corresponding to these photopeaks were calculated 
from the position of the high-energy edge of the con- 
version lines. The high-energy edge of the 624-kev Cs!*’ 
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Fic. 1. Schematic diagram of the “two-cycle baffle.” 


internal conversion line was used for calibration. The y 
energies were also calculated from the peak position of 
the conversion lines using the peak position of the Cs!87 
internal conversion line for calibration and allowing 
for ~1.7-kev energy loss in the Pb converter. A spec- 
trum was obtained also with U converter. The y 
energies determined from the measurements with the 
U radiator were in excellent agreement with those 
obtained with the Pb converter. 

The energy of the resolved y rays are: y,;=0.220 
+0,002, y2=0.371+0.003, y3=0.388-0.004, y4=0.394 
+0.004, y;=0.591+0.006, and ys.=0.614+0.006 Mev. 
The errors quoted are due to the uncertainty in deter- 
mining the energy lost in the converter and in specifying 
the exact positions of the high-energy edges of the lines. 
The 1.000-Mev y ray reported previously was not seen 
in external conversion spectra because of its very low 
intensity and the low photoelectric cross section. 

The photoelectric cross section has a strong angular 
dependence which varies with energy. Because of the 
complex geometry of our source, converter, and spec- 
trometer trajectories, calculation of the relative effi- 
ciencies for photoelectron detection with varying 
energy is impractical. This dependence is, however, 
expected to be slowly varying over a small energy 
interval. By assuming that the efficiency is constant 
over a small energy interval we have determined the 
relative intensities Jy.:Jy3:J44=100:7:13 and inde- 
pendently, Js: [ys=16:100. The ratios Jy1:Jy2:Ty6 will 
be determined from the y-ray scintillation experiments. 

Some important aspects of the level scheme of Ca® 
are suggested from the accurate determination of the 
y-ray energies. It is clear that Ey2t+Fye= Exit Eos 
=0.985 Mev. Furthermore, Ey3— Ey2= Evs— Evs= En 
= 0.220 Mev. Both these relationships are determined 
experimentally to within ~5 kev. This information 
strongly suggests the energy spacing of four levels in 
Ca®, according to either Fig. 3(a) or Fig. 3(b). How- 
ever, the ordering of these levels must be determined 
from coincidence experiments. 


SCINTILLATION SPECTROSCOPY 
1. Single Gamma-Ray Analysis 


The spectrum of photons emitted in the decay of K* 
was studied in a 2-in.X2-in. NaI(TI) scintillation spec- 
trometer with a 20-channel pulse-height analyzer. The 
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Fic. 2. External conversion spectrum from a lead converter. The energy corresponding to the gamma rays whose K lines were 
observed is indicated. The region between 0.375 and 0.400 Mev is amplified 5 times and shown in the insert. 


spectrum is plotted in Fig. 4. Three gamma rays were 
identified at the energies of 0.375, 0.615, 1.005 Mev. 
When a 5-in.X2-in. lead block was placed behind the 
source, a line previously reported‘ at 0.810 Mev was 
observed, but it disappeared when the lead was removed. 
This peak may be explained as a pile-up of the back- 
scattered radiation and the 0.615-Mev peak. 

The 0.220-Mev gamma radiation seen in the external 
conversion spectrum was hidden in the scintillation 
spectrum by the back-scattered radiation from higher- 
energy gammas. 

Since the resolution of the detector is only 9% at 
661 kev, the 0.371-, 0.388-, and 0.394-Mev and the 
0.591-Mev and 0.614-Mev y rays form two compound 
peaks. The relative intensities Jy2:Jv3:Jv4 and J15: 16 
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ic. 3. Two probable schemes for the four low-lying levels of 
K* as suggested by the analysis of the gamma-ray external con- 
version spectrum. 


are known from the external conversion data. The in- 
tensities [y2+Jy3t+Jy4:Ivst+Jv6 can be obtained from 
the scintillation spectrum. It is therefore possible to 
calculate the relative abundance of these five y rays. 
The results are shown in Table I. The over-all efficiency 
of the scintillation detector as a function of energy was 
estimated to within 10% by a method outlined pre- 
viously." 

Special measurements were required to determine 
the relative intensity of the two fractions of the ap- 
parent 1.005-Mev line. The peak seen in the scintillation 
spectrum actually consists of two parts: the first is due 
to a real 1.005-Mev line in K*; the second comes from 
the pile-up peak at 0.985 Mev due to the two very 
strong lines at 0.371 and 0.614 Mev, a peak which 


TABLE I. Relative intensities of the gamma radiations of K*. 








Energy (Mev) Percent of total decay 
y: 0.220+0.002 
y2 0.37140.003 
0.388+-0.004 
ys 0.394+0.004 
ys 0.591+0.006 
ye 0.614+0.006 

yr 1.005+0.020 
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8548 

7+1 
11+1 
13+1 
81+8 

2+0.2 


 Koerts, Macklin, Farrelly, Van Lieshout, and Wu, Phys. 
Rev. 98, 1230 (1955). 
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cannot be resolved from a 1.005-Mev line. (It will be 
shown below that the intense 0.371- and the 0.614-Mev 
lines are in true time coincidence.) Two methods were 
used to obtain the relative contributions of these two 
effects. 

(a) A 2-mm lead absorber was placed between the 
source and detector, and the spectrum thus obtained 
was compared to the spectrum seen with the source in 
the same position but without Pb absorber. Let N be 
the source strength; 1, ke, ks; the relative intensities of 
the 0.371-, 0.614-, and 1.005-Mev transitions; €;, €2, €; 
the relative efficiencies of the counter for detection of 
these gamma rays; and let Ni, No, V3 be the number 
of counts in the spectrum corresponding to these 
energies, and w the solid angle subtended by the 
crystal: then 


N, = NRy€\w, (1a) 


N2= Noe, (1b) 
N3= Nhze3w+ NRyR2€1€20”, (1c) 


where the last term in (1c) gives the pile-up counting 
rate of the 0.614+0.371(=0.985-Mev) y rays. With an 
absorber between the source and the detector the 
number V’ of counts corresponding to the three gamma 
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Fic. 4. (a) K*® gamma-ray scintillation spectrum using a 
2-in.X2-in. NaI(Tl) crystal mounted on a 6292 Dumont photo 
multiplier. The source detector distance was 10cm. (b) Gamma- 
ray scintillation spectrum in the 0.800-Mev region with a block 
of lead placed behind the source. The 0.810-Mev peak is the pile-up 
of the 0.614-Mev gamma aad back-scattered radiation. 
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Fic. 5. (a) Gamma-ray spectrum in coincidence with the 
0.371-, 0.388-, and 0.394-Mev lines. (b) Gamma-ray spectrum in 
coincidence with the 0.591- and 0.614-Mev lines. (c) Gamma-ray 
spectrum in coincidence with the 1.005-Mev line. 


rays considered becomes 
Ny’ 
V / 


Nj’: . 


= NRyeqwe*"!", (2a) 


= NRe€qwe#24, (2b) 
NR3e3we “Had t. N Ri Ro€seqw*e~ (art ue)d (2¢ ) 


where y1, #2, and ws are the absorption coefficients in 
cm7 for each of the three gammas and d is the absorber 
thickness. The solution of Eqs. (1) and (2) yields the 
relative intensity of the true 1.005-Mev line: 

ky/ki= (2.840.3)%. 


(b) Several single gamma-ray spectra were taken 
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Fic. 6. (a) Gamma-ray spectrum in coincidence with electrons 
with Eg<0.820 Mev. (b) Gamma-ray spectrum in coincidence 
with electrons with Eg>0.820 Mev. 


varying the source-detector distance; the relative inten- 
sities of the gamma rays were compared as a function 
of the solid angle. 
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Fic. 7. Decay scheme of K*. 
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Using the same notation as in case (a), we can write 


N3 ks €3 
—=M= (- “) threw 


N, 1 €] 


If now M is plotted versus the solid angle w, then the 
intercept of the straight line with the M axis gives 
kze3/kie:, and therefrom k3/k; since the relative effi- 
ciences are known. The value of k3/k, obtained by this 
method is (2.3+0.5)%, which is in good agreement 
with that obtained from the lead absorption method. 


2. Coincidence Measurements 


(a) y-y coincidence.—The selective coincidence spec- 
trometer used was described in detail in a previous 
paper." The spectra of y rays in coincidence with the 
composite lines at 0.375, 0.615, and 1.005 Mev are 
shown in Fig. 5(a), (b), (c). An important feature is the 
fact that the 0.220-Mev line is seen in coincidence only 
with lines from the 0.371+-0.388+-0.394-Mev compound 
peak. The intensity of the 0.220-Mev lines can be 
estimated from Fig. 5(c). The estimate is made with 
an uncertainty of ~30% due to the large background 
in the peak region. 

(b) B-y coincidence.—Anthracene and NalI(T]) scin- 
tillators were used for the 6-y coincidence experiments. 
The y-rays spectrum in coincidence with the 6 rays 
within a certain energy interval were displayed on the 
20-channel analyzer. When @~ rays of energy less than 
0.812 Mev are selected, the coincident gamma spectrum 
is identical to the single gamma spectrum. But when 
B- rays of energy higher than 0.820 Mev are selected, 
the peak at 0.615 Mev shifts to lower energy (Fig. 6). 
This effect is in agreement with the decay scheme of 
Fig. 3(b) and not with Fig. 3(a). The relative intensity 
of the 0.371- and 0.591-Mev lines in coincidence with 
B- rays above 0.812 Mev are in agreement with the 
finally proposed decay scheme of Fig. 7. 


8 SPECTRUM 


The @~ spectrum was measured with the solenoid 
spectrometer. The momentum distribution obtained is 
shown in Fig. 8. Kurie analysis of the upper 0.300 Mev 
indicates that the ground-state transition has unique 
first-forbidden shape. The shape-corrected Kurie plot 
is shown in Fig. 9(a). Analysis of the lower groups was 


TABLE II. Relative intensities and log /t values of the 
various 6-ray transitions in the decay of K*. 








Energy (Mev) Percent of total decay 


B, 1.814+0.025 is 
Be a} 3.5 
By (1.224)" 
By 0.825+0.010 87 
Bs  0.465+0.050 8.2 





log fit=8.69 
log ft>7.4 
log fot= 5.50 








* Unresolved groups. 
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performed by successive subtraction methods. The 
results are shown in Fig. 9(b), (c), (d). The relative 
intensities and log ft values are given in Table II. 

The decay scheme of Fig. 7 suggests possible 6- 
groups with end points of 1.444 and 1.224 Mev. The 
Kurie analysis results in a group with intermediate end 
point ~ 1.24 Mev. This suggests that the two B~ groups 
are present and that the sum of their intensities is 
~3.5%. 

The end point of the most intense group is 0.825 Mev. 
Deviations from the linear shape of the Kurie plot 
begin below 0.465 Mev. Kurie analysis below 0.465 
indicates a group with end point ~0.465 Mev. The 
analysis is extremely sensitive to the successive sub- 
tractions and we therefore assign an error of 0.050 Mev 
to the lowest end point. The intensity of the lowest 
group has been determined from y-ray intensities since 
the effects of scattering in the spectrometer baffle and 
source are very likely to distort the spectrum in the 
low-energy region. 


0.388- AND 1.000-MEV y RAYS 


It is suspected from the @~ decay data that the 
0.388-Mev line is due to the decay of a level above the 
().985-Mev state. Experiments with a well-type crystal 
have confirmed this assumption. 

A K* source surrounded by a brass cylinder for 
absorption of all @~ rays was placed centrally in a 
1}-in.X2-in. Nal(Tl) well-type crystal. The pulse- 
height spectrum obtained is shown in Fig. 10. In the 
4 geometry of this experimental arrangement, y rays 
in coincidence are seen as a sum peak. The 1.000-Mev 
line seen in the figure is practically due to the sum 
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Fic. 8. Momentum distribution of the composite 
electron spectrum of K*. 


peak of the 0.371- and 0.614-Mev and the 0.394- and 
0.591-Mev y-rays. The peak at 1.375 Mev can be 
interpreted as the sum of the 0.388+0.371+0.614 
= 1.373- and 0.388+0.394+0.591 = 1.373-Mev y-rays. 
However, the intensity of the 1.375-Mev peak is well 
above the expected accidental coincidence rate. This 
evidence indicates a level at 1.375 Mev. The intensity 
of the sum peak is in agreement with this conclusion 
and the relative intensity of the 0.388-Mev peak from 
the conversion spectrum. 

The position of the 2.0% 1.00-Mev peak has not 
been definitely ascertained. It may be at either or both 
positions indicated in the decay scheme of Fig. 7. The 
relatively poor resolutions of scintillation spectrometers 
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Fic. 9. (a) Fermi- 
Kurie analysis of the 
high-energy group cor- 
rected with the unique- 
shape correction factor 

1/(p-+q°)}. 
(b) Fermi-Kurie plot of 
the unresolved second 
and third groups ob- 
tained by the subtrac- 
tion method. (c) Fermi 
Kurie analysis of the 
most intense 8 group, in 
the decay of K*. (d) 
Fermi-Kurie plot of the 
fifth 8 group obtained 
from three successive 
subtractions. Both the 
end-point determination 
and the relative inten 
sity of this group have 
large errors in view of 
the indeterminate scat- 
tering of electrons in the 
source and spectrometer. 
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Fic. 10, Gamma-ray scin 
tillation spectrum taken 
with a 13-in.X2-in. well 
type Nal (TI) crystal and a 
6292 Dumont photomulti 
plier. 











obviates the possibility of determining its position by 


coincidence methods. 


DISCUSSION 

The final proposed decay scheme of K, as presented 
at the New York American Physical Society Meeting 
of January, 1957,” is shown in Fig. 7. The energies of 
the Ca levels are essentially in agreement with the 
reaction data of Braams, and the recent K® decay 
scheme of Backstrém and Lindqvist.'* The discrepancy 
in energy between our 1.371-Mev level and Braams’ 
level at 1.394 Mev does, however, seem outside the 
limit of our experimental accuracy. If we assume that 
we have a small systematic error in determination of 
the photoelectron energy loss in passing through the 
Pb or U converter, which may accumulate by addition 
of several y-ray energies, we can still not explain this 
discrepancy. Braams’ level spacing between the 0.991- 
and 1.394-Mev levels would suggest that there should 
be a y ray of 0.403 Mev rather than 0.388 Mev. The 
proximity of the 0.388-Mev to the 0.371-Mev photo- 
electrons lines in our spectra, coupled with the excellent 
agreement between our 0.371-Mev y-ray energy and 
Braams’ 0.373-Mev first excited state strongly indicates 
that our 0.388-Mev -energy determination is correct. 
Shell model predictions and the ff values of the 8 


2 Benczer-Koller, Schwarzschild, and Wu, Bull. Am. Phys. 
Soc. Ser. II, 2, 23 (1957). 
8G. Backstrém and T. Lindqvist, Arkiv Fysik 11, 465 (1957). 


SCHWARZSCHILD, 


AND WU 

transitions of K* suggest the spin assignment indicated 
in our level diagram. The ground-state configuration 
frj2 of Ca® is based on the spin and magnetic moment 
measurement of Jeffries.‘ The unique first-forbidden 
(AJ = 2, yes) character of the ground-state 6~ transition 
indicates that the spin and parity of K® is 3/2+ in 
agreement with the shell model predictions. The 6- 
transitions to the 0.371- and 0.591-Mev states have 
large log ft value, implying negative parity for these 
states. Since the ® transitions to both the 0.991- and 
1.371-Mev levels are allowed, they each will have 
positive parities and possible spin assignments as indi- 
cated in the decay scheme. The underlined spin values 
are those favored by Lindqvist from y-y angular corre- 
lation measurements.!° 

The spin and parity assignments could also be made 
by analyzing the angular distribution of protons in the 
Ca®(d,p)Ca® stripping reaction.’® Unfortunately, the 
angular distribution measurements cannot be inter- 
preted uniquely. Nevertheless, the experimental data 
can be fitted by theoretical curves corresponding to the 
set of spins and parities for the levels involved which is 
not in disagreement with the predictions from the 8 
decay. 

There have been theoretical speculations regarding a 
possible high-spin state (9/2, 11/2, or 13/2) below 
1.5 Mev in Ca®, Such a level could not be found in the 
8 decay of K* due to the high degree of forbiddenness 
for such a transition. The evidence for a 0.810-Mev state 
as observed in the decay of Sc*,* which was assigned 
spin 9/2 by Lindqvist and Mitchell, is weak. Further- 
more, no such level has been observed in any of the 
nuclear reaction work. It should be noted that the 
recent theoretical analysis of Ca® levels by French and 
Raz does not require such a level in this energy region. 

The very successful analysis using j-7 coupling with 
mixed configurations by French and Raz” is in excellent 
agreement with our experimental results. The spin and 
parity assignments, as well as the level energies calcu- 
lated by them, are in agreement with our decay scheme. 
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The beta decay of Bk?* has been studied with a beta spectrometer. Bk®’ has two beta groups: 725415 
kev (894+1% abundant) and 1760+50 kev (11+1%% abundant). Conversion electron lines corresponding to 
42.2, 98.2, 890, 930, 990, and 1032-kev transitions were observed and their intensities measured. The in- 
formation obtained from crystal spectrometer singles and coincidence measurements was combined with 
beta spectrometer data to construct a decay scheme for Bk*® involving gamma vibrational levels in Cf*° 
analogous to those found in Pu**. The beta half-life of Bk?’ is 193.3+0.3 minutes. The electron capture 
partial half-life of Bk? is estimated to be greater than 50 hours. ‘The beta spectrum of Bk? shows an 
allowed or first-forbidden transition with an end-point energy of 125+:2 kev. 


I. INTRODUCTION 


ERKELIUM-250 has previously been observed as 

a neutron capture product of Bk™,' and as an 
alpha decay product of E**?* The accumulation of 
larger quantities of Bk™® from long intense neutron 
irradiations of plutonium has made possible further 
studies of Bk™’ and Bk®® using a beta-ray spectrometer 
and sodium iodide and anthracene crystal spectrometers 
in various coincidence combinations. A sample of Bk**° 
was measured in a thermal-neutron fission counter and 
a limit to its fission cross section was obtained. Mass 
spectrometric analysis of curium produced by irradi- 
ation of plutonium is used to estimate a limit to the 
electron capture half-life of Bk?®. 


II. EXPERIMENTAL 
(A) Preparation of Bk’ 


Bk? was formed in the irradiation of 0.04 microgram 
of Bk*™® oxide for 6-10 hours in one of the high-flux 
vertical thimbles of the Argonne reactor CP-5’. The 
thermal neutron flux in this position is estimated to be 
(2.5+0.5) X10" 2/cm? sec.* The berkelium was purified 
from californium and other contaminants by extracting 
berkelium in the +4 into di- 
(2-ethyl-hexyl)-orthophosphoric acid’ and by elution 
from a cation exchange resin column using 6M HCl as 


oxidation state 


eluting agent.® 

{ Based on work performed under the auspices of the U.S 
Atomic Energy Commission. 

! Ghiorso, Thompson, Choppin, and Harvey, Phys. Rev. 94, 
1081 (1954). 

2 Harvey, Thompson, Choppin, and Ghiorso, Phys. Rev. 99, 
337 (1955). 

3 Jones, Schuman, Butler, Cowper, Eastwood, and Jackson, 
Phys. Rev. 102, 203 (1956). 

4 This information was furnished by J. G. Condelos of Reactor 
Operations Division, Argonne National Laboratory; periodic 
measurements of the activity produced in Au foils were made. 

5 Peppard, Moline, and Mason, J. Inorg. Nuclear Chem. 4, 344 
(1957). 

6 A. Chetham-Strode, Jr., University of California Radiation 
Laboratory Report UCRL-3322, 1956 (unpublished), p. 14. 


(B) Beta Spectrometer Results 


The Argonne double-lens spectrometer’: was used 
to measure the beta and conversion electron spectra. 
The spectrometer was operated at a resolution of 3% 
and a transmission of 2%. The detector was a flow-type, 
end window, propane-gas proportional counter. The 
window of the gas counter was ~900 wg/cm? Mylar 
with 25 ug/cm? Au volatilized on the inside and had an 
energy cutoff of 18 kev. 

The berkelium samples were deposited from solution 
onto 1.7 mg/cm? aluminum foil. The }-inch diameter 
deposits were visible. More sophisticated source 
preparation was rejected because of the short lifetime 
and the small amount of activity (about 110° dis- 
integrations/min) available. The over-all chemical 
yields were of the order of 75% with about 90% of this 
actually transferred to the spectrometer sources. 

Two groups of beta particles were observed, the low- 
energy group being much more abundant than the high- 
energy group. In Fig. 1, a Fermi-Kurie’ plot of the low- 
energy beta group (obtained by conventional 
subtraction of the high-energy group) shows an allowed 
shape within the uncertainties afforded by the source 
preparation and backing and an end-point energy of 
725415 kev. The data show no evidence for the 
presence of a lower energy group. The Fermi-Kurie 
plot of the high-energy group (Fig. 2) appears to have 
an allowed shape, but the data are inadequate to rule 
out a first-forbidden unique shape, or to resolve the 
two components 42 kev apart in maximum energy that 
are indicated by coincidence work. The end-point 
energy of this group is 1760+50 kev. The abundance 
of the low-energy group is 89+ 1% and that of the high- 
energy group 11+1%. 

The beta spectrum in the region of the conversion 
electron lines of the 42-kev and 98-kev transitions is 
shown in Fig. 3. The continuum is the Bk***-*° beta 

7 Porter, Freedman, Novey, and Wagner, Phys. Rev. 103, 921 
(1956). 

* Porter, Wagner, and Freedman, Phys. Rev. 107, 135 (1957). 

® Tables for the Analysis of Beta Spectra, National Bureau of 


Standards Applied Mathematics Series No. 13 (U. S. Government 
Printing Office, Washington, D. C., 1952). 
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Fic. 1. Fermi-Kurie plot of the low-energy beta spectrum of 
Bk*®, Contributions from the high-energy Bk?” beta spectrum 
have been subtracted. 


spectrum. Figure 4 shows the beta spectra taken in 
the region of the conversion electron lines of the ~1- 
Mev gamma transitions. These lines consist mostly of 
conversion electrons from 1032- and 990-kev gamma 
transitions and possibly also of lines from 890- and 
930-kev transitions. Here the conversion electrons are 
superimposed on the beta spectrum of the high-energy 
Bk*® group. The energy and intensity of the conversion 
electron lines observed in Bk?” beta decay are listed in 
Table I. All of these lines decayed with a three-hour 
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Fic. 2. Fermi-Kurie plot of the high-energy 
beta spectrum of Bk?™, 


half-life. Conversion coefficient ratios calculated from 
these data are listed in Table II. The spectrum in the 
region of K conversion lines of 890- and 930-kev 
transitions (Fig. 4, Run II) indicates that such tran- 
sitions may be present although in very low abundance. 
Levels of Cf? at 0, 42.2, 140.4 (98.2442.2), 1032, and 
possibly a weakly populated level at 1074 kev can be 
deduced from these conversion electron measurements. 
The energy difference between the 1032-kev and 990- 
kev conversion electron lines suggests that the 1032-kev 
level de-excites by means of 1032-kev and 990-kev 
transitions to the ground state and 42-kev level, 
respectively. Scintillation counter measurements [ Secs. 
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Fic. 3. Electron spectrum of Bk*® in the region of the conversion lines from the 42.2- and 98.2-kev transitions. 
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TABLE I. Conversion electron lines observed in Bk?™ beta decay. 








Electron 
binding 
energy® 


Electron 
line Shell 
energy* converting 


Gamma 
energy 


Gamma-ray 
intensity 
per Bk?50 

decay® 


Total 
conversion 
coefficient 


Intensity 
per Bk? 
decay 








5.81° 

1,49¢ 
25.07 
19.95 


134.77 


42.11 
42.29 
98.35 
97.94 


989.6 


42.2+0.5 
98.2+0.5 


990 +5 
1032 +5 


~890 
~930 


134.77 1031.5 


134.77 
795 134.77 


d f 


0.0145 f 
pers 0.0286 . 


0. 0056 

0.0021 0.0077 

0.0044 

0.0015 
<0.0002 
<0.0002 


0.47 
0.0059 








* The Kiss line of Ce'44 was used for energy calibration of the conversion electrons. The value of Hp for this line, 1064.8 gauss-cm, was measured by 


F, T. Porter and P. P. Day (to be publishe 


b Binding energies were taken from Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 
© These binding energies represent weighted averages of the Mu and Mit and the Ni and Nim subshell binding energies. The values Mu / i =1.22 


and Nu/Nu1~™1 for the intensity ratios of these conversion electrons from the 44.11-kev level of Pu%# measured by W. 


Phys. Rev. 101, 746 (1956) were used in calculating these binding energies. 


G. Smith and J. M. Hollander, 


4 No intensities are reported for the 42-kev level because the transmission of these low-energy conversion electrons is uncertain for the window thickness 


used in this experiment. 
¢ Obtained from gamma scintillation measurements, this work. 
{ Gammas not observed. 


« Asaro, Stephens, Thompson, and Perlman, Phys. Rev. 98, 19 (1955), observed the 42-kev level of Cf* in the alpha decay of Fm* and report the 


conversion coefficient to be 750. 


II(C) and II(D)] established the magnitude of this 
branching. The 42- and 140-kev levels which emit 
highly converted E2 gammas have been observed in 
Fm** © alpha decay. 


(C) Scintillation Counting 


The gamma spectrum of Bk? from sodium iodide 
crystals was displayed in an Argonne 256-channel 
pulse-height analyzer." Three peaks were seen in the 
electromagnetic singles spectrum: a 1.005-Mev peak 
which beta-spectrometer conversion electron data 
show to be composed of 1.032- and 0.990- and possibly 
0.890- and 0.930-Mev components, the K x-ray peak 
which obscures any 98-kev gamma rays which might be 
present, and LZ x-rays. A 2}-in. diameter X 2}-in. thick 
thallium-activated sodium iodide crystal with a 180- 
mg/cm?* aluminum window was used to measure the 
energy and intensity of the composite peak at 1.005 
Mev. The efficiency of this crystal for various energies 


TABLE II. Electron conversion coefficient ratios 
in Bk?” beta decay. 








Energy of 
transition (kev) K/(L+M+N) 
42.2 
98.2 2.0 32 
990 ; 
1032 


Lu/Lin 2L/(2M+ZN) ZM/ZN 








~3.5* 








® This value is approximate because of the uncertain transmission of 
these it tiggl electrons. 


10 ante, Stephens, Thompson, and Perlman, Phys. Rev. 98, 19 
(1955). 

11R. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 
675 (1956). 


and geometries has been calibrated by Engelkemeir.” 
The ratio of energy width at half-height to the energy 
of the 1.005-Mev photopeak (resolution) was 11.7%. 
This shows that the 1.005-Mev photopeak must be 
composite since the resolution of the 1.064-Mev Bi?” 
photopeak was only 8.1%. This 1-Mev Bk?” gamma 
peak decayed with a half-life of 3.3 hours. 

The L x-rays were measured using a }-in. thick X 1}- 
in. diameter sodium iodide crystal with 70-mg/cm? 
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. 4. Electron spectrum of Bk?® in the region of the conversion 
lines from the ~1-Mev gamma transitions. 


2 Unpublished graphs obtained from Dr. D. W. Engelkemeir, 
Argonne National Laboratory. 
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beryllium window. The geometry of the counting 
arrangement used was determined by counting the 
60-kev gamma of a known Am*! source. The intensity 
value of 0.359 60-kev photons per alpha disintegration 
and escape peak correction of 11% determined by 
Magnusson" was used. 

To calculate the relative intensity of the 990-kev 
gamma (in coincidence with L x-rays from the highly 
converted 42-kev level) it is necessary to evaluate the 
number of / x-rays arising from various sources. L 
vacancies arise both from the filling of primary K 
vacancies and from direct conversion in the L shell. 
The conversion of the 990- and 1032-kev gammas is 
obtainable (Table I) from beta-spectrometer data. The 
number of vacancies in the LZ shell resulting from a 
vacancy in the K shell was estimated from the data of 
Beckman to be 0.7" The total conversion of the 
42-kev gamma in Cf**” has been reported” to be 750. 
The ratio of L: (M+) conversions of this gamma has 
been taken to be the same as that found for a similar 
44-kev £2 gamma transition in Pu** 2:1.'° The fluores- 
cence yield (photons per vacancy) of these L shell 
vacancies in californium was estimated to be 0.57 from 
an extrapolation of the treatment by Kinsey,'® assuming 
the relative conversion of 42-kev gamma in Ly: Ly: Lin 
to be 0.02:0.52:0.46 as extrapolated from Rose’s 
tables.!? These estimates (none of which are precise) 
imply that for each 42-kev transition in Cf? there will 
be 0.38 L x-ray photons of about 20-kev energy. 
L x-rays from conversions of other gammas and of 
42-kev gammas in coincidence with high-energy betas 
and with the 98-kev transition account for ~ 20% of the 
observed / x-rays. The abundance of the 990-kev 
gammas which are in coincidence with 42-kev transi- 
tions can be estimated by comparing the remaining 
number of / x-rays with the total number of composite 
1-Mev gammas shown by coincidence measurements 
(Sec. IID) to largely of 990-kev gammas 
populating the 42-kev level and 1032-kev gammas 
populating the ground state. The resultant 990-kev 
gamma intensity averaged from two runs is 0.5+0.1 of 
all high-energy gammas. 


consist 


(D) Coincidence Scintillation Measurements 


Both gamma-gamma and beta-gamma coincidence 
measurements were made. The crystals used in gamma 
counting have been described in the previous section. 
For beta counting a 4-in. thick by 1}-in. diameter 
anthracene crystal with a 1.37-mg/cm? plastic window 
was used. A “fast-slow”’ coincidence circuit similar to 
that of Bell, Graham, and Petch'® was used. The 


‘3 T,. B. Magnusson, Phys. Rev. 107, 161 (1957). 

“(. Beckman, Arkiv Fysik 9, 518 (1955). 

‘© W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
6B. B. Kinsey, Can. J. Research 26A, 404 (1948). 


17M. E. Rose, Internal Conversion Coefficients (Interscience 
Publishers Inc., New York, 1958). 
18 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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resolving time of this circuit is about 80 millimicro- 
seconds. In these experiments the sample was placed 
directly between the two crystals such that the 
geometry for each crystal was a measured value varying 
from 5 to 10%. 

Some of these coincidence measurements explored 
the relative branching of the unresolved gamma singles 
complex peak of 1005 kev. In one experiment the gate 
of the single channel analyzer was set to accept L 
x-rays and the high-energy gammas in coincidence 
with these x-rays were displayed in the 256-channel 
analyzer. A 3.6-g/cm? aluminum absorber was placed 
between the sample and the 23-in. crystal used to 
detect the high-energy gammas. The energy of the 
high-energy gamma peak observed was 990 kev which 
is appreciably lower than the gamma singles peak 
(1005 kev). The intensity of this 990-kev gamma 
coincidence peak was calculated using the geometry, 
efficiency, and the number of Z photons per 42-kev 
transition (0.38). A comparison of the intensity of the 
990-kev gamma coincidence peak with the intensity of 
the composite 1-Mev gamma singles peak showed that 
40% of the high-energy gammas go to the ground state 
of Cf. From beta-spectrometer conversion electron 
data for the 98-kev transition (which coincidence 
measurements show to be highly converted) the total 
population of the 140-kev state is 2.9% of all betas. 
Assuming that this level is populated entirely by 890- 
kev and 930-kev gammas, 3.3% of the high-energy 
gammas go to the 140-kev level and the remainder or 
57% go to the 42-kev state. This agrees with the 
branching ratio obtained from analysis of L x-ray 
singles data discussed in the previous section. Another 
experiment in which high-energy gammas gated the 
circuit and / x-rays in coincidence were analyzed, con- 
firmed this value. A weighted average of the gamma 
singles experiments and the ZL x-ray—high-energy - 
gamma coincidence experiments gives a branching ratio’ 
for the high-energy gammas of 44% to the ground state, 
53% to the 42-kev state, and 3.3% to the 140-kev state. 

Beta-gamma coincidence measurements showed that 
only low-energy betas were in coincidence with high- 
energy gammas. Both high-energy betas and low-energy 
betas are in coincidence with L x-rays. No high-energy 
betas were observed in coincidence with gammas in the 
98-kev region. This indicates either that the conversion 
coefficient of the 98-kev transition must be greater than 
50 or that the 140-kev level is not populated by beta 
decay. Comparison of the intensity of the high-energy 
betas (E>1.25 Mev) in coincidence with L x-rays, 
with the intensity of high-energy beta singles shows 
that about half of all high-energy betas are in coin- 
cidence with 42-kev transitions. This assumes that the 
140-kev level is populated predominantly by high- 
energy gammas. Combining this information with the 
value of 11% for the abundance of high-energy betas 
obtained from beta-specrometer data, 5.5% of the 





& DECAY: OF 
betas populate the ground state, 5.5% the 42-kev state 
and 89% the 1031-kev state. 

Several unsuccessful attempts were made to observe 
98-kev gammas in coincidence with high-energy 
gammas as well as the previously discussed measure- 
ments with betas. The lower limit of 50 which can be 
set for the conversion coefficient of the 98-kev transition 
is high compared with the conversion coefficient of 
about 27 for a 98-kev £2 transition extrapolated from 
Rose’s tables.!’7 An attempt was also made to find an 
892-kev gamma which would populate the 140-kev 
state. Comparison of the 990-kev gamma peak (in 
coincidence with Z x-rays) with a Zn® standard showed 
that an 892-kev peak might have been present. 


(E) Beta Half-Life of Bk” 


A sample of purified Bk? was counted with an end 
window proportional counter using an absorber to cut 
out the low-energy Bk’ betas. After subtraction of a 
single very long-lived component, the plot of the 
remaining activity versus time was a straight line for 
more than eight half-lives. Least-squares analysis of 
the data” gave a half-life value of 193.3+0.3 minutes. 
This value was crudely confirmed by decay of the 
high-energy gammas and the conversion electrons. 


III. SPIN AND PARITY ASSIGNMENTS FOR Bk** 
AND THE EXCITED LEVELS OF Cf* 


The 42.2-kev and 98.2-kev transitions, which have 
also been observed" in coincidence with the alpha 
decay of Fm, can clearly be identified with highly 
converted £2 transitions between the 2+ — 0+ and 
4+ — 2+ rotational levels based upon the ground state 
of Cf. The measured energy of the second excited 
state, 140 kev, is consistent with that predicted by the 
rotational formula /=(h’?/29)1(/+1). The value 
h?/29=7.03 kev, evaluated from the 42.2-kev (2+) 
level agrees with the values” calculated from the spacing 
of rotational levels of other heavy (A> 230) even-even 
nuclides. No lower values of h?/29 have been reported, 
implying that Cf? is as highly deformed as any nuclide 
in this region. 

The K conversion coefficients of the 990- and 1032- 
kev gamma are 0.012 and 0.011, respectively, in agree- 
ment with the values 0.011 and 0.010 for these energy 
£2 gamma transitions extrapolated from Rose’s tables.'” 
A 1-Mev £1 transition would have a _ conversion 
coefficient of ~ 0.0037. This implies that the 1032-kev 
level is not a (1—) single-particle state. The fact that 
a 1032-kev gamma was observed rules out the possi- 
bility of the 1032-kev level being a K=0, J=0, r=+, 
(0,0+) beta vibrational level since if this were the 
case a completely converted FO transition between the 


19 This was done by W. G. Greenhow, Applied Mathematics 
Division, Argonne National Laboratory. 

2” G. T. Seaborg, The Transuranium Elements (Yale University 
Press, New Haven, 1958), p. 229. 
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1032-kev state and the 0+ ground state would be 
expected. Two further possibilities are a (0, 2+) beta 
vibrational state or a (2, 24+-) gamma vibrational state. 
Alder ef al.” predict that the relative reduced transition 
probability from a beta vibrational state to the 0+, 
2+, and 4+ ground-state rotational levels will be 
1:1.43:2.57 whereas that from a gamma vibrational 
state to these levels will be 1:1.43:0.07. The reduced 
transition probability ratios calculated from the 
experimentally determined branching ratio of the 1032- 
kev level to the 0+, 2+, and 4+ levels of Cf? are 
1:1.5: <0.08 definitely favoring a (2,2+) gamma 
vibrational state assignment to the 1032-kev level. 

The small bump in the conversion electron spectrum 
(Fig. 4, Run II) corresponding to a 930-kev K con- 
version line suggests the presence of an ~1074-kev 
(2,3+) first excited member of a rotational band 
based on the 1032-kev (2,2+) level. Similar ‘‘excited”’ 
rotational bands have been observed in other nuclides 
with an energy spacing equal to that of the ground- 
state rotational band.” This 1074-kev (2,3+) state 
would be expected to decay to the 2+ and 4+ states 
of the ground-state rotational band by 1032- and 
934-kev E2 gamma transitions. The relative reduced 
transition probability for these two transitions was 
calculated using the formula given by Alaga e/ al.** and 
Clebsch-Gordan coefficients by Sears and Radtke.* A 
fifth-power energy dependence factor was used to 
calculate the (2, 3+ — 0, 2+-)/(2, 3+ — 0, 4+) 
branching ratio of 4.2 from the reduced transition 
probability. This ratio has not been experimentally 
verified since a 1032-kev gamma from the 1074-kev 
level is indistinguishable from a very abundant 1032- 
kev level to ground-state gamma. However, this ratio 
can be used to set an upper limit to the beta population 
of the 1074-kev level. Analysis of the conversion electron 
data shows the 930-kev gamma to consist of less than 
1.5% of all Bk* beta transitions (assuming an /2 
transition) and this information combined with the 
branching ratio of the 1074-kev level sets an upper 
limit of <8% to the population of the 1074-kev level. 
The experimental evidence for this level (a possible 
930-kev K conversion line) is weak and its existence is 
uncertain. 

Log fi values of 6.3 for the 725-kev beta group and 


8.7 for the two high-energy beta groups of Bk* have 


been calculated from Moszkowski’s nomogram.” The 
log ft value of 6.3 for the Bk?” beta decay to the 1032- 
kev (2,2+) state limits the spin of Bk? to being 
greater than 0 and similarly the value log f/=8.7 for 


21 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

2 A. S. Davidov and G. F. 
(1958). 

% Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

%B. J. Sears and M. G. Radtke, Chalk River Report TPI-75, 
August, 1954 (unpublished). 

*6S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 


Filippov, Nuclear Phys. 8, 237 
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Fic. 5. Proposed decay scheme for Bk*”. The intensities given 
represent the percentage of total beta disintegrations. To convert 
the gamma branching to percent of high-energy gammas, divide 
by 0.89. Dotted lines are used to represent transitions and levels 
which have been deduced from scanty experimental data and 
hence are considered to be tentative. 


the beta decay to the ground (0,0+-) state indicates 
that the Bk?” spin must be less than 3 and probably 
is not 24+. A 1+ assignment is also considered to be 
unlikely since in this case the beta decay to the ground 
state should be allowed and this is inconsistent with 
the log ft value of 8.7 for this transition. The remaining 
choices 1— and 2— are among the spin and parity 
possibilities obtained using Nilsson plots®® to assign 
probable orbitals to the odd neutron and odd proton 
in Bk? and the strong-coupling rules (for deformed 
odd-odd heavy nuclides) of Gallagher and Moszkowski?’ 
to combine these orbitals. 

The 1— assignment is consistent with equal beta 
branching between the 42-kev level and the ground 
state. However, with this spin assignment it is difficult 
to explain why the 725-kev beta transition to the 1032- 
kev (2, 2+) level should be so highly favored over the 
high-energy beta transition to the 42-kev (0, 2+) level 
since in each case AJ=1 and AK=1 and energy con- 
siderations favor the latter transition. This anomaly 
should not be used to rule out a 1— assignment because 
selection rules for the beta decay of highly deformed 
odd-odd heavy nuclides are not well understood. A 
(K=I=2, r=—) assignment to Bk*™ agrees well 
with the observed beta branching. The beta decay to 
the 1032-kev (2, 2+) level would be a first-forbidden 
AK=0, AJ=0 transition consistent with the logft 


26S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). The revised plots given by Stephens, 
Asaro, and Perlman, University of California Radiation Laboratory 
Report UCRL-8376, July, 1958 [Phys. Rev. 113, 212 (1959)'] 
were used, 

87 C, J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 
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value of 6.3. The transition to the 42-kev (K=0, J=2, 
m=-+) state would be inhibited by violation of the K 
selection rule AJ >AK.* The high log ft value, 8.7 for 
this first-forbidden, AJ=0 transition, is consistent 
with the postulated K forbiddenness. The log ft=8.7 
value is consistent with the beta decay to the ground 
state being first-forbidden unique. If the spin of Bk?” 
were 2—, about 3% population of the 140-kev level by 
beta decay would be expected. No beta decay to this 
state from a 1— state is likely. Since no measurements 
of high-energy beta particles in coincidence with con- 
version electrons from the 140-kev level were made, 
it is not known whether the 140-kev level is populated 
by beta decay as well as by high-energy gammas. The 
total population of the 140-kev level of Cf”, 2.9% of 
all betas, is well established from the presence of 98-kev 
conversion lines. Should part of this population arise 
from beta decay, the high-energy gamma branching is 
different than assumed in the decay scheme. 

Because a (2, 2—) spin assignment for Bk?” is much 
more consistent with the observed beta branching than 
a (1,1—) spin assignment, only the (2,2—) value is 
shown in the decay scheme in Fig. 5. The existence of 
the 1074-kev level is uncertain and therefore dotted 
lines are used to indicate the level and gamma branches 
from this level. 

It should be noted that the energy of the levels 
populated by Bk?” beta decay are nearly identical with 
the levels populated by beta decay of Np**, another 
odd-odd nuclide in this mass region.** Also, both Bk?” 
and Np*® in beta decay to the (0,2+) state show 
approximately the same degree of K forbiddenness. 
Neither Bk?” nor Np** seem to beta decay to a (0, 1—) 
level which is observed in many heavy even-even 
nuclides.” This is consistent with such a transition 
being K forbidden. 


IV. NEUTRON CROSS SECTIONS 


The course of irradiation of the heaviest elements in 
projected high-flux reactors would be affected if a 
substantial portion of Bk®® were to fission before it 
decayed or was transmuted into another heavy element. 
An attempt was made to measure the thermal neutron 
fission cross section of Bk®® in a set of back-to-back 
fission chambers in the thermal column of the Argonne 
reactor CP-5’. 

The berkelium was separated from californium and 
irradiated in a vertical thimble of CP-5’ for 380 minutes 
The product was again separated from californium. A 
large aliquot was mounted on a 5-mil platinum plate, 
and placed in the fission counter along with a similarly 
mounted Pu*® standard. The neutron fissionability of 
#8 Rasmussen, Stephens, Strominger, and Astrém, Phys. Rev. 
99, 47 (1958). 


*® Strominger, Hollander, Perlman, and Seaborg, Revs. Modern 
Phys. 30, 585 (1958). 
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the sample grew in a manner compatible with the 
growth of Cf“ in the sample from the beta decay of 
Bk, All half-lives were taken from reference 29. No 
decline in fissionability with the characteristic 193- 
minute half-life of Bk? was observed. 

A smaller aliquot of the irradiated berkelium was 
alpha-counted continuously for two weeks to determine 
the amount of Bk™® and Bk in the neutron fission 
counter. The alpha count increased rapidly, at first, as 
Cf? activity grew in from Bk? beta decay. A much 
slower linear growth of activity was due to Cf” from 
the beta decay of Bk™*. From this assay an upper limit 
of 1000 barns for the thermal neutron fission cross 
section of Bk? was calculated. This limit is substan- 
tially lower than an earlier estimate.” It implies that 
Bk? will undergo beta decay in a high-flux reactor 
without substantial loss to neutron fission. 

The growth of Cf?® alpha activity allowed the deter- 
mination of the ratio Bk” to Bk™ at the time of 
removal from the reactor. The thermal flux was esti- 
mated‘ from periodic measurements of gold foils at 
the site of the irradiation. These led to a pile capture 
cross section for Bk™® of 800 barns. The error is esti- 
mated to be +25%. 


V. LOWER LIMIT TO THE ELECTRON CAPTURE 
HALF-LIFE OF Bk 


Mass spectrometric measurements by C. M. Stevens 
set an upper limit of Cm? to be 5X10~’ of the total 
curium (about 6 mg) obtained by irradiating plutonium 
with 5X10” neutrons/cm?. In the same sample, about 
0.05 microgram of californium was produced, over 90% 
of which came from beta decay of Bk?®. If the burnout 
of californium and curium are neglected, these data 
lead to a lower limit to the Bk*® beta electron capture 
partial half-life of 50 hours. 


VI. Bk?** BETA DECAY 


The same beta-spectrometer source used to study 
Bk? was used to study the beta decay of 314-day 
Bk™*. The Fermi-Kurie plot of the single beta group 
observed (Fig. 6) shows a maximum energy of 125+2 
kev. Previous absorption measurements gave values 


30S. G. Thompson and M. L. Muga, Proceedings of the Second 
United Nations International Conference On the Peaceful Uses of 
Atomic Energy, Geneva, 1958 (United Nations, Geneva, 1959), 
Conf. 15/P/825; and University of California Radiation Labora- 
tory Report UCRL-8073 Rev., 1958 (unpublished). 
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Fic. 6. Fermi-Kurie plot of the Bk™® beta spectrum. The 
deviation from the straight line at the low-electron-momentum 
part of the plot is not inconsistent with the type of source and 
detector window used in this experiment. 


of 114+15 kev,*! 80+ 20 kev,® and 100+ 20 kev.® The 
source and backing are such that no particular sig- 
nificance should be attached to the deviation from the 
allowed shape. The log ft value is 7.1 which is consistent 
with the Nilsson orbitals 7/2+[633] for the 97th 
proton of Bk™® and 9/2—[734] for the 151st neutron 
of Cf“* suggested by Stephens, Asaro, and Perlman.” 
No conversion lines were seen in the spectrum, so if 
Bk** decays to some state other than the ground state 
of Cf the half-life of such a state is longer than a week 
or its energy is lower than 40 kev. 
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The angular distribution and total cross section for neutron inelastic scattering proceeding to the first 
excited state in sodium have been measured by observing the neutron-gamma coincidences. The measured 
total cross sections for the various neutron energies used are o7(3.49 Mev) =370+120 mb, o7(3.75 Mev) 
= 270+90 mb, and o7(4.00 Mev) = 280490 mb. The differential cross sections were found to be higher in 


the backward than in the forward directions 


INTRODUCTION 


HE success of direct interaction theories in 

predicting'® the angular distributions in nuclear 
reactions such as (p,p’) have made it desirable to obtain 
further information about (v,n’) reactions, to which 
these theories are also applicable. Inelastic scattering 
of neutrons has been observed by the use of photo- 
graphic emulsions’ and time-of-flight techniques.*~® 
However, energy resolution limitations prevent the 
separation of neutron groups corresponding to low-lying 
(less than 3 Mev) states from the elastically scattered 
groups for bombarding energies of several Mev. In- 
elastic scattering from such states can be observed by 
detection of the de-excitation gamma ray,’ and angular 
distributions have been measured* by detecting the 
scattered neutrons in coincidence with the de-excitation 
gamma ray. Angular distributions of neutrons following 
inelastic scattering proceeding to the 439-kev state in 
sodium have been measured by an improved gamma- 
neutron coincidence technique. The apparatus was 
designed to prevent detection of neutron groups cor- 
responding to other excited states. 


EXPERIMENTAL DETAILS 
Experimental Apparatus 


The neutron scatterer was sodium metal contained 
in a thin-walled cylindrical iron can. The axis of the 
cylinder was placed normal to the plane of the reaction 
formed by the centers of the neutron source, sodium 
scatterer and the scattered particle detector (see Fig. 
1). Neutrons scattered at an angle @ were detected in 
a stilbene scintillator which could be rotated about the 
sodium scatterer. The angular definition of the neutron 
detector as +6°. The de-excitation gamma rays were 


* This work supported by the U.S. Atomic Energy Commission. 
t Now at Physics Department, Northwestern University, 
Evanston, Illinois. 
1S. T. Butler, Phys. Rev. 106, 272 (1957). 
*C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 
‘Jennings, Weddell, Alexeff, and Hellens, Phys. Rev. 98, 582 
1955) 
K. O'Neill, Phys. Rev. 95, 1235 (1954). 
*L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1950). 
*L. Cranberg and J. S. Levin, Phys. Rev. 109, 2063 (1958). 
‘J. J. Van Loef and D. A. Lind, Phys. Rev. 101, 103 (1956). 
* Shipley, Owen, and Madansky, Bull. Am. Phys. Soc. Ser. IT, 
, 357 (1957). 


detected in a Nal(T) scintillator located perpendicular 
to the plane of the reaction along the axis of the 
scatterer. Both the neutron and the gamma-ray 
detectors were shielded from the direct neutron beam 
by a shield consisting of a mixture of boron carbide 
and paraffin. Lead shielding was used to attenuate the 
gamma rays arising from capture processes in the shield. 

A block diagram of the electronic circuitry is shown 
in Fig. 2. The resolving time of the fast coincidence 
circuit as measured by a delay cable curve was 8 mysec 
(millimicroseconds). The output of the fast coincidence 
circuit was somewhat dependent on the height of the 
pulse in the NaI(TI) detector for pulses corresponding 
to an energy of less than 1 Mev. No similar effects were 
present in the stilbene detector. The gate generator was 
triggered whenever a neutron detector pulse which 
exceeded a level E., defined by the amplifier and 
discriminator in the dynode output of the secondary 
detector, was also in fast concidence with a pulse in the 
primary detector. The corresponding pulse from the 
primary detector was recorded on a multichannel 
pulse-height analyzer. Inelastic scattering events were 
observed by measuring the photopeak corresponding to 
the 439 kev de-excitation gamma ray. 


Neutron Source 


Neutrons were produced by the H?(d,n)He’® reaction 
using a gas target 9 mm long at standard temperature 
and pressure. A nickel foil nominally 1.1 mg/cm? thick 
was used as an entrance port for the deuterons. The 
energy of the emergent neutrons was determined by 
the voltage of the Van de Graff accelerator, the energy 
losses of the beam in passing through the nickel foil 
and the gas target, and the angle between the neutrons 
and the incident deuteron beam. The actual foil thick- 
ness was determined from the mass and area of the foil ; 
energy losses in both the foil and the deuterium gas were 
determined from the data given by Allison and 
Warshaw.’ The total uncertainty in the average energy 
of the outgoing neutrons was less than 0.1 Mev at the 
energies used, and the calculated half-width of the 
energy distribution of the outgoing neutrons varied 
from 55 kev at 4.00 Mev to 95 kev at 3.49 Mev. 

an K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
(1953). 
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Fic. 1. Diagram of the experimental apparatus. The distance from the neutron source to the Na scatterer (r;,) was 41.1 cm 
and the distance from the Na scatterer to the secondary detector (rp,) was 15.7 cm. 


Two independent monitors of the neutron source for deviations attributed to leakage of gas from the 
were used in taking the data. The primary monitor target chamber, the two monitors agreed to within 
counted the number of protons from the competing +2%. 

H?(d,p)H* reaction at an angle of 90° to the deuteron The neutron source strength was measured with the 
beam. The protons were detected in a CsI(TI) scintil- same stilbene scintillator which was used to detect the 
lator after passing out of the reaction chamber through scattered neutrons. Only the relative efficiency of the 
a 1.1 mg/cm? nickel foil. The second monitor integrated detector for the two neutron measurements enters into 
the current which entered the reaction volume. Except the calculation of the total cross section. Since the 
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Fic. 3. Coincidence gamma ray spectra in the primary detector. 


The incident neutron energy was 3.75 Mev and the angle of 
neutron scattering was 60 


scattered neutrons had nearly the same energy as the 
direct neutrons, the relative efficiency was corrected 
only for the variation of the m-p cross section with 
energy. Analysis of the recoil proton spectra from 
monoenergetic neutrons incident on the stilbene 
scintillator indicated that multiple-scattering effects 
within the scintillator were negligible. 


Gamma-Ray Detection Probability 

The gamma ray detection probability of the primary 
detector is defined to be the fraction of the gamma rays 
emitted by the scattering material which produce a 
pulse in the photopeak of the NaI(TI) detector. The 
detection probability is dependent on the angular dis- 
tribution of the emitted gamma rays, internal scattering 
within the sodium metal, the geometry of the source- 
detector system, and the intrinsic photopeak efficiency 
of the detector. Because of the proximity of the detector 
to the source and scattering within the source, the 
calculation of the detection probability is extremely 
difficult. In this experiment the detection probability 
was measured using the 450-kev gamma rays following 
the decay of I'**. Natural iodine was formed into a 
source having the same geometry and internal scattering 
properties as the sodium. After the iodine had been 
activated by slow neutron bombardment, the absolute 
intensity of the 450-kev gamma rays was measured 
with NaI(T]I) scintillator located so that all the gamma 
rays reaching the detector had to travel a path parallel 
to the axis of the iodine source. With this geometry the 
measured source intensity could be corrected for scat- 
tering in the iodine. The detection probability of the 
primary detector was measured by replacing the sodium 
scatterer with the I source and determining the 
fraction of the 450-kev gamma rays detected in the 
photopeak of the primary detector. The measured 
detection probability was for an isotropic distribution 
of gamma rays. 

Background 


Unless proper precautions are taken, neutron groups 
other than the one corresponding to the first excited 
state of sodium can affect the measured angular dis- 
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TABLE I. Parameters of the least-squares fit. The errors for 
A and B are statistical, while those for or and or(E,)/o7r(4.00 
Mev) are total experimental uncertainties. 





oT 
mb 
—2.9+0.4 280+ 90 


—3.340.7 270+ 90 
—7.942.0 3704120 


En A B 
(Mev) (mb/steradian) (mb/steradian) 


o7 (En) /or (4.00) 


1.00 
0.94+0.15 
1.31+0.20 





22.6+0.4 
21.2+0.5 
29.5+0.9 


4.00 
3.75 
3.47 


tribution. Since at least one of the more highly excited 
states decays in part by a cascade through the first 
excited state,! detection of a 439-kev gamma ray does 
not insure that the first excited state was formed in the 
reaction. The slow circuit discriminator level £, in the 
neutron detector circuit was set above the maximum 
energy available to a neutron scattered from the second 
or higher excited states, so that these groups were 
completely eliminated. Since the elastically scattered 
groups do not produce a de-excitation gamma ray, they 
did not affect the results. 

The accidental background counting rate was 
negligible. A true coincidence background was observed 
corresponding to simultaneous events in the two 
detectors. The origin of this background was probably 
gamma-ray cascades following neutron capture in the 
shielding material, Since in a true inelastic event the 
gamma ray and the neutron are not detected simul- 
taneously because of the time of flight of the neutron 
(about 6 musec), the fast coincidence circuit was able 
partially to resolve the difference between the two types 
of events. The residual background in the observed 
gamma-ray spectra were almost entirely the result of 
the true coincidence background. 


Analysis of the Data 


The cross section for inelastic scattering from the 
first excited state of sodium is determined by the area 
under the photopeak of the 439-kev gamma ray from 
the de-excitation of the sodium nucleus, the efficiencies 
of the primary and secondary detectors, the geometry 
of the apparatus, and the strength of the neutron source. 
The 439-kev photopeak was superimposed on a back- 
ground spectrum (Fig. 3); in order to determine the 
number of counts represented by the photopeak, it was 
necessary to know the height of the background. The 
shape of the background spectrum was estimated by the 
use of a carbon scatterer which was designed to have 
the same elastic neutron scattering properties as the 
sodium scatterer. The carbon was contained in a can 
identical to the one for the sodium scatterer, so that 
any background arising from the container would be 
duplicated. 

The indicated shape of the background spectrum as 
obtained with the carbon scatterer was flat from 300 
kev to 800 kev, the upper limit of the multichannel 


1 J. R. Penning and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 
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Center-of-mass angular distributions. Eo is the energy of the incident neutrons. The straight line is a least-squares fit 
of the curve da/dQ=A +B cos@. The error bars represent the uncertainty due to the counting statistics. 


analyzer. At incident neutron energies of 4.00 Mev and 
3.75 Mev, the level of the background under the 439- 
kev photopeak was determined by averaging the 
counting rate in the region above the photopeak for 
each spectrum. However, at 3.49-Mev neutron energy 
this procedure did not produce a satisfactory difference 
spectrum, and the background was estimated from the 
counting rate on either side of the photopeak. 

The angular distributions were corrected for the 
change in the efficiency of the secondary detector 
arising from the variation of the energy of the scattered 
neutron with scattering angle. The angular distributions 
were transformed to the center-of-mass system. 


RESULTS 


The experimentally measured angular distributions 
are plotted in Fig. 4. The error bars on the experimental 
points represent the uncertainties arising from counting 
statistics. The angular distributions were fitted by the 
least-squares method to a curve of the form 


do/dQ2= A+B cos¢. (1) 


The parameters of the least-squares fit are listed in 
Table I. The uncertainties in A and B are the standard 
deviations calculated on the basis of the deviations of 
the experimental points from the fitted distribution. 
The total cross section o7 was obtained by integrating 
the fitted angular distribution; the listed uncertainties 
in or and in the ratio of the cross sections represent the 
total experimental uncertainty. 

The ratio of the cross sections has a smaller per- 
centage error than o7 since the ratio does not depend 
on the gamma-ray detection probability of the primary 
detector or the geometry of the apparatus, which were 
constant for all the runs. Furthermore, the efficiency 
of the secondary detector and the neutron source 
strength have possible systematic errors which would 
tend to cancel in the ratio. The total cross section is 
calculated under the assumption of an isotropic gamma- 


ray distribution. The shape of the angular distribution 
can be affected by errors in the energy of the neutron 
detector cutoff level EZ, and the energy of the neutron 
source. The maximum change in the parameter B as a 
result of these uncertainties is +25%. 


DISCUSSION 


The angular distribution of scattered neutrons is 
correctly defined without reference to the direction of 
the emitted gamma ray. Since in this experiment only 
gamma rays traveling in certain directions with respect 
to the plane of the reaction were detected, a nonisotropic 
neutron-gamma directional correlation would affect the 
experimental results. The geometry of the apparatus 
was such that the angle between the neutron counter 
and the gamma-ray counter remained fixed, so 
that the measured angular distribution will differ from 
the true angular distribution only if the neutron-gamma 
directional correlation is dependent on the angle through 
which the neutron is scattered. In measurements per- 
formed on the B"(d,n)C*(y)C® reaction," the neutron- 
gamma directional correlation was observed to vary 
as a function of the direction of the outgoing neutron, 
and similar effects may be present in inelastic scattering 
processes. 

It is felt that any changes in the measured neutron 
angular distribution arising from neutron-gamma di- 
rectional correlations would in fact be comparatively 
small. The gamma-ray counter accepted gamma rays 
traveling in a rather broad range of angles, and it was 
located symmetrically about the axis of the scatterer. 
In any event, the precise nature of any change can be 
calculated by the appropriate theory. 

The measured distribution is asymmetric about ¢=90°. 
Such an angular distribution cannot be explained by a 
compound nucleus model in which parity is a good 
quantum number. If there is a region of overlap between 


1 Rask, Ames, Edwards, Madansky, and Owen, Bull. Am. 
Phys. Soc. Ser. II, 2, 351, (1957). 
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the resonances arising from two compound nucleus 
states having different parities, it would be possible to 
form a state which is not an eigenfunction of the parity 

operator. The total cross section data’ for elastic 

neutron scattering on Na* in this energy region shows 
considerable structure which may arise from over- 
lapping resonances of the compound nucleus. In this 


2 Meier, Ricamo, Scherrer, and Zunti, Helv. Phys. Acta 26, 451 
(1953) 
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experiment it was not possible to determine if resonance 
structure was present in the inelastic scattering process 
because of the width of the energy distribution of the 
neutron source and other experimental uncertainties. 
An attempt is being made to compare the data with 
a direct-interaction model. The high backward cross 
section may arise from an exchange process similar to 
heavy-particle stripping.” 


18 T,, Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 
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Determination of the Dipole Moment and Isotope Shift of Radioactive Hg'®’ 
by ‘Double Resonance’”* 


ApRIAN C. MELIssINost 
Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received January 8, 1959) 


Paramagnetic resonance was established between m-sublevels (Am=+1, AF=0) of the *P; state of 
radioactive Hg" at 3000 Mc/sec. From these data the nuclear interaction constant A was found to b« 
513.54+1)10-% cm™, and barring hfs anomalies it lead to a ratio of moments jig7/j199 = A 197/A 199 = 1.045; 
further, the nuclear spin of Hg'*’ was ascertained to be §. The double resonance was combined with magneto- 
optic scanning to give the isotope shift of Hg'®’, which was found to be in the 2537 A line + (9145) K10™* 
cm from Hg". The radioactive mercury was produced by the Au"7(d,2n)Hg"’ reaction and used in vapor 
form. Satisfactory signals were obtained with as few as 3X10" atoms 


INTRODUCTION 


c2 


HE hyperfine structure (hfs) of the 2537 A line of 
radioactive mercury was partly analyzed in pre- 
vious work by Bitter ef a/.,! and the dipole moment of 
Hg!’ was found to be 4% larger than that of Hg™. 
It was decided to attempt to produce a microwave 
resonance at 3000 Mc/sec between the m-sublevels of 
the *P, state of this isotope. This would provide a more 
accurate value (1 part in 500) for the splitting between 
the f=} and F=}3 levels; and a combination with 
magneto-optic scanning would give a reliable value for 
the isotope shift. Further, the feasibility of the reso- 
nance experiment at this low frequency would allow us 
to proceed to a 22 000-Mc/sec experiment for the direct 
determination of the F=$—F = $ interval. 
The “double resonance” principle is described by 
Brossel and Bitter?; magneto-optic scanning, in refer- 
ence 1. The combination of these two principles as 


* This work, which was supported in part by the U. S. Army 
(Signal Corps), the U. S. Air Force (Office of Scientific Research, 
Air Research and Development Command), and the U. S. Navy 
(Office of Naval Research), is based on a thesis submitted by the 
author to the Department of Physics, Massachusetts Institute of 
Technology, in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy (September, 1958). 

7 Present address: Department of Physics, 
Rochester, Rochester, New York. 

1 Bitter, Davis, Richter, and Young, Phys. Rev. 96, 
(1954). 

2 J. Brossel and F. Bitter, Phys. Rev. 86, 308 (1952). 
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applied to natural mercury is given by Sagalyn et al. 
We used'the same apparatus in the present experiment 
and shall not redescribe the procedure and experimental 
arrangement. As a matter of fact, since the spins of 
Hg" and Hg™ are both 3, the situations are identical, 
so that we observed in the /'= 3 level the two resonances 
m=—}— m=-—3 and m=+}— m=+3. The energy 
of the m-sublevels versus field, and the location of the 
resonances are shown in Fig. 1. 


PREPARATION OF THE SAMPLES 


Radioactive mercury was produced by bombarding a 
gold target with deuterons according to the Au’%7- 
(d,2n)Hg'*’ reaction. This method for producing neu- 
tron-deficient isotopes of mercury, as well as the 
Au'*7(p,0n)Hg"*-* reaction are well known‘ with x as 
large as 7. The nuclear energy-level schemes are fairly 
well established (Fig. 2), and the odd isotopes are 
known to have an isomeric state because of the avail- 
ability of the i+3=13/2 subshell. 

We used 15.2-Mev deuterons at a beam current of 
40 amp with a 12-hour bombardment. This gives a 
very good yield of radioactive mercury, approximately 


4‘ Sagalyn, Melissinos, and Bitter, Phys. Rev. 109, 375 (1958). 

‘Huber, Humbel, Schneider, and de-Shalit, Helv. Phys. Acta 
24, 127 (1951). 

® Gillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 
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Fic. 1. The m sub- 
levels of the *P; state 
of Hg'*? in a mag- 
netic field. 





ISOTOPE 


SHIFT OF Hg!9? 


! 





2X10" atoms. Since the threshold for the Au(d,4n)Hg"® 
reaction is above 20 Mev, Hg!’ and Hg’* were the 
only radioactive isotopes produced; however, 15 Mev 
is well above the Au(d,37)Hg® and Au(d,n)Hg!% 
thresholds, so that stable Hg'** and Hg!®* were produced 
as well. (This was determined spectroscopically.) 

Since the yield was satisfactory, our main problem 
was the purity of our samples; principally, freedom 
from natural mercury contamination. Our procedure is 
a slight modification of the methods used by Wien and 
Alvarez® and by Bitter ef a/.1 Our target was a 0.005- 
inch gold strip of commercial grade of high purity. It 
was heated for two hours to 1000°C under vacuum to 
remove as much natural mercury and other contamina- 
tions as possible. After the bombardment was com- 
pleted, the gold target was cut in smaller pieces and 
sealed in a quartz boiler. It was then baked at 200°C 
for two hours under vacuum; this operation removes 
from the gold target all natural mercury that has 
adsorbed on its surface during the bombardment stage, 
and unless it was performed our cells were always 
seriously contaminated. 

Once the gold target is cleaned, it is melted with an 
induction heater or an oxygen torch; the melting 
releases the mercury, which is then caught on a clean 
contorted piece of gold inserted in the pumping lead. 
With some care it is easy to “catch” 100% of the 


6 J. Wien and L. W. Alvarez, Phys. Rev. 58, 1005 (1940). 
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radioactive mercury on the clean gold without losing 
any. Finally, the mercury can be transferred from the 
“catcher” to the cell by moderate heating (200-300°C). 

To discriminate between the various radioactive 
isotopes present, we used a 256-channel y-spectrum 
analyzer, and it was easy to identify the Au, Hg'?, 
and Hg’*™* peaks. The energy of the beam in the target 
was from 14.6 to 7.2 Mev, and the following relative 
yields were obtained: 


Hg" ~ 17%; Hg"7~ 54% ; Hg*~ 17%; Hg!~ 12%. 


Another problem that arose in connection with the 
samples was the behavior of the quartz cells. Under 
the intense radiation from the sample, approximately 
15 millicuries (mC), the quartz acquired a purple color; 
this was caused by F centers, since under moderate 


Fic. 2. The ac- 
cepted nuclear en- 
ergy levels and decay 
scheme of radioac- 
tive Hg!” (according 
to reference 5). Note. 
—The number at the 
top on the right side 
of the figure should 
be 25 (hours) rather 
than 23 (hours). 
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nm 


INCREASING “SPLITTING” FIELO —=— 


SCANNING FIELD SETTING 
FROM Hg'98 + 265mK 


heating the original transparence was restored. What 
was worse was the release in the cell of large amounts 
of foreign gas (mainly hydrogen) which completely 
quenched the resonance radiation. Thus we had to 
prepare cells with small amounts of radioactive ma- 
terial; the strongest sample to be successfully used was 
only 1 mC; this amounts to approximately 1.210" 
atoms, and to a corresponding density of 4X 10'? atoms/ 
cm? in our cell. Thus we could not reach the optimum 
density for our geometrical configuration (as deter- 
mined with Hg’), which was 10% atoms/cm*. (More 
details on the preparation of the samples are given in 
the author’s Ph.D. thesis.’) 


EXPERIMENTAL ARRANGEMENTS AND RESULTS 


The experimental arrangement is essentially the same 
as the one described in reference 3, the only difference 
being that the microwaves were modulated at 30 cps. 
The detection was achieved by means of a narrow-band 
phase-sensitive (lock-in) detector. The detector was of 
the “diamodulator” type,* and was capable of effective 
bandwidths of the order of 0.01 cps, while 0.1 cps was 
commonly used. A commercial ferrite isolator, and a 
variable water-glycol attenuator? were used in the 
microwave line with satisfactory results. 

The microwave frequency was 3053.2 Mc/sec, and 
the two resonances were observed at “splitting field” 
values of 2, 081.5 and 2, 384.7 gauss, respectively. The 
results for these resonances are summarized in Table I, 


7A. C. Melissinos, Ph.D. thesis, Massachusetts Institute of 
Technology, 1958 (unpublished). 

8 Chance, Hughes, MacNichol, Sayre, and Williams, Wave- 
forms, Radiation Laboratory Series (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Vol. 19. 

*D. Alpert, Rev. Sci. Instr. 40, 779 (1949). 
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Fic. 3. The F=3, 
m=+4>m=4+3 
resonance of Hg'%? 
and Hg’. Scanning 
field set at +265 mK 
and at +340 mK. 
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where we also give the value of the splitting field for the 
corresponding Hg’ resonances. 

Even though the splitting field for Hg!’ and Hg™ is 
very close, it is well outside the experimental error of 
the proton resonance measurement used for the field 
determination. As a matter of fact, in a cell contami- 
nated with natural mercury it was possible to observe 
the Hg’*” and Hg™ resonances simultaneously (Fig. 3). 
' The resonance signal obtained for the m=+}—m 
= + transition from an uncontaminated Hg™” cell is 
shown in Fig. 4. The signals obtained at various settings 
of the scanning field have been superimposed to show 
the construction of a scanning curve. The center of the 
scanning curve gives the position of the initial m-sub- 
level (in this case, the m=+3). 

To obtain the value of the nuclear dipole interaction 
constant, we apply the formula” 


A= (Ay’—AyH)/(H— Ay), 


where H=gjuoB in cm~, B being the splitting field, 
and Avy= fu,/c, where fug is the microwave frequency. 


TABLE I. Summary of experimental results.* 


Micro- 
wave 
fre- 
quency 
(Mc/ 
sec) 


3053.2 
3053.2 
3053.2 
3053.2 


Zero-field 

position 

Splitting Scanning of F =3/2 
field field level 
(gauss) (mK) (mK) 


2081.5 302.4447 349.8 
2076.7 
2384.7 
2393.0 


Isotope 


Hg!? 
Hg'® 
Hg” 
Hg” 


Transition 








m= —1/2 ~m=-—3/2 
m= —1/2 +~m=—3/2 
m= +1/2 ~m=+3/2 
m= +1/2 +~m=+3/2 


408.7_;*4 





*1 mK (millikayser) =10-* cm™. 
10 A. C. Melissinos, Quarterly Progress Report, Research Labo- 


ratory of Electronics, Massachusetts Institute of Technology 
(January 15, 1957), p. 28. 
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This gives the following results: from the m= —}—> m 
=—} resonance, A=513.0+2 mK [where 1 mK 
(millikayser)=10-* cm~']; from the m= +4 — m=+3 
resonance, 4=513.8+1 mK. We accept A197=513.5 
+1 mK, and since A jgg= 491.5+0.5 mK,*"" 


T197X Ajy7 7 
Kis7=— —piy9 = 0.527+0.001 nm, 
Ti99X A 195 


where we adopted j199= 0.5043 nm from reference 11. 
The magneto-optic scanning data (see Table I) 
provide the location of the F= 3 level with respect to 
Hg** (+347.5 mK); thus, we calculate the isotope 
shift of the center of gravity of Hg’ from Hg"* to be 
+91+5 mK. Further, because our samples contained 
Hg'* in a high relative concentration (179%), even- 
isotope resonance was easily established in Hg!™, and 
the isotope shift of Hg®* was measured as +137+4 mK. 


DISCUSSION OF THE RESULTS 


From the results reported, it is seen how powerful the 
“double resonance” method is in the case in which 
only extremely minute samples are available. Indeed, 
the fact that a paramagnetic resonance signal was 
obtained with as few as 3X10" atoms is gratifying. An 
attempt to obtain resonances from the isomeric atom 
Hg"”* has not yet been successful, mainly because of 
the high nuclear spin (J=13/2), but the hfs has been 
investigated spectroscopically.'* 

Table II gives the isotope shifts in the 2537 A line, 
obtained by the ‘“‘double resonance” and “scanning” 


TABLE II. Isotope shifts in the 2537 A line of natural mercury. 


Relative 
Relative _ shift in pair 
shift in pair ———————_ 
—_—_———— 200-202 
200-202 shift (from 
shift reference 13) 


Isotope shift 
Isotope (mK 
196 +137 
197 + 91 
198 0 
199 — 16 
200 —156 
201 —216 
202 — 339 


Isotope pair 


196-198 0.74 
197-199 
198-200 
199-201 
200-202 


0.90 


1.00 


202-204 
204 —519 


11 J. Blaise and H. Chantrel, J. phys. radium 18, 193 (1957). 
12,4. C. Melissinos and S. P. Davis, following paper [Phys. 
Rev. 115, 130 (1959) ]. 
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Fic. 4. Superposition of double resonance signals from the F = §, 
m=+}— m=-+ transition, to show the construction of the 
scanning curve for the F=$, m= +4 sublevel. 


combination, of a total of eight mercury isotopes. In 
column 4 we give the ratio of the even-even and odd-odd 
isotope shift differences with respect to the 200-202 
interval; in column 5 we give the same ratios according 
to a recent compilation by Brix and Kopfermann,"” 
mainly from other mercury lines. It is seen that even 
after the even-odd staggering is neglected, large isotope 
shift anomalies still prevail, which might yield useful 
information about the electric charge distribution of 
these nuclei. 

Finally, we want to mention that with the present 
apparatus we made measurements of the lifetime of the 
’P, state of Hg!*, using the method described in refer- 
ence 2. We performed our measurements at vapor 
pressures corresponding to 0°, 13°, 25°, 37°, and 61°C 
and found consistently at all temperatures T= (1.2 
+0.2)X10-7 sec. This is in disagreement with the 
findings of Guichon ef al.,* but we attribute this lack 
of “pressure narrowing” to the small dimensions of our 
cell (1%1X1 cm). 
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Dipole and Quadrupole Moments of the Isomeric Hg'*’* Nucleus; 
Isomeric Isotope Shift* 
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The hyperfine structures of five optical lines of 65-hour radioactive Hg!” and 25-hour isomeric Hg'*”* 
were measured. Radioactive mercury produced by cyclotron bombardment and excited in electrodeless 
discharge tubes containing as few as 5X10" atoms, free of natural mercury, gave adequate light intensities. 
The analysis of the hyperfine structure confirmed the magnetic dipole moment and isotope shift of Hg!*” in 
its ground state (J = 4), and gave the following values for Hg!*"* (based on J =13/2) : wi97*= —1.04+0.01 nm; 
Qiy7e = (1.50.3) X 10-4 cm?; isotope shift displacement (from Hg" in the 2537 A line) +70+7X 1073 cm. 
Thus an isomeric shift of atomic energy levels resulting from the excitation of the nucleus from its ground 
state /=4 to the isomeric state J=13/2 is observed. In the 2537 A line of mercury this shift amounts to 


—21+6X10% cm. 


INTRODUCTION 


E report here the results of a spectroscopic in- 

vestigation of several optical lines of the radio- 
active Hg"*’* isotope; the nucleus of this atom is in a 
25-hour excited isomeric state (J= 13/2). The existence 
of this nuclear isomeric state has been known for several 
years and has been discussed in various papers.'~ The 
nuclear energy level scheme for Hg’ was determined 
by analyzing the spectrum of the internal conversion 
electrons, combined with coincidence? and angular cor- 
relation‘ measurements; it is shown in Fig. 1. The 
proposed spins for the 25-hour isomeric and 65-hour 
ground states (J=13/2 and J]=1/2, respectively) are 
in agreement with the shell model® and were confirmed 
by our results. 

In an early paper® several new components in the 
2537 A resonance line and the 4047 A line were re- 
ported. The analysis of the Hg’ components gave 
197/199 = A197/A 199= 1.04+0.03 for the ratio of the 
moments. Recently,’ it became possible to establish a 
double (paramagnetic) resonance in the F=3/2 level of 
the *P, state of Hg’ and to obtain A 97/A199= 1.045 
+0.002. Further, the combination of the double-reso- 
nance method with magneto-optic scanning® gives for the 

* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research, and Development Command), and the U. S. Navy 
(Office of Naval Research); and in part by the U. S. Atomic 
Energy Commission. 

t Present address: Department of Physics, University of 
Rochester, Rochester, New York. 

1G. Friedlander and C. S. Wu, Phys. Rev. 63, 227 (1943). 

2? Huber, Humbel, Schneider, and de-Shalit, Helv. Phys. Acta. 
24, 127 (1951). 

§ Gillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 

4 Gimmi, Heer, and Scherrer, Helv. Phys. Acta. 29, 147 (1956). 

5p. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

* Bitter, Davis, Richter, and Young, Phys. Rev. 96, 1531 
(1954). 


7 A. Melissinos, preceding paper [ Phys. Rev. 115, 126 (1959) ]. 
8 Sagalyn, Melissinos, and Bitter, Phys. Rev. 109, 375 (1958). 


isotope shift (from Hg'*)+91+4 mK [where 1 mK 
(millikayser) = 10-* cm]. 
The energy of an hfs component is given by 


§C(C+1)—1(I+1) J (J +1) 
21(27—1)J(2J—1) 





with 


C=F(F+1)—I([+1)—J(J+)), 


where F is the total angular momentum of the compo- 
nent, J is the nuclear spin, and J is the angular momen- 
tum of the atomic level; A and B are the magnetic 
dipole and electric quadrupole interaction constants, 
and W’, is the energy of the center of gravity of the hfs 
multiplet. 

The 2537 A, 4047 A, 4078 A, 4358 A, and 5461 A 
lines were investigated ; the corresponding energy levels 
are shown in Fig. 2. The Hg"? components were im- 
mediately identified because the structure of the lines 
could be deduced from the knowledge of the *P; inter- 
action constant.®:? However, some blending of Hg!*’* 
and Hg" components exists, but it is possible to resolve 
them by combining the data from several lines. For the 
interaction constants of natural mercury and the struc- 
ture of the mercury hyperfine structure we used the 
results of Blaise and Chantrel.® 


EXPERIMENTAL PROCEDURE 

The radioactive samples were prepared in the MIT 
cyclotron by the Au"? (d,2n)Hg'” reaction, and amounts 
of as much as 15 millicuries were easily extracted from 
the gold target (approximately 2 10" atoms). Usually 
the full energy of the beam (15.2 Mev) and a thick tar- 
get (0.005 inch) were used, so that the Au!” (d,3n)Hg™® 
and Au!’ (d,n)Hg'®’ reactions also occurred. These oc- 
currences were confirmed by the spectroscopic work on 
the 2537 A line, from which the following estimate of 


* J, Blaise and H. Chantrel, J. phys. radium 18, 193 (1957). 
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the relative constitution of the samples was deduced: 


Hg!*"*~ 17%; Hg"? ~54%; Hg'%~17%; Hg!*~ 12%. 


The main difficulty with previous spectroscopic in- 
vestigations was contamination of the sample by natu- 
ral mercury. We were able to overcome this disadvan- 
tage by moderately heating the target in vacuum after 
bombardment. This was necessary because it was im- 
possible to prevent the adsorption of natural mercury 
on the surface of the gold target during bombardment. 
A detailed description of the sample preparation tech- 
nique is given by Melissinos.’:” 

The source was an air-cooled electrodeless discharge. 
It consisted of a 7-mm Vycor tube containing from 10” 
to 2X10" atoms of radioactive mercury and argon at a 
pressure of several millimeters (estimated 10 mm); the 
discharge tube was easily excited with a 60-Mc/sec 
oscillator but was operated at minimum power, so that 
only one-fifth to one-tenth of the length of the tube was 
filled with a discharge—with the double advantage of 
giving narrow lines and reducing the clean-up rate. 
After operating the tube for approximately 15 minutes 
the mercury spectrum would disappear and, instead, 
strong molecular bands appeared. These were attributed 
to impurities from organic materials present in the 
vacuum system used in filling the tube. However, a 
thorough flaming of the tube for a minute or so, re- 
established the mercury spectrum. The clean-up rate 
depended upon the amount of radioactive mercury in 


10 A. Melissinos, Ph.D. thesis, Department of Physics, Massa- 
chusetts Institute of Technology (1958, unpublished). 


side of the figure should be 25 (hours) rather than 23 (hours). 


the tube, but with a little experience in preparation 
and operation it was possible to run tubes with 3X 10" 
atoms for one hour before flaming was needed. 

The spectrograph consisted of one of Harrison’s" 
10-inch diffraction gratings used in autocollimation in 
a mirror monochromator with a focal length of 40 feet. 


' 
T'So 75s, 








ENERGY LEVELS OF MERCURY 
Fic. 2. Atomic energy levels of mercury. 


4 Harrison, Sturgis, Davis, and Yamada, J. Opt. Soc, Am. 49, 
205 (1959), 
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3. The hyperfine structure of the 2537 A line and the corresponding 
energy levels; decay of the radioactive components. 


Because of the accurate groove spacing and intense 
blaze, this grating can be used at high angles of inci- 
dence and diffraction, with little loss of light or resolu- 
tion. It has a groove spacing of 300/mm and throws 
about 35% of the light (as compared to an aluminized 
mirror of the same aperture) into a very small range of 
angles near 63°. Most of the spectrograms were taken 
near this angle, with 2537 A appearing at 66° in the 
24th order, with a plate factor of 700 mK/mm (0.045 A/ 
mm). The plate factors at each wavelength were calcu- 
lated from the known hyperfine structure of natural 
mercury. The measured resolving limit at 5461 A closely 
approaches its theoretical value of 22 mK. Exposure 
times varied from a few minutes for 2537 A to four 
hours for 4078 A, on Kodak types 103a-O and F 
spectroscopic plates. In each case a rotating sector was 
used to give varied exposure times—wide slits being 
used in some cases to increase intensities. 

Four successful runs were made, as well as a pre- 
liminary interferometric investigation.” The decay of 
various hfs components was checked spectroscopically 
and confirmed our assignments; it also indicated that 
the only stable isotopes contained in the tubes were 
Hg"™® and Hg" (and a 2-5% natural mercury contami- 
nation). As an example we give in Fig. 3 four exposures 
of the 2537 A line with sources at different stages of 
decay. Three days after bombardment the Hg!’* com- 
ponent nearly vanishes; after 10 days it has completely 
disappeared and Hg"’ has become weak. After 30 days, 
both have disappeared, and only the stable isotopes 
are left. 


2 We are greatly indebted to Professor L. C. Bradley III, who 
provided the interferometer and took the exposures. 


The radioactivity of the discharge tubes was checked 
with a 256-channel analyzer for a normal y spectrum," 
and indicated the presence of Hg!’* and Hg'*’. (See 
Fig. 1.) 


EXPERIMENTAL RESULTS 


Our results are summarized in Figs. 3-7. The position 
of each component is given in millikaysers; usually 
from Hg"’, which was placed on the plates for com- 
parison. The energy level spacings were derived from 
the respective lines unless they are in parentheses or 
brackets. (Parentheses indicate that this particular 
spacing was obtained from some other line; brackets 
indicate estimated values.) 


2537 A (6s? 'S)—6s6p *P;) 


Several successful exposures of this line were taken 
(Fig. 3). Component 6 was obtained from an exposure 
with a special source which did not contain Hg!**. We 
obtained this source by reducing the deuteron beam 
energy to 11.2 Mev and using only a 0.002-inch gold 
target. Component @ was never resolved because it 
overlaps the Hg!*”, F=1/2 line, but its position was 
obtained from the 4358 A data. 

Discussion of the analysis of this line will be presented 
after the 4358 A data have been considered, since these 
data give the most reliable values of the spacings be- 
tween the levels of the *P; state. 


'8 Braden, Wyly, and Patronis, Phys. Rev. 95, 758 (1954). 
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Fic. 4. The hyperfine structure of the 4047 A line and the corresponding energy levels. 


4047 A (6s6p *P) —6s7s *S;) 


The positions of the components in this line were 
obtained from three exposures; its structure was con- 
firmed from more than four exposures. The structure of 
the line and the energy level scheme are given in Fig. 4. 

Only two components of Hg!”*, b and c, are resolved. 
However, since we know that no other isotopes are 
present and that all lines are correctly accounted for, 
we deduce that 6 and c belong to an hfs triplet. The 
third component of this triplet must be located in the 
negative wave-number region in order to give a reason- 
able position for the center of gravity. We assumed that 
the missing component a overlaps A. 

Further, since the *S, state has zero quadrupole in- 
teraction, the interval rule gives us a value for the 
nuclear spin. We have the relation 


(I+1)/1= (852+3)/(739+3), 


which yields 
I= (13.1+0.6)/2. 


Using the value 13/2 for the spin, we readily obtain 
the magnetic dipole interaction constant for the *S; 
state 

A 197# (2.53) = — 113.6+0.5 mK. 


With the identification of the *S; energy levels we are 
then able to proceed to the analysis of the 4358 A and 
5461 A lines. 


4078 A (6s6p *P, —6s7s 'So) 


A 4-hour exposure of this line gave an extremely 
satisfactory picture; its structure and the energy levels 
are given in Fig. 5. Unavoidably, the components were 
quite broad because (a) the discharge tube was op- 


erated at a high power level, (b) a wide slit was used, 
and (c) the exposure was very long. 

Components A, B, and 196+ 198 were resolved in the 
interferometric work as well. Component 5 was not 
completely resolved in either. Component @ is quite 
strong and well defined in the grating exposure. The 
third component, c, of Hg*, overlaps B, their separa- 
tion being only 25 mK. 

Since component 6 is not completely resolved, it was 
not used for the determination of the F= 11/2—F=13/2 
spacing of the *P; state. Component a combined with 
the 2537 A data can be used to give the “isomeric 
shift.” Any difference between the spacings c— B= 297 
mK in the 2537A line and A—a=310 mK in the 
4078 A line, results from isotope shift in the lines and 
represents the difference of the isomeric isotope shifts 
in the 2537 A and 4078A lines. Further, since the 
isotope shift in the 4078 A line is known to be 
one-sixth of the shift in the 2537 A line we can obtain 
the isomeric shift in the 2537 A line. 

(A—a)— (c—B)=isotope shift (4078)—isotope shift 
(2537) = —13 mK. Thus 

isomeric shift (2537 A)=—16 mK. 

The advantage of this calculation is that it is inde- 
pendent of any value of the interaction constants that 
are needed to find the actual centers of gravity ; further, 
all four components are free from overlapping. The 
value thus obtained is in good agreement with the 
straightforward calculation of the centers of gravity of 
Hg? and Hg"* in the 2537 A line, which yields 
—21+6 mK. (See the discussion at the end of this 
section. ) 

Note that the center of gravity of Hg!*”* given in 
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Fic. 5. The hyperfine structure of the 4078 A line and the corresponding energy levels. 


Fig. 5 was obtained by using the best values for the 
interaction constants of the *P; state. 


4358 A (6s6p *P, — 6s7s *S;) 


Two good exposures of this line were obtained—a 
weak one and a strong one—and they both reveal ten 
well-defined components (Fig. 6). 

Components A, B, C, D belong to Hg'’, and except 
for B they check correctly with the known intervals in 
the *S; and *P, states. The even-isotope component, 
labeled “196+198,” appears between B and C. The 
remaining five components belong to Hg'**. Altogether 
there are seven Hg'** transitions, but d cannot be ob- 
served because of extremely low relative intensity, and 


© 
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- 268 88 
-032 


+1033 


b blends with B. To this blending we attribute the shift 
of the B component which we expected at — 263 mK. 

Accepting the intervals of 739 mK and 852 mK for 
the *S, state, we deduce that components a and g are 
correct and that the (c—/) difference has a discrepancy 
of 14 mK from the expected value. Therefore, the lower 
interval of the *P; state was obtained from components 
e and a (or e and g), while the upper one is the average 
of the values given by (g and f) and (a and c). 


5461 A (6s6p *P, —6s7s *S;) 


For this line, eight components were resolved. Three 
of them, A, C, and the central one, correspond to the 
three Hg!” transitions. The (A—C) difference checks 
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Fic. 7. The hyperfine structure of the 5461 


correctly with the hfs interval of the °S; state. Because 
the components from Hg!** and Hg'’® overlap compo- 
nent B of Hg" they give rise to an extremely broad 
line, and therefore the position of B is not reliable. For 
this reason we do not give a value for the interaction 
constant of Hg!” in the *P» state. 

The structure of the line and the energy level scheme 
are given in Fig. 7. The five components—a, 8, c, f, 
and i—belong to Hg""*. ¢ c and f were aie vel ina 
weak exposure; a, b, f, and i appeared in a strong one. 
Nine components should be present, but only five were 
observed. None of the missing components can be ex- 
cluded because of low relative intensity, but d and e 
do certainly overlap the strong components, 4 and 

(196+ 198+ B), while g and h may be covered by B and 
f. As a check on the Ze observed components we see 
that the difference (i—a@)=1588 mK agrees within 


+ At Ae 





A line and the corresponding energy levels. 


3 mK with the accepted value for the F=11/2—F 
= 15/2 interval in the 4S; state, however, (6—/)=865 
mK shows a discrepancy of 13 mK. This disc repancy 
may be attributed to the overlapping of f. 

The two intervals in the *P2 state are then determined 
from (c—b)=395 mK and from (f+739—7)=374 mK, 
combined with (b—a)=358 mK. Then using the F 
= 13/2—F=15/2 and F=15/2—F=17/2 intervals of 
the *P2 state we calculate the dipole and quadrupole 
interaction constants for this state and obtain 


A 97*(? Po) = —49.1+0.6 mK, 
Byg7+(2P2) = +454+12 mK. 


We now return to the *P; state. From the 4358 A 
data we obtained (F=11/2—F=13/2)=480 mK and 
(F=13/2—F=15/2)=606 mK for the two intervals. 


TABLE I. Interaction constants for mercury isotopes." 


A i97* 


—113.640.5 


6s75 3S, (Spec.) 


—77.8+0.4 


; Spec. 
6s6p *P 1 \Doub. res. 


6s6p *P2(Spec.) 
38,/3P, 


—49.1+0.6 
1.46 


9P1/P2 1.58 











« The interaction constants are given in mK (107% cm +, 


Ais 
716.93 


491.87 
491.4+0.5 


—9.35 


~181.740.5 —8.24+0.8 


302.9 — 111.85 14.02 


1.46 1.46 
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TABLE IJ. Comparison of isotope shifts in mercury, in mK. 


Hg'%* 
(references 6, 7) Hg? 


Hg He 
+137+4 


+70+4 0 


The 2537 A data give 480 mK for the first and strongly 


support the value obtained for the second. Thus we 
obtain 
Ajyg7e(?@P;) = —77.8+0.4 mK, 


Byy7*(*P1) = — 26243 mK. 


With these values for the interaction constants we 
calculate the displacement of the F=11/2 level from 
the center of gravity. Then we use the quite reliable 
value of the F= 11/2 component in the 2537 A line and 
obtain, for the center of gravity of Hg'** (with respect 
to Hg’), +70+4 mK. For the center of gravity of 
Hg"? we use the value obtained from double resonance,’ 
which is also in agreement with the 2537 A data. 

Finally, we mention a successful Zeeman exposure of 
the 2537 A line in a magnetic field of approximately 
8 kilogauss. It was not possible to resolve the m-sub- 
levels of Hg"’*, which we expected to be 30-40 mK 
apart. Furthermore, the three Hg™®, the three Hg’, 
and the six Hg’ components dominate the exposure 
and hide the extremely weak Hg'’* contribution, which 
consists of 42 components. For these reasons, and be- 
cause our experimental arrangement may have intro- 
duced field inhomogeneities of as much as 10%, we 
could not interpret these data. 


INTERPRETATION OF THE RESULTS 


Our results are summarized in Table I, which gives 
the values of the dipole and quadrupole interaction 
constants A and B in the 4S), *P1, and *P2 states. We 
also include the interaction constants of the stable 
isotopes Hg™ and Hg™ as obtained spectroscopically® 
and by double resonance techniques.’'* The last two 
rows of the table give the ratios of the interaction con- 
stants in the three states. It is seen that agreement 
exists for the dipole interaction constants A and the 
quadrupole interaction constants B. 

Analysis of the data should also provide the isotope 
shifts for the five lines that were investigated. However, 
since we were not able to resolve the Hg™® and Hg" 
components (except for the 2537 A line), and since the 
isotope shift of Hg’ and Hg!’* for these lines is of the 
order of our experimental error, we consider the isotope 
shifts in the 2537 A line only. We obtained the shifts 
that are summarized in Table LI. 

Thus we observe a displacement of atomic energy 
levels which is due to the excitation of the nucleus from 
the ground to the isomeric state. The isomeric shift is 
—21+6 mK for the 2537 A line. The isomeric shifts in 
the other lines could not be calculated accurately. They 
ire expected to be approximately 3-4 mK. 
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TABLE III. Quadrupole moments of Z=80 nuclei. 


Moment 
(107% cm?) 


0.50-+0.05 
0.7140.02 
1.5 +03 


Isotope Spin 
He™ 3/2 
Hg!®* 5/2 
Hgs"* 13/2 


Lifetime 


stable 
2.35X 107% sec 
25 hours 


For the evaluation of the nuclear moments of Hg'®**, 
we adopted the magnetic moment of Hg obtained 
from nuclear resonance with a diamagnetic correction® 


K1y9=0.5043 nm. 


Then, disregarding hfs anomalies, we obtain 


1(197*) XA (197*) 
—————————— 199 = — 1.04+0.01 nm. 
1(199) x A (199) 


hig7* >= 


The magnetic moment of Hg!’* is closer to the 
Schmidt limit than is the moment of Hg. (Both have 
the same limit, — 1.91 nm.) This result is to be expected 
because the independent-particle model should apply 
more accurately to a state where the optical neutron is 
in a high angular momentum state. 

In the quadrupole moment of Hg!*’*, we followed the 
same procedure and adopted? Qo9:= (0.50 +0.05) X 10-4 
cm? and used the value of the interaction constant for 
the *P; state. Thus we have 


O74= Bi97*XQe01/ Boon = (1.5+0.3) K10™ cm’. 


In Table III we give the three known quadrupole 
moments for Z= 80 nuclei, two of which refer to excited 
nuclear states. The quadrupole moment for the 2.35 
X10~ sec, J=5/2 state of Hg™* was taken from angu- 
lar correlation measurements in HgCls by Pound and 
Wertheim"; they calculate Q199*= + (0.71+0.02) x 10-*4 
cm’, 

If, contrary to the predictions of the collective model, 
we take Qiggs as positive, a Q/R? plot (Townes plot) of 
the moments mentioned in Table III gives a smooth 
curve, which correctly decreases to zero at N=126. 
With the limited data available, we do not wish to 
draw any conclusions about intrinsic quadrupole mo- 
ments and properties of the nucleon core. 

As to the isomeric shift, it represents a shift of atomic 
energy levels because of the excitation of the optical 
neutron to the 713;2 shell. If we assume that the excita- 
tion of the neutron leaves the nuclear charge distribu- 
tion unchanged, the shift will be caused entirely by the 
small neutron-electron interaction. Weiner! calculated 
the shift under that assumption and found a value 
smaller than 1 mK for the 2537 A line. 

Thus the rather large value of —21+6 mK, which 
was obtained from our data, clearly indicates that the 
previous assumption does not hold and that the excita- 

4 R. Pound and G. Wertheim, Phys. Rev. 102, 396 (1956). 

© R. Weiner, Nuovo cimento 6, 257 (1958); Phys. Rev. 114, 
256 (1959). ' 
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tion of the neutron is accompanied by a general re- 
distribution of the charged nucleons. The sign of the 
shift indicates an increase in nuclear charge distribution 
that is approximately one-fourth to one-fifth of the 
increase resulting from the addition of one neutron. 
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Range-Energy Relations for Protons in Be, C, Al, Cu, Pb, and Air* 


R. M. STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 
(Received February 6, 1959) 


Range-energy relations for protons have been obtained for six substances (Be, C, Al, Cu, Pb, and air). 
The calculations of the energy loss dE/dx include the shell corrections at low energies and the density 
effect which becomes important in the high-energy region. The present results can also be used to determine 
the range of » mesons up to ~10 Bev. Besides the calculated values of the ranges, tables of the ionization 


loss dE/dx are also presented. 


I. INTRODUCTION 


ANGE-ENERGY relations of protons in various 
materials have been evaluated by several au- 
thors.!~> An extensive compilation of proton ranges has 
been made by Aron, Hoffman, and Williams,’ who have 
calculated proton range-energy relations for a number 
of metals and gases, up to an energy of 10 Bev. The 
work of Aron ef al. was later extended by Rich and 
Madey‘ to several additional substances. The calcu- 
lation of the ionization loss dE/dx, which enters into 
the expression for the range R, involves the mean 
excitation potential J of the atoms of the stopping 
material. Aron ef al.’ and Rich and Madey* used: 
[=11.5Z ev. This value was essentially derived from an 
early experiment of Wilson,® who obtained J=150 ev 
for Al. It should be noted that the Bloch theory of 
stopping power,’ which is based on the Thomas-Fermi 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
261 (1937). 

2 J. H. Smith, Phys. Rev. 71, 32 (1947). 

Aron, Hoffman, and Williams, University of California 
Radiation Laboratory Report UCRL-121, 1951 (unpublished) ; 
Atomic Energy Commission Report AECU-663, 1951 (unpub 
lished). au ; ee ae 

4M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, 1954 (unpublished). 

5W.H. Barkas, Nuovo cimento 8, 201 (1958). References to 
earlier work on the range-energy relation for emulsion are given 
in this paper. 

6R. R. Wilson, Phys. Rev. 60, 749 (1941). 

7F. Bloch, Z. Physik 81, 363 (1933). 


model of the atom, predicts that J should be propor- 
tional to Z: [=kZ, but the proportionality constant k 
must be determined from experiment. Recently there 
have been two accurate experimental determinations of 
J from measurements of the range and stopping power 
of low-energy protons (< 20 Mev). From measurements 
of the range of protons of various energies between 6 
and 18 Mev, Bichsel, Mozley, and Aron® have derived 
accurate values of J for Be, Al, Cu, Ag, and Au: 
Tpe= 63.4+0.5 ev, Ja:=166.541 ev, [ey=375.6+20 
ev, J4,=585+40 ev, and J,4,=1037+100 ev. Burkig 
and MacKenzie’ measured the stopping powers of a 
number of metals for 19.8-Mev protons. They have 
thus obtained the following values of J for Be, Cu, Ag, 
Au, and Pb: Jpe=64 ev, J[cyu=366 ev, I4,=587 ev, 
T,y=997 ev, and /p,=1070 ev. For Be, we have 
I/Z=16 ev, while for the other cases the present values 
of J/Z are of the order of 13 ev. These results are 
somewhat higher than the constant k= 11.5 ev used by 
Aron et al.’ 

In the present paper, we present calculations of the 
proton range-energy relations for six substances (Be, C, 
Al, Cu, Pb, and air), using the values of J of Bichsel 
ef al.8 and Burkig and MacKenzie.’ The increase of / 
(as compared to J= 11.5Z ev of Aron et al.) leads to an 
increase of the calculated range R(7,) for a given 
proton kinetic energy Tp. 

8 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957). 

a C. Burkig and K. R. MacKenzie, Phys. Rev. 106, 
(1957). 
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TABLE I. Values of the constants used to obtain the ionization 
loss. The mean excitation potential J is in electron volts, A is in 
units Mev/g cm™. C, a, m, Xo, and X, enter into the expression 
for the density effect correction 6 [Eqs. (9), (10) ]. 


Material / A B -C a m Xo 


Be 64 0.0681 18.64 2.83 0413 2.82 —0.10 
_ 78 0.0768 18.25 3.18 0.509 2.67 —0.05 
Al 0.0740 16.73 4.25 0.110 3.34 0.05 
Cu - 371) «0.0701 15.13) 4.71 0.118 3.38 0.20 
Pb 0.0608 13.01 0.0542 3.52 0.40 
Air 94 0.0768 17.89 0.126 3.72 1.87 


The second difference of the present calculations as 
compared to those of Aron ef al.* concerns the density 
effect," i.e., the reduction of the ionization loss at 
high energies due to the polarization of the medium by 
the electric field of the passing charged particle. This 
effect, which becomes important for proton energies 
T, 22 Bev, is included in the present work (whereas it 
was neglected in the calculations of reference 3). 

The present calculations extend up to 7,=100 Bev. 
It should be pointed out that the proton range R(7’,), as 
based on the ionization loss alone, is, of course, a purely 
mathematical quantity above ~1 Bev, since nuclear 
interactions will attenuate a proton beam to a negligible 
intensity for path lengths larger than ~R(1 Bev). A 
range equal to 4 geometric mean free paths (attenuation 
to 1.8%) corresponds to proton energies of ~750 Mev 
for Be and 1100 Mev for Pb. Thus the part of the range 
tables above 7,~1 Bev is not of primary interest for 
protons, but was calculated mainly because of its 
applicability to 7 mesons. The choice of the upper limit 
T,=100 Bev enables one to obtain the range of u 
mesons up to ~ 10 Bev, which may be useful for cosmic- 
ray and accelerator experiments. 

The procedure of the calculations is outlined in Sec. 
II. The resulting proton range-energy relations, as well 
as a table of the values of the ionization loss dE/dx, 
are given in Sec. III. 


II. CALCULATIONS 


The proton range R(T,,,) for kinetic energy T,,, is 
given by: 
Tp dT, 
R(T 9.1) =R(T 0) + eee, 
Tp, —(1/p) (dE/dx) 


where 7’, is a fixed (small) energy for which the range 
R(T,,0) must be obtained from experiment, because of 
the inadequacy of the theory (Bethe-Bloch formula) at 
very low energies. 7,9 was taken as 2 Mev. In the 
integral of Eq. (1), p is the density of the material (in 
g/cm*) and dE/dx is the energy loss by ionization, which 

10 F, Fermi, Phys. Rev. 57, 485 (1940). 

1G. C. Wick, Nuovo cimento 1, 302 (1943). 

20, Halpern and H. Hall, Phys. Rev. 73, 477 (1948). 

13 R, M. Sternheimer, Phys. Rev. 88, 851 (1952). This paper 
will be referred to as I. 

4 R. M. Sternheimer, Phys. Rev. 103, 511 (1956). This paper 
will be referred to as II. 
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is given by the Bethe-Bloch formula: 


2mv?W max 
In—-—--—— -23--U] (2) 


dE al 
P(1—8?) 


mv” 
where n=number of electrons per cm* in stopping 
substance, m= mass of electron, »= velocity of incident 
particle, 8=v/c, Wmax is the maximum energy transfer 
from the incident particle to an atomic electron (re- 
garded as free). Wimax is given by the following expres- 
sion due to Bhabha": 
F?— pc! 

_— a 
uc? (u/2m)+ (m/2u)+ (E/pc?) | 


Wmax= 


where uw and E are the mass and total energy of the 
incident particle. For E<(u?/2m)c*, Eq. (3) reduces to 


W max= 2mv"/(1—?). (4) 


In Eq. (2), 6 is the correction for the density effect, 
and U is the so-called shell correction, which takes 
into account the fact that for low velocities v of the 
incident particle, such that v<v;, where 2, is the 
velocity of an atomic electron in the ith shell, this 
shell contributes less effectively to dE/dx than is given 
by the first (logarithmic) term in the square bracket. 
U is given by 

U=(2Cx/Z)+(2C1/Z), (5) 


where Cx and C, are the K and L shell corrections, 
which have been evaluated by Bethe’ and Walske.'® 
It may be noted that the L shell correction becomes 
important at a lower energy than the K shell correction, 
as a result of the lower velocity of the Z electrons as 
compared to the K electrons. It was found that the M 
shell correction (Cys) is unimportant for T,>2 Mev. 
Equation (4) can be rewritten as follows": 


idE A p 
_- —=“| 5+0.09+2 In— 


pdx £8 uc 


+1nW mnax,Mev— 28°—6— u|. (6) 

where 4 and B are defined by 
A=2nne*/(mce*p), (7) 
B=\n{_mc?(10° ev)/J?]. (8) 


If —(1/p)(dE/dx) is in units Mev/g cm~, A is equal 
to 0.1536(Z/Ao), where Ao is the atomic weight of the 
substance. In Eq. (6), p=momentum, and Wmax.Mev 
= W max in units Mev. 

The choice of the values of J will now be discussed. 
For Be, Al, and Cu, values of J were obtained both by 
Bichsel et al.8 and Burkig and MacKenzie.? We have 
taken the average of their results to obtain Jy.= 64 ev, 
I4;=166 ev, and Jcy=371 ev. For Pb, only Burkig 


16H. J. Bhabha, Proc. Roy. Soc. London A164, 257 (1937). 
16M. C. Walske, Phys. Rev. 88, 1283 (1952); 101, 940 (1956). 





RANGE-ENERGY RELATIONS FOR 


PROTONS 


TABLE II. Values of the ionization loss — (1/p) (dE/dx) (in Mev/g cm~) for protons in Be, C, Al, Cu, Pb, and air. 








Cc Al Cu 
140.6 110.8 78.93 
104.4 83.16 61.83 

83.97 67.44 51.27 
70.74 57.19 44.08 
61.29 49.84 38.73 
54.28 44.38 34.71 
48.81 40.09 31.50 
44.47 36.67 28.94 
40.87 33.80 26.77 
35.29 29.35 23.38 
S107 26.04 20.83 
27.96 23.45 18.82 
25.42 2.59 1722 
23.34 19.70 15.91 
21.21 17.95 14.54 
19.46 16.52 13.42 
18.01 15,32 12.48 
16.79 14.31 11.68 
14.82 12.67 10.38 
13.32 11.41 9.383 
12:42 10.41 8.584 
11.14 9.584 7.925 
10.33 8.902 7.378 
9.645 8.325 6.914 
9.062 7.831 6.514 
8.556 7.402 6.167 
8.112 7.026 5.861 
7.719 6.693 5.590 
7.061 6.132 5.133 
6.526 5.674 4.760 
6.079 5.292 4.449 
5.706 4.973 4.187 
5.388 4.700 3.961 
5.112 4.464 3.767 
4.872 4.258 3.594 
4.659 4.077 3.445 
4.304 3.768 3.192 
4.016 3.522 2.989 
3.728 3.272 2.783 
3.497 3.072 2.616 
3.307 2.908 2.480 
3.148 2.771 


2.366 
3.013 2.655 2.268 





Tp(Mev) Be Cc 


350 2.625 2.896 
375 2.534 2.797 
400 2.453 2.709 
450 2.321 2.563 

y Bes be 2.448 

2.129 2.355 

2.059 2.278 

1.950 2.159 

1.871 2.074 

1.812 2.009 

1.767 1.960 

1.692 1.879 

1.649 1.833 

1.623 1.806 

1.608 1.791 
599 1.782 
595 1.778 
593 1.777 
593 1.778 
597 1.784 
604 1.793 
1.802 
1.813 
1.834 
1.854 
1.873 
1.890 
1.905 
1.939 
1.968 
1.993 
2.014 
2.033 
2.050 
2.065 
2.077 
2.122 
2.156 
2.183 
2.206 
2.225 
2.242 
2.257 





10 000 
12 500 
15 000 
17 500 
20 000 
22 500 
25 000 
27 500 
30 000 
40 000 
50 000 
60 000 
70 000 
80 000 
90 000 
100 000 


a ee ee ee ee ee es 


1.926 
1.941 





and MacKenzie’ have made a determination of J, and 
their value was used: Jp,=1070 ev. For C and air, the 
value of J was not determined recently. In order to 
obtain an estimate of J for carbon, we note that the 
above values of J give J/Z=16.0, 12.8, 12.8, and 13.0 
ev for Be, Al, Cu, and Pb, respectively. Aside from the 
case of Be which is exceptional,!” the values of J/Z are 
of the order of 13 ev. The older determinations of Jc 
are summarized in Table IV-2 of Allison and Warshaw’s 
article'*: J¢ = 69.7-76.4 ev. These values are based on 
Wilson’s result® for Al, 74;= 150 ev. Since it now seems 
established that Ja; is considerably higher,**% (~166 
ev), the resulting values of Jc are expected to be raised 
by a comparable factor: (166/150). This gives Jo = 77- 
85 ev. In the present calculations, we used Jc =78 ev, 
corresponding to 1/Z=13 ev. For air, we have also used 
a value [/Z=13 ev, which gives /,;;=94 ev. This 


17 A, Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
24, No. 19 (1948). 

18S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

19D. O. Caldwell, Phys. Rev. 100, 291 (1955). 


value is somewhat higher than that used by Smith? 
(80.5 ev) in his calculation of the range-energy relation 


’ for air. 


The density effect correction 6 is given by!*4 
6=4.606X+C+a(Xi—X)",  (Xo<X<X,) (9) 
5=4.606X+C, (X> Xj) (10) 

where X=logio(p/uc); Xo is a value of X below which 
6 is very small (~0.05),4 X, is the value of Y above 
which the high-energy (asymptotic) expression (10) 
applies; C, a, and m are constants which depend on 
the substance. C is given by” 


C= —2In(I/hv,)—-1, (11) 


where v, is the plasma frequency: v,= (ne?/wm)}. 

The constants a, m, C, Xo, and X, which enter into 
6 are listed in Table I, together with the values of J, A, 
and B [Eqs. (7) and (8) ]. For Be, C, and air, the 
present values of J are the same as those used in II. 
For Be, the constants for 6 are therefore identical with 
those given in Table II of II. Similarly, the constants 
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for air can be obtained by interpolation of the values 
of II for Nz and Og. For C, there is a slight change of 
the constants, because the values of 6 of II were calcu- 
lated for a slightly too low density p for graphite 
(1.59 g/cm*). The present values of 6 were obtained 
for p= 1.66 g/cm’. 

It may be noted that the results for 6 given in I (6;) 
are based on the Bakker-Segré” values of the excitation 
potential J (to be denoted by J), whereas the values 
of 6 given in II (62) were obtained by means of Cald- 
well’s values’ of J (to be denoted by J2), which are 
appreciably larger than the Bakker-Segré values. The 
present values of J (obtained from references 8 and 9) 
are generally close to the Caldwell potentials, although 
slightly smaller. For heavy elements, we have [;~9Z 
—10Z ev, and J;~14Z ev, whereas the present values 
(to be denoted by Jo) are close to 13Z ev. For Cu and 
Pb, Jo is intermediate between J; and Jo, whereas for 
Al, Zo is slightly larger than J». In these cases, the 
values of 6 (which will be called 69) were 
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obtained by logarithmic interpolation of 6; and 6, as 
follows : 


do= 161+ (1—n)b», (12) 


where 7 is defined by 


In(I2/Io) 
In(Io/T;) 


n= (13) 


For convenience, the resulting values of 59 have been 
fitted by means of an expression of the form of Eq. (9). 
The corresponding constants a, m, C, Xo, and X, for 
Al, Cu, and Pb are listed in Table I. It may be noted 
that they do not differ appreciably from the values 
given in Table IT of II, which are based on the Caldwell 
potentials J». 

In order to calculate U [Eq. (5) ], the correction Cx 
for the K shell was obtained from the papers of Walske,'* 
and was applied for all of the cases. For Cu and Pb, 
the correction C,, for the L shell was also obtained from 


present 


TABLE III. Range-energy relations for protons in Be, C, Al, Cu, Pb, and air. The range R is given in g cm™ 
Tp (Mev) Be Cc Al Cu Pb Air 
0.0087 
0.0175 
0.0287 
0.0423 
0.0581 
0.0761 
0.0963 
0.1185 
0.1428 
0.1974 
0.2598 
0.3299 
0.4073 
0.4920 
0.6078 
0.7346 
0.8720 


0.0410 
0.0676 
0.0988 
0.1345 
0.1746 
0.2190 
0.2674 
0.3198 
0.3761 
0.5000 
0.6385 
0.7912 
0.9576 
1.138 
1.381 
1.644 
1.926 
2.229 
2.885 
3.614 
4.411 
5.275 
6.202 
7.192 
8.243 
9.352 
10.52 
11.74 
14.35 
17.17 
20.19 
23.40 
26.80 
30.37 
34.11 
38.02 
46.29 
55.14 
66.98 
79.61 
92.95 
107.0 


0.0190 
0.0335 
0.0513 
0.0724 
0.0967 
0.1240 
0.1542 
0.1874 
0.2234 
0.3035 
0.3943 
0.4954 
0.6066 
0.7276 
0.8922 
1.071 
1.265 
1.472 
1.927 
2.434 
2.992 
3.599 
4.253 
4.954 
5.699 
6.488 
7.321 
8.195 
10.06 
12.09 
14.27 
16.58 
19.04 
21.63 
24.35 
27.19 
33.23 
39.71 
48.39 
57.66 
67.49 
77.82 


0.0115 
0.0221 
0.0355 
0.0517 
0.0704 
0.0917 
0.1155 
0.1416 
0.1700 
0.2337 
0.3062 
0.3872 
0.4766 
0.5742 
0.7073 
0.8526 
1.010 
1.179 
1.551 
1.967 
2.427 
2.928 
3.469 
4.051 
4.670 
5.327 
6.021 
6.750 
8.313 
10.01 
11.84 
13.79 
15.86 
18.04 
20.34 
22.74 
27.85 
33.34 
40.72 
48.61 
56.98 
65.79 


0.0084 
0.0168 
0.0275 
0.0400 
0.0558 
0.0732 
0.0926 
0.1141 
0.1376 
0.1904 
0.2508 
0.3187 
0.3937 


0.0091 
0.0180 
0.0296 
0.0436 
0.0601 
0.0789 
0.0999 
0.1232 
0.1487 
0.2061 
0.2719 
0.3459 
0.4278 
0.5175 0.4759 
0.6404 0.5884 
0.7750 0.7116 
0.9212 0.8452 
1.079 0.9891 
1.307 
1.663 
2.057 
2.488 
2.954 
3.456 
3.991 
4.559 
5.160 
5.792 
7.148 
100 y 8.623 
110 2 10.21 

120 3.08 11.91 

130 5: 13.72 

140 i 15.62 

150 & 17.63 

160 .68 19.73 

180 t 24.20 

200 31. 29.02 

225 39.0: 35.49 

250 .67 42.42 

275 54.78 49.77 

300 3.3: 57.53 


1 ee ee Gt 
war 
“IO WwW 


z at 
£aS 





2” C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 
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TABLE III.—Continued. 


Tp(Mev) Be ; Al 


Cu Pb 


325 72.30 .65 75.02 88.61 121.6 
350 81.64 ; 84.62 


99.85 136.7 


375 91.34 : 94.58 111.5 152.4 


400 101.4 ; 104.9 
450 122.3 : 126.4 
500 144.4 } 148.9 
550 167.5 51.8 172.4 
600 191.3 i 196.7 
700 241.3 ‘ 247.6 
800 293.7 5. 300.7 
348.1 314. 355.6 
404.0 365. 412.0 
548.9 8 Ry A 
698.8 d 707.7 
851.7 : 860.4 

1007 “ 1014 

1163 1169 

1319 1324 

1476 1479 

1633 1634 

1946 : 1943 

2259 2250 

2570 3 2555 

2879 2857 

3493 313: 3456 

4100 3675 4046 

4702 4629 

5298 : 5206 

5889 5777 

7347 \ 7183 

8784 i 8563 

10 202 9922 

11 604 5 11 262 

12 993 595 12 588 

14 370 13 901 

15 737 14 036 15 202 

17 095 15 243 16 494 

22 450 20 003 21 574 

27 711 24 677 26 550 

32 899 29 286 31 448 

38 030 33 843 36 284 

43 112 38 356 41 067 

48 152 42 833 45 807 
100 000 53 158 ' 47 278 50 509 


Walske’s work.!® For C, of Al, we used the expression 
given by Bichsel et al.,* CL=0.685/T,, where T, is the 
proton energy in Mev. For Be, C, and air, the correction 
for the nonparticipation of the L electrons is expected 
to be very small, and therefore no Cz, correction was 
applied. 

At very low energies, the Bethe-Bloch formula be- 
comes unreliable, even after the Cx (and possibly Cz) 
corrections are applied, because of the possibility that 
the incident proton will capture an atomic electron. 
For this reason, it is necessary to use an experimental 
value for the range at low energies, as was done by 
Aron et al.’ and Bichsel et al. This procedure leads to 
the term R(7,,0) in Eq. (1). As mentioned above, 7, ,o 
was taken as 2 Mev. For Be, Al, and Cu, we used the 
values of R(2 Mev) given by Bichsel et al.8: R(2 Mev) 
= 0.0091, 0.0115, 0.0190 g/cm? for Be, Al, and Cu, 
respectively. For Pb, a value of 0.0410 g/cm? was 
obtained by extrapolation of the result of reference 8 
for Au. For air, the value of Bethe and Livingston! 


123.5 168.6 
148.6 202.3 
174.9 237.6 
202.2 274.2 
230.5 312.0 
289.5 390.5 
350.9 472.2 
414.4 556.3 
479.4 642.2 
646.8 862.7 
818.7 1088 
992.9 1315 
1168 1543 
1344 1770 
1520 1996 
1696 2221 
1871 2445 
2220 2888 
2566 3326 
2908 3758 
3248 4185 
3919 5024 
4580 5847 
5232 6655 
5876 7450 
6512 8234 
8077 10 153 
9610 12 023 
11 117 13 856 
12 604 15 657 
14.072 17 432 t 
15 525 19 184 11 950 
16 964 20 915 13 032 
18 391 22 629 14 102 
24 002 29 344 18 282 
29 491 35 883 22 336 
34 888 42 290 26 295 
40 214 48 596 30 177 
45 477 54 820 34 002 
50 692 60 975 37 781 
55 863 67 070 41 519 


(0.0087 g/cm*) was employed. Finally, for C, where no 
direct measurements are available, a value of 0.0084 
g/cm* was obtained from a consideration of the ranges 
for Be, air, and Al. 


III. RESULTS 


Table II gives the values of — (1/p)(dE/dx) which 
were used in the calculations. The resulting proton 
range-energy relations are presented in Table IIT. 

The present range-energy relations may be compared 
with the calculations of Smith? for Al and air, and those 
of Aron et al.3 for Be, C, Cu, and Pb. The ranges 
obtained here are from ~1% to ~9% higher for 7,= 10 
Bev than those of references 2 and 3. The largest 
differences occur for Be (9.2%) and C (6.4%). The 
increase of the ranges in the present work is due to 
the combined action of two effects: (1) the values of / 
used here are higher than those of Smith? and Aron 


et al.,> resulting in a decrease of |dE/dx!|; (2) the 
density effect also reduces |dE/dx! in the range of 7, 
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TABLE IV. Values of the factor F, which enters into the expression 
for the 4-meson range R, at very high energies [Eq. (14) ]. 


Yu F,(Be) 


4 1.0010 
6 1.0014 
8 1.0017 
1.0020 

15 1.0027 
1.0034 

25 1.0041 
1.0047 

40 1.0058 
1.0068 

1.0079 

1.0089 

1.0098 

1.0107 

1.0115 


F,(Pb) 
1.0013 
1.0017 
1.0021 
1.0025 
1.0032 
1.0039 
1.0047 
1.0054 
1.0066 
1.0077 
1.0088 
1.0098 
1.0107 
1.0116 
1.0125 


from ~2 Bev to 10 Bev, resulting in a further increase 
of R. 

As is well known, the range-energy relations for 
protons can also be used for other heavy particles 
(heavier than electrons), e.g., for u, 2, K mesons, 
deuterons, and a particles. The range R; for particle i 
with energy 7; is given by 


1 fui Hp . 
R,(T;)=—{ — )R,{ —T; }F,, 
27 Mp Mi 


where 2; is the charge of the particle, u,; is its mass, 
up=proton mass, and R,[ (up/ui)T;] is the proton 
range for the appropriate energy (u,/u:)7;. In Eq. (14), 
the factor F; corrects for the slight dependence of the 
maximum energy transfer Wimax on mw; at very high 
energies. Thus W,,.x for u, x, and K mesons is somewhat 
smaller than for protons with the same value of y; 


(14) 
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=E;/uc*, where E; is the total energy of the particle. 
Hence —(1/p)(dE/dx) is decreased, and the range R; 
is slightly increased for mesons (F;>1). From Eqs. (2) 
and (3), one finds that the change of — (1/p)(dE/dx) 
is given by 


1/dk A 
L104 
p\ dx 6? 
Values of F; for » mesons in Be and Pb are given in 
Table IV. These values were obtained by numerical 
integration of Eq. (1) with —(1/p)(dE/dx) calculated 
from the appropriate W ;ax for « mesons. 

Table IV shows that the correction for u mesons is 
very small (F,—13$0.01) and that F, is practically 
independent of Z, being nearly the same for Be and Pb. 
For m and K mesons, the corrections fF, and Fx are 
not tabulated, since one will not generally be interested 
in the range of these particles for y;25, in view of the 
large probability that they will interact before coming 
to the end of the range. Actually for a given y;, the 
corrections are even smaller than for u mesons. Thus 
for Pb, F,=1.0095 for y,=100, and Fx=1.0017 for 
vk=100. 

It should be noted that at very high energies [E 
>(u?/m)c?], spin-dependent effects on the energy loss 
in close collisions will be present,” which are not 
included in the Bethe-Bloch formula. 


1+ (2m BAY: 
(15) 


(ecm 
1+ (2m Me): 
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Differential cross sections for He* particles elastically scattered from deuterium are presented for angles 
from 10° to 40° (lab). Cross sections obtained previously for the same process are also shown, and there is 
good general agreement between the two sets of results. 


FOCUSED beam of He’ nuclei of an energy of 

about 29 Mev and an intensity of 5-10 wa is now 
available externally from the Nuffield 60-inch cyclotron 
of the University of Birmingham.! This beam has been 
used to study the interactions of He* with a number of 
nuclei in the scattering camera described by Gibson, 
Prowse, and Rotblat.? In this note we present results 
obtained for the elastic scattering of He*® by deuterons; 
these confirm earlier observations made by one of us* 
using an unfocused external beam from the same 
cyclotron and a solid deuterated paraffin wax target in a 
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Fic. 1. Differential cross section for scattering of 29.2-Mev He’ 
nuclei by deuterons. Open circles, present results; filled circles, 
Sweetman, 1955. 


* Now at Atomic Weapons Research Establishment, Alder- 
maston, Berkshire, England. 

1 Fremlin, Hardy, and Shaylor (to be published). 

2 Gibson, Prowse, and Rotblat, Proc. Roy. Soc. (London) 
A243, 237 (1957). 

3D. R. Sweetman, Ph.D. thesis, University of Birmingham, 
October, 1955 (unpublished). 


small nuclear plate camera. The process has also been 
studied by Allred, Armstrong, Hudson, Potter, Robin- 
son, Rosen, and Stovall,‘ using He* as a target for a 
beam of 10.2-Mev deuterons. 

The scattering chamber was filled with deuterium 
gas at 27-cm pressure and the beam charge collected 
in the Faraday cup was 0.95 microcoulomb. Particles 
leaving the target volume were recorded in Ilford 
C2 nuclear research emulsions. The beam energy 
was estimated, from the range of the elastically scat- 
tered He* tracks observed at many angles, to be 
29.2+0.3 Mev. 

Clearly resolved groups of elastically scattered He’ 
particles and of recoil deuterons were observed at all 
angles up to 40° (lab) and differential cross sections 
were calculated from the numbers per unit area at 
intervals of 2.5°. The results are shown in Fig. 1, which 
also includes values from the work of Sweetman? in 
which absolute cross sections were obtained by com- 
parison with the intensity of elastic scattering from a 
gold target exposed simultaneously. The two sets of 
results are seen to be in good general agreement. 

The angular distribution of the (He*, H*) scattering 
is remarkably similar to that observed for the same 
process at lower energy and to that obtained for the 
(He*, H’) scattering at the same relative velocity.® 

The inelastic process He*(d,p)He* was observed at a 
number of angles. The cross sections were of the order 
of 5 mb sterad~ (center-of-mass system) but could not 
be measured accurately. 

4 Allred, Armstrong, Hudson, Potter, Robinson, Rosen, and 
Stovall, Phys. Rev. 88, 425 (1952). 

5 Freemantle, Grotdal, Gibson, McKeague, Prowse, and Rot- 


blat, Phil. Mag. 45, 1090 (1954). 
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A pulsed-beam time-of-flight technique has been used to study neutrons and y rays from the proton 
bombardment of Be’ in the energy range from 2.3 to 5.4 Mev. Excitation curves for the ground-state neutron 
group from the Be®(p,n)B® reaction have been measured at 0° and 90°. These curves show the well-known 
resonances at 2.56 and 4.6 Mev and, in addition, show a broad maximum near 3.5 Mev. The y-ray excitation 
curve also indicates maxima at 2.56, 3.5, and 4.5 Mev. The 3.5- and 4.6-Mev resonances are tentatively 
assigned to p- and d-wave states having (J=2*+, T=1) and (J=3-, T=1), respectively. The previously 
observed maximum near 4.9 Mev appears to be the result of the effect of the 3.5-Mev resonance on the m; 
group immediately above its threshold. The cross section for the production of continuum neutrons is 
appreciable for proton energies above about 3 Mev. A large fraction of these neutrons appear to result from 
the neutron decay of the 2.43-Mev Be? level following the inelastic excitation of this level. 


INTRODUCTION ing the Be%(p,ay)Li® reaction has been obtained by 
observing the time-of-flight-separated y rays. Previous 
experiments on this reaction?*. have experienced severe 
difficulties above bombarding energies of about 2.7 
Mev because of the interference of the intense neutron 


yield. 


HE isotope Be’ is unique in that it has the lowest 
neutron binding energy (1.67 Mev) of any stable 
isotope. As a result, the three-body breakup of Be® 
under proton bombardment [the Be*(p,p’n)Be® reac- 
tion] can take place for incident energies above 1.85 
Mev. Although this energy is below the threshold for 
the Be*(p~,n)B® reaction at 2.059 Mev, the neutron 
yield below the (p,) threshold is very weak,} indicating 
an extremely small cross section for the three-body 
process in this energy region. The shape of the neutron 
yield curve for higher bombarding energies,>~* however, 
is largely nonresonant and suggests that the three-body 
cross section has become appreciable by 3 Mev or so. 
A continuum of neutrons, presumably from the (p,p’1) 
reaction and/or the (p,p’)(m) reactions,> has been 
observed in a photographic plate experiment at 6.6 
Mev.® . 
Using the Los Alamos pulsed-beam time-of-flight 
system,’ a study of the Be*(p,n)B® reaction and the 
competing continuum reactions has been made in the 
range of proton bombarding energy from 2.3 to 5.4 
Mev. In addition to neutron data, information regard- 


EXPERIMENTAL PROCEDURE 


Protons were accelerated in the large Los Alamos 
vertical electrostatic generator and bombarded an 
evaporated beryllium target which was about 20-kev 
thick to 4-Mev protons. Neutrons and y rays were 
detected in a plastic scintillator; the flight path was 
1 meter. The efficiency of the neutron detector as a 
function of energy was measured" by comparing the 
counting rate with the known yield from the p-T and 
d-D reactions over the range of neutron energy from 
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* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

{ A preliminary report of this work was given at the New York 
meeting of the American Physical Society, January, 1959 [Bull. 
Am. Phys. Soc. 4, 16 (1959) }. 

t Summer visitor, 1957. | 

Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). } ¢ 

* Hahn, Snyder, Willard, Bair, Klema, Kington, and Green, | 
Phys. Rev. 85, 934 (1952). ” Mon” 

3 Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). a 6 66° SG RO 90 

* R. L. Macklin and J. H. Gibbons, Bull. Am. Phys. Soc. Ser. IT, CHANNEL NUMBER <—— THe 
3, 26 (1958), and private communication. 

5 The direct three-body process is designated by (p,p'n) whereas 
the indirect process which involves an inelastic excitation of Be® 
is designated by (p,p’)(m) and indicates any of the reactions 
Be®(p,p’) Be®* (n) Be® (a) He*, Be®(p,p’) Be™* (n) Be** (a) He‘, or Be’- 
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Fic. 1. Time-of-flight spectrum of neutrons and y rays from 
the proton bombardment of Be® at 2.50 Mev. The ground-state 
group from the Be®(p,n) B® reaction is designated mo. 


(p,p’) Be®* (a) He*(m)He*. We neglect the possibility of the four- 
body breakup, Be®(p,p’n)2Het. 
* F. Ajzenberg and W. W. Buechner, Phys. Rev. 91, 674 (1953). 


7 See, for example, L. Cranberg and J. S, Levin, Phys. Rev. 103, 


343 (1956). 


8 See F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 
1 (1959). 

*J. B. Marion, Phys. Rev. 103, 713 (1956). 

© We are indebted to Haddad, Smith, and Perry for measuring 
the efficiency curve. 
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200 kev to 7 Mev. For neutron energies near 2 Mev, 
the product of the detector efficiency and solid angle 
(in steradians) was approximately 7X10~*. Under the 
particular conditions used in this experiment, the effi- 
ciency decreased rapidly for neutron energies below 
about 300 kev; consequently, measurements were not 
attempted in this energy region. 

Figure 1 shows the time spectrum obtained at a 
bombarding energy of 2.50 Mev at an observation 
angle of 0°. Peaks corresponding to y rays and the 
ground-state neutrons (79) from the Be®(p,m) B® reaction 
are present. The data are shown in the “double presenta- 
tion” form, typical of the Los Alamos pulsed-beam 
system’; the right-hand y-ray peak is off scale. At this 
bombarding energy, there is almost no continuous back- 
ground which could energetically result from the (p,p’n) 
reaction.” The separation of the mo group and the 
calculation of the (p,m) cross section therefore present 
little difficulty at these low bombarding energies. How- 
ever, as is shown in Figs. 2 and 3, the situation is much 
more complicated at 4.50 Mev. Figure 2 shows a time 
spectrum typical of the 4.50-Mev data, while Fig. 3 
shows energy spectra at four observation angles. In the 
latter curves the m9 peak (of discrete energy) has been 
artificially spread out since the time-to-energy con- 
version was performed as if the entire spectrum were 
composed of a continuous energy distribution. Although 
this procedure seriously distorts peaks of discrete energy 
(in this case, only mo), the shape of the continuum is 
correctly given. At the forward angles it is apparent 
that there is an appreciable background of continuum 
neutrons; these probably result from both the (p,p’1) 
and (p,p’)(2) reactions. The continuum underlies the 
entire % peak and extends beyond to a cutoff deter- 
mined by the Q value of the (p,p’n) reaction (—1.67 
Mev). The 90° and 150° spectra suggest much smaller 





(COUNT S/CHANNEL) + SENSITIVITY 








eee een jan 
30 40 50 60 70 80 90 
CHANNEL NUMBER —<+— TIME 


— 





Fic. 2. Time-of-flight spectrum of neutrons and ¥ rays from the 
proton bombardment of Be® at 4.50 Mev. The observation 
angle is 45°. 


4 The threshold for the (p,p’)(m) reaction proceeding through 
the 2.43-Mev level is at 2.70 Mev. 
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Fic. 3. Energy spectra of neutrons from the proton bombard- 
ment of Be? at 4.50 Mev. The observation angles are 0°, 45°, 90°, 
and 150°. The reason for the spread of the ground-state neutron 
group, the energy of which varies with angle from 2.5 to 1.5 Mev, 
is explained in the text. The open and closed circles refer to the 
two halves of the pulsed-beam cycle. 


continuum contributions than do the 0° and 45° curves; 
however, since there may be a relatively large con- 
tribution from the low-energy region which was not 
studied, no conclusions can be drawn regarding the 
angular distribution of the integrated continuum yield. 

Figure 4 shows the even more complicated spectrum 
obtained at 5.3 Mev. At this energy a new neutron 
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Fic. 4. Time-of-flight spectrum of neutrons and y rays from 
the proton bombardment of Be? at 5.3 Mev. The observation 
angle is 0°. 
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energy group (m,) is present, which leaves B® in the 
2.3-Mev excited state.’ 

In order to obtain a cross section for the (p,m) 
reaction, it is necessary to separate the mo group from 
the background of continuum neutrons. This has been 
done approximately by two methods: (1) the shape of 
the discrete mo group was extrapolated into the con- 
tinuum, or (2) the shape of the continuum was extrapo- 
lated under the mo peak to its cutoff position. Since these 
methods are only approximate (there is in principle no 
exact method for the extraction of a discrete group 
from a continuous background of unknown shape”), 
errors in the absolute cross section up to about 30% 
are introduced. The relative accuracy is slightly better 
since the shape and yield of the continuum vary slowly 
with bombarding energy and change smoothly with 
angle. This method of analysis (which is necessitated 
by the nature of the problem) suffers from some personal 
bias in the extrapolations. However, the possibility of 
extracting some useful information seems to justify 
this rather crude approach. 

Absolute cross sections were obtained by normalizing 
the data to the accurately measured total neutron pro- 
duction cross-section values of Macklin and Gibbons.‘ 
The normalization point was chosen to be 2.4 Mev 
since at this energy the neutron yield is almost entirely 
from the (p,mo) reaction and the angular distribution is 
known to be isotropic.® 

The cross-section scale for the 90° excitation curve 
(see Fig. 5) was obtained from the 0° curve by using 
the energy spectra of Fig. 3 for the normalization. 


RESULTS AND DISCUSSION 
A. Neutron Data 


The excitation curves for the ground-state neutrons 
(mo) from the Be*(p,n)B® reaction which result from 


“21f the separation is set up analytically, incorporating the 
known shape of the discrete energy group, there is always one 
more unknown than there are simultaneous equations. The only 
exactly soluble case is that for perfect energy resolution, i.e., when 
the discrete group appears as a line. 
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the type of analysis described above are shown in 
Fig. 5. These curves, for observation angles of 0° and 
90°, show the well-known resonances at 2.56 and 4.6 
Mev. In addition, there appears to be evidence to 
support the suggestion previously made‘ that a broad 
resonance occurs near a proton energy of 3.5 Mev. 
In particular, it does not seem possible to account for 
the rather large cross section between the 2.56- and 
4.6-Mev peaks in terms of these two resonances alone. 

The 4.5-Mev resonance for the mp group is much 
more symmetrically shaped than previous long-counter 
data have indicated,?** since the latter included the 
rising continuum yield together with the yield from the 
nm, group, the threshold for which occurs at 4.64 Mev.* 
The long-counter data at 0°, for example, show a de- 
crease on the high-energy side of the 4.6-Mev resonance 
of less than 20% from the peak value,’ compared to at 
least 65% as indicated by the mo data. 

A detailed long-counter excitation curve was ob- 
tained at 90° simultaneously with the mo data for 
proton energies from 2.3 to 5.8 Mev. These data’ are 
shown in Fig. 6. The broad resonance-like behavior 
centered about a bombarding energy of 3.5 Mev is 
again evident. A doublet structure is found near 4.7— 
4.8 Mev, confirming previous observations of this 
effect.** A comparison of the 90° data for the mo group 
with those obtained with the long counter strikingly 
shows the effect of the continuum neutrons. Whereas 
the cross section for the mo group is essentially the same 
at 5.3 Mev as at 2.7 Mev, the cross section for the 
production of a// neutrons shows an increase of a factor 
of 3 at the higher energy. At energies below the thresh- 
old for the m, group, the difference between the two 
cross sections must be attributed to the (p,p’n) and 
(p,p’)(m) reactions. At 4.6 Mev, the continuum cross 
section at 90° is 25 mb/sterad, compared to only 11 
mb/sterad for the mp group. The corresponding figures 
at 2.7 Mev are 6 and 5 mb/sterad. Due to the fact that 
these cross sections were obtained by extrapolations, 
normalizations, and subtraction, they are subject to 
considerable error. These figures are, however, indi- 
cative of the substantial contribution of the continuum 
neutrons. 

The doublet structure near 4.8 Mev has been ob- 
served only in long-counter data. At 0°, these data show 
maxima at 4.70 Mev (average of two measurements?) 
and at 4.94 Mev.’ The resonance energy for the mo 
group at 0° is 4.69 Mev (corrected for target thickness), 
in good agreement with the long-counter data, but the 
no Curve shows no indication of a peak near 4.94 Mev. 
A similar statement holds for the 90° data. The most 
reasonable explanation then is that the 4.9-Mev peak 


18 The cross sections shown in Fig. 6 are approximately 60% 
higher than the previously published® 90° values. be major part 
of this discrepancy is the result of using old Li’(p,n) cross-section 
data asa comparison standard in the earlier work. These 0 m) 
cross sections have recently been shown to be in error by 40% 
[Gabbard, Davis, and Bonner, Phys. Rev. 114, 201 (1959) ]. 
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is due to the m group. It was not possible to confirm 
this hypothesis by obtaining an excitation curve for 
the m, group since the extraction of this group from 
the continuum was too uncertain. 

Table I shows the various energies which have been 
obtained for these peaks. The fact that the different 
methods of measurement yield such a variation in these 
energies indicates that strong interference effects are 
present which drastically distort the curves and act in 
different ways depending on the particular quantity 
measured. Consequently, all that can be said is that 
there appear to be at least two maxima in this energy 
region which occur near proton energies of 4.6 and 
4.9 Mev. 

The highly asymmetric character of the angular dis- 
tribution of the mo group (see Fig. 3) indicates inter- 
ference between states of opposite parity, probably 
corresponding to the resonances at 3.5 and 4.6 Mev. 
An angular distribution taken at 3.50 Mev (not shown) 
also indicated considerable asymmetry. 


B. The Continuum Neutrons 


All of the above comments on the continuum neutrons 
are based on the difference between the mo data and the 
measurements of the total yield of neutrons. Some 
information, however, may be derived from direct 
observation of the continuous neutron distribution. 
Figure 3 is illustrative of these types of data. The 0° 
spectrum at 4.5 Mev shows, in addition to the mp and 
y-ray peaks, a broad maximum due to the continuum 
neutrons, centered about a neutron energy of approxi- 
mately 0.45 Mev. (The 4.5-Mev bombarding energy is 
below the threshold for the production of the m group; 
hence, the 0.45-Mev peak must be due to one of the 
continuum reactions.) Since the Be’ level at 2.43 Mev 
is intensely populated in the Be®(p,p’)Be®* reaction," 
it is natural to seek an explanation for this neutron peak 
in terms of the (p,p’)(m) reaction proceeding through 
the 2.43-Mev state. If the 2.43-Mev level were to decay 
by neutron emission to the ground state of Be’ (0=0.76 
Mev), the decay-in-flight would give these neutrons a 
mean energy of approximately 1 Mev. The 0.45-Mev 
peak in the neutron energy distribution clearly cannot 
be the result of this decay. The fact that no peak is 


TABLE I. Peak energies for the Be’+ ) reactions near 4.8 Mev. 





Peak energy I Peak energy II 
(Mev) (Mev) 
4.72+0.01 
4.68+0.03 
4.64+0.06 
4.60 
4.69+0.03 
4.51+0.04 
4.49+0.03 


Detection method Reference 





All neutrons (0°) Not observed 2 
4.94+0.03 3 
4.82+0.06 Present data 

4.85 
Absent 
Absent 
Absent 


All neutrons (90°) 
All neutrons (o;) 

no (0°) Present data 
Present data 


Present data 





14 See, for example, Gossett, Phillips, Schiffer, and Windham, 
Phys. Rev. 100, 203 (1955). 
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Fic. 6. Excitation curve for the production of all neutrons from 
the Be®+ >) reactions at an angle of 90°. The curve was measured 
with a long counter. 


observed near 1 Mev is consistent with the result'® 
that only 12+5% of the decays lead to the Be* ground 
state. 

Four other possibilities exist for the explanation of the 
0.45-Mev peak: (1) the three-body breakup, Be’- 
(p,p’n)Be®; (2) the Be®(p,p’)Be*(a)He>(n)Het reac- 
tion; (3) the Be*(p,p’)Be*(n)Be**(a)He* reaction, 
through the tail of the 2.9-Mev level; and (4) the 
Be’(p,p’)Be*(n)2He* reaction, through a final state 
s-wave potential interaction of the two a@ particles. 
Bodansky, et al.,!® have suggested that process (2) is 
the dominant decay mode; however, it is difficult to 
see how a peak as narrow as the 0.45-Mev peak could 
be produced in this reaction. If the three-body breakup 
[process (1) ] were responsible for the peak, then a 
corresponding peak would be expected (but not strictly 
required) in the proton spectrum from the Be’+ 
reactions; no such peak has been observed at the 
appropriate energy." 

It appears, then, that some process following in- 
elastic scattering is responsible for the 0.45-Mev peak. 
Processes (3) and (4) seem to be the most likely and 
they are being investigated further. 


C. y-Ray Data 


When Be’ is bombarded with protons in the energy 
range from 2 to 6 Mev, the following reactions can 
take place: Be*(p,y)B", Be®(p,ay)Li®, Be*(p,d) Be’, Be’- 
(p,n) B®, Be®(p,p’)Be®*, and the continuum-producing 
reactions. Of these, only the first two produce 7 radia- 
tion. The excited states of Be’ and B® and the low- 
lying levels of Be*® have negligibly small radiation 
widths. Since the (p,y) reaction has a very small cross 
section, y rays from Be’+ reactions originate pre- 
dominately in the (p,ay) reaction. Only one state in Lif 
(3.57 Mev) is known to emit y radiation, so that the 
y-ray spectrum from Be’+ is dominated by this 
single y ray. 


16 Marion, Levin, and Cranberg (to be published). 
16 Bodansky, Eccles, and Halpern, Phys. Rev. 108, 1019 (1957). 
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The separation of y rays from neutrons can be made 
quite cleanly with the time-of-flight apparatus, as the 
spectra of Figs. 1, 2, and 4 demonstrate. Since very 
little y-ray contribution was expected from other than 
the 3.57-Mev radiation, no effort was made to select 
only a portion of the y-ray energy spectrum for the 
measurement of the excitation curve. 

Figure 7 shows the 0° y-ray excitation function over 
the range of bombarding energy from 2.3 to 5.4 Mev. 
Two distinct maxima are observed, at 2.56 Mev (which 
is different from the neutron resonance at this same 
energy’) and at 4.49 Mev. Between these peaks there is 
again evidence for the 3.5-Mev resonance. 

The Li® state which gives rise to the observed 3.57- 
Mev vy ray has T=1. Hence, only compound nucleus 
states in B® which have T=1 can emit the a-particle 
group corresponding to the observed y ray. The 2.56- 
Mev resonance has previously been analyzed** from 
this standpoint. On the basis of the present data, the 
states corresponding to the 3.5- and 4.6-Mev resonances 
must also have T=1. As such, they must be mirror to 
levels in Be'®, and, in fact, two broad levels in the 
corresponding energy range are known!’ from neutron 
scattering experiments on Be’. One of these is a broad 
p-wave state centered about E,=3.0 Mev and is the 
state responsible for the maximum in the Be*(n,a)He® 
cross section at this energy.'® That this resonance 
should be identified as the analog of the 3.5-Mev peak 
observed in the (p,%9) and (p,ay) reactions is supported 
by the analysis‘ of the total neutron yield from Be’+p 
which indicates predominant p-wave effects in the cross 
section which underlies the 2.56-Mev resonance (i.e., 
the 3.5-Mev resonance). The other resonance (and the 
only other resonance) observed in this energy region in 
the Be’+mn elastic scattering and total cross-section 
measurements is a d-wave state at E,= 2.75 Mev, which 
is presumably the analog of the 4.6-Mev resonance 
found in the (p,m) and (p,ay) excitation curves. The 
peak total neutron cross section indicates'’ that the 


17 J. L. Fowler and H. O. Cohn, Bull. Am. Phys. Soc. Ser. IT, 3, 
305 (1958), and private communication. 

18 P. H. Stelson and E. C. Campbell, Phys. Rev. 106, 1252 
(1957). 
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J-value for the Be’ level must be near the maximum 
allowed for a d-wave resonance; i.e., /<4. The parity 
is, of course, odd. Since both the a particle and the 
3.57-Mev state of Li® have /=0*, the B™ states which 
produce resonances in the Be*(p,ay)Li® reaction are 
limited to spin and parity values of 0+, 1~, 2+, 3-, etc., 
and must have T=1. If the d-wave neutron resonance 
is the analog of the level responsible for the (p,ay) 
resonance near £,=4.6 Mev, then the parity must be 
odd, and if J is to be near 4, then the spin and parity 
are almost certainly 3~. The 3.5-Mev p-wave resonance 
and the 4.6-Mev d-wave resonance then interfere to 
produce the asymmetric angular distribution of neu- 
trons referred to earlier. 

If the resonance in Be’+p at 4.6 Mev is to be 
identified with the resonance in Be’+ m at 2.75 Mev, 
it is not clear why the former appears in the Be’- 
(pay)Li® reaction while the latter is absent in the 
Be®(n,a)He® reaction since these reactions are “mirror 
reactions” (i.e., they both lead to the lowest T= 1 levels 
in the residual nuclei). Both the (,a) and (p,ay) re- 
actions show the resonances at F,=3.0 Mev and at 
E,=3.50 Mev as expected. 


DISCUSSION 
A. The 4.9-Mev Peak 


It has already been concluded that the maximum in 
the total yield of neutrons from Be’+ which occurs at 
4.9 Mev is the result of neutrons leaving B® in the 
excited state at 2.3 Mev (threshold energy 4.64 Mev). 
In the Be’+m experiment!> the measurement of the 
excitation curve for the neutrons inelastically scattered 
from the mirror 2.43-Mev state of Be® shows a maximum 
at an energy slightly above that corresponding to the 
d-wave resonance at 2.75 Mev. Since there appear to 
be only two Be" states in this energy region!’ and since 
the threshold for the inelastic scattering of neutrons 
from this Be’ level occurs at 2.70 Mev, this peak in the 
n’ excitation curve was attributed’ not to a new state 
but to the broad p-wave level; the nearby threshold 
and the resonance combine to produce a peak apparently 
more narrow than the resonance. It seems likely that a 
similar effect occurs in the Be*(p,7:)B® reaction since 
the yield of neutrons leaving B® in the 2.3-Mev state is 
thought to proceed predominantly by p-waves in the 
energy region immediately above threshold.’ The 4.9- 
Mev peak would then be the result of the 3.5-Mev 
resonance and not a new level. 


B. Possibility of a New B® Level 


Although the continuum neutrons which were ob- 
served have been discussed above as arising from the 
(p,p’n) and (p,p’)() reactions, an additional possible 
source should be pointed out. There is now fairly good 
evidence’ that the artifact long observed in reactions 


9 T). W. Miller, Phys. Rev. 109, 1669 (1958). 





Be®(p,2)B* AND 
in which Be* is the residual nucleus actually corre- 
sponds to a true nuclear level near 1.7 Mev with J=}. 
A careful examination” of the a-particle spectrum from 
the B!°(He*,a)B® reaction has failed to reveal a mirror 
level in B®. Also, on the basis of the present results on 
the continuum neutrons, it now seems more reasonable 
to ascribe the anomaly in the slow neutron yield from 
the Be®(p,n)B® reaction which was observed* at bom- 
barding energies near 3.5 Mev to the fall off with in- 
creasing energy of the slow neutron detector sensitivity 
together with rising continuum yield (see above) rather 
than to a B® level near 1.4 Mev. If, however, the B® 
level were radically shifted in energy from its position 
in Be’, then it may have so far remained undetected. 
Consequently, it seems necessary to qualify the state- 
ments above regarding the origin of the continuum to 
include the possibility that at least a portion of these 
neutrons arise from the Be*(p,2)B* reaction, but leave 
the residual nucleus in a low-lying level mirror to the 
Be® 1.7-Mev state. 


C. T=0 States in B” 


The various experiments on Be’+¢ reactions in the 
energy range from 2 to 6 Mev have revealed the 
presence of 4 resonance levels: two at 2.56 Mev (J=2* 
and J=3t), one at 3.5 Mev (J=2t), and one at 4.6 
Mev (J=3-). All of the states have apparent analogs 
in Be” and therefore have T= 1. In fact, in the range of 
excitation energy from 8.7 to 11 Mev in B” all known 
levels have T=1. The highest known T=0 occurs at 


2 Spencer, Phillips, and Young (to be published). 
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8.65 Mev.” It seems rather unlikely that in an energy 
range of over 2 Mev there would be a complete absence 
of T=0 states. Perhaps these levels, if they exist, are so 
broad as to have escaped detection thus far. An obvious 
way in which to search for these states would be to 
extend the (p,d) and (p,ao) excitation curves to higher 
energies. 
CONCLUSIONS 

The investigation of neutron-producing reactions 
which yield discrete neutron groups as well as con- 
tinuous distributions is a difficult task. The present 
results are of necessity crude and are able to give only 
rather elementary information regarding the neutrons 
from Be’+. The only firm conclusion that can be 
reached regarding the continuum neutrons is that the 
cross section for their production is far from negligible, 
and is, in fact, comparable with the po cross section for 
proton energies near 5 Mev. The mechanism by which 
the continuum neutrons are produced is uncertain, but 
a large fraction appear to result from the (p,p’)(n) 
reaction. 
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The conversion-electron spectra of four neutron-deficient rare earth isotopes are presented and discussed. 
The four isotopes are Tb'®*, Tb'*, Dy'®5, and Ho'®. Mihelich, Harmatz, and Handley in a recent publication 
have presented the conversion-electron data of a large number of rare earth isotopes, including all but one 
(Dy"®*) of the four above-mentioned activities. The agreement between the two works is good. Some addi- 
tional conversion lines, not reported by Mihelich et al., have been identified in this work as belonging to the 
decay of Tb'*, Tb'4, and Ho'™. Decay schemes are proposed for Dy'®> and Tb'®*. Tb! and Ho! decay to 
levels in Gd'™ and Dy’, respectively. The electron-capture decay data of Tb' and Ho! are compared with 
data obtained by other workers in the negatron decay of Eu'™ and Tb! to levels in Gd! and Dy’, respec- 
tively, and transitions common to both modes of decay are noted. 


INTRODUCTION 


N our studies of rare earth alpha-particle emitters,! 

using scintillation spectrometers, we obtained nu- 
merous gamma spectra of neutron-deficient isotopes in 
this region of the periodic chart. We felt that it would 
be of great value to supplement the gamma-ray data by 
using instruments of much higher resolution, namely 
electron spectrographs. The instruments used to meas- 
ure the energies of the conversion electrons were 
permanent-magnet spectrographs. These are 180-degree 
spectrographs, four of which have been described by 
Smith.? They have been designated PM I, PM II, 
PM Ill, and PM IV, and their fields are approximately 
52, 99, 214, and 340 gauss, respectively. Recently two 
other spectrographs have been added, PM VI and 
PM VII. Their fields are 125 and 150 gauss. Each 
instrument is especially useful in a particular energy 
range and each was used at various times during this 
investigation. Electrons emitted from the source im- 
pinge on a photographic plate. By previously cali- 
brating the instruments with electrons of known 
energies, one may accurately determine the energies of 
conversion electrons. The momentum resolution of the 
instruments is about 0.1%. The probable error in 
electron line energy determinations is generally about 
+0.2%. 

The rare earth samples, in the form of powdered 
oxides, were bombarded with alpha particles accelerated 
in the Berkeley 60-inch cyclotron. These samples were 
several milligrams in weight and were subjected to 
irradiations ranging up to 100 microampere-hours. The 
oxides bombarded were: 


(a) europium enriched in Eu'®, consisting of 5.0% 
Eu and 95% Eu!®; 

(b) gadolinium enriched in Gd'®, consisting of 0.46% 

*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: University Institute for Theoretical Physics, 
Copenhagen, Denmark. 

1K. 5S. Toth and J. O. Rasmussen, Phys. Rev. 109, 121 (1958). 

2 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 


Gd!®, 1.23% Gd!*, 72.28% Gd!®®, 17.72% Gd'**, 4.60% 
Gd!*’, 2.86% Gd!*8, and 0.81% Gd!®; 
(c) natural terbium consisting of 100% Tb'®. 


After bombardment, an ion-exchange column was 
used to separate the rare earths from one another by a 
method described by Thompson, Harvey, Choppin, 
and Seaborg.’ The column used was 12.5 cm in length 
and 0.6 cm in diameter and was enclosed in a glass 
jacket that was heated to 87°C by trichloroethylene 
vapor. It was packed with Dowex-50, 4% cross-linked 
cation-exchange resin. The eluting agent was 0.4M 
a-hydroxyisobutyric acid buffered with ammonium 
hydroxide to a pH that was varied according to what 
elements were being eluted. The more basic the eluant, 
the faster the activity is eluted from the column. The 
pH in this research was varied between 3.9 and 4.3. 
Separations of the rare earths were very satisfactory. 

After ion-exchange separation of the target material, 
the drops of a-hydroxyisobutyric acid solution con- 
taining the rare earth activity were combined and 
made 0.1N in HC]. This solution was placed on a resin 
column of 4% cross-linked Dowex-50. The size of this 
column was varied according to the amount of solution 
present. Half-normal HCI was passed through until all 
the a-hydroxyisobutyric acid was removed and the 
activity was then stripped off with 6V HCl. The hydro- 
chloric acid solution was brought to dryness taken up 
in water and evaporated to dryness again to remove all 
excess HC]. The activity was then plated onto a 10-mil- 
diameter platinum wire from a solution of 0.1M 
ammonium bisulfate at a pH of 3.6. The procedure used 
was similar to that of Harvey in which the wire is 
made the cathode of an electrolytic cell. Because the 
hydroxide ion concentration is high around the cathode, 
the rare earths are deposited on the wire as hydroxides. 
The wire was held in a Bunsen burner flame for a few 


§ Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 

‘Bernard G. Harvey, University of California Radiation 
Laboratory (unpublished). 
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seconds before being placed in the spectrograph. The 
plating yield varied but averaged about 50%. 

The nuclides studied were Tb'*, Tb'™, Tb'®, Dy! 
Dy'*’, Dy'®, and Ho!™. Mihelich, Harmatz, and 
Handley, in a recent publication,’ have presented 
results concerning the conversion lines of a large number 
of rare earth isotopes, including all but one (Dy'®*) of 
the activities that we studied. The agreement between 
the two works is good. We have seen some additional 
conversion lines that were not reported by Mihelich et al. 

A careful examination of some of the data from 
experiments reported by us here led us to suspect the 
existence of unreported Tb'® with a half-life nearly the 
same as Tb!*! and Tb! Further confirmatory experi- 
ments substantiated this idea, and they are reported in 
the paper following this.® 

We discuss here four of the above-mentioned nuclides 
—Tb'®*, Tb, Dy'®>, and Ho!™—stating our results, 
comparing them with the other work, discussing the 
assignment of new lines, and then drawing some con- 
clusions. Gamma spectra that have been obtained for 
the same isotopes are also presented and correlated 
with the conversion-electron data. These gamma spectra 
were obtained with the use of a 100-channel gamma 
pulse-height analyzer. Results are summarized in tables; 
electron lines not reported by Mihelich, Harmatz, and 
Handley bear asterisks. A nine-step visual-intensity 
scale is employed, designated by the symbols vvw, vw, 
w, wm, m, ms, s, vs, vvs, where v stands for very, 
w for weak, m for moderate, and s for strong. 


Terbium-153 


Terbium-153 was made by bombarding Eu'®* with 
48-Mev alpha particles. In this bombardment Tb! 
also was produced by an (a,3) reaction on Eu!®, Only 
one experiment of this nature was carried out. In order 
to differentiate between the transitions following the 
decay of the two isotopes two exposures were made. 
The first lasted a little less than 60 hr (the half-life of 
Tb'®) and the second about 8 days. The reason for 
choice of these times of exposure was as follows: By the 
time 60 hours had elapsed most of the 17-hr Tb!* 
would have decayed and its lines would not appear in 
so high an intensity on the second exposure. The 
transitions following Tb'** decay would seem to be 
almost as intense on the second exposure as on the 
first. By the end of the first exposure somewhat less 
than 50% of Tb'** would have decayed. By the end of 
another 8 days Tb'®* would have decayed for three 
more half-lives, and this would have accounted for 
about another 44% of Tb'®*. Thus the transitions in 
Gd! should have been about as intense on the second 
exposure as on the first. More refined half-lives could 
have been determined for the electron lines; however, 


6 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 
6 Toth, Faler, and Rasmussen, following paper [Phys. Rev. 115, 
158 (1959) ]. 
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TABLE I. Conversion electron lines from Tb! decay.* 





Transition 
energy 
(best value) 
(kev) 


Apparent 
transition 
energy 
(kev) 


Electron 
energy Visual Conversion 
(kev) intensity shell 


Group a (assigned lines) 


33.28 m Ly 41.66 
34.40 mw Lin 41.65 
39.82 m M 41.71 
41.33 mw N 41.72 
43.45 w Ly 51.84 
37.44 mw q 87.67 
79.17 mw 87.55 
52.03 m 102.26 
59.60 s 109.82 
101.62 m 109.99 
74.30* Ww 124.51 
91.20* Ww 141.43 
133.17* vw 141.55 
120.42* mw 170.65 
124.24 vw 174.47 
144.95 Ww 195.18 
162.23 m 212.46 
203.24 vvw 212.22 
199.43 vw 249.66 


41.68 


51.84 
87.61 


102.3 
109.9 


124.5 
141.5 


170.6 
174.5 
195.2 
212.3 


PD 


249.7 


Group 6 (unassigned lines) 
81.26* mw 
86.79* Ww 
95.37* w 


* Electron lines not reported by Mihelich, Harmatz, and Handley are 
indicated with asterisks in the first column. 


as only Tb'®* and Tb! would have been made in any 
large amount, and as we were looking for the less 
intense lines belonging to them, it was necessary only 
to differentiate between these two isotopes. Terbium- 
151 lines had been previously determined by Mihelich 
et al. Only the more prominent of the lines of Tb'® 
would appear, and these could easily be noticed. 
Terbium-155 had been thoroughly studied by Mihelich 
et al., and its lines, also, could be easily subtracted out. 
On such a basis lines were assigned to Tb! and are 
listed in Table I. All the lines listed in the table satisfy 
the condition that the intensities of the lines were equal 
in both exposures. The lines are divided into two groups : 

(a) Those whose assignment is more certain—that is, 
either they were seen by Mihelich ef al.® and by us, or 
they fit into a proposed decay scheme (see below), or 
both K and L lines were seen for the transitions. 

(b) Those which were assigned to Tb!®® simply be- 
cause they satisfy the exposure-intensity criterion. No 
statements can definitely be made on whether they are 
K or L lines. 

A decay scheme is proposed on the basis of sums and 
differences and is shown in Fig. 1. The proposal is 
quite tentative. The 109.9-kev gamma transition may 
be analogous to the 108.1-kev one in Gd!®! and to the 
105.4-kev transition in Gd!**; the 109.9-kev transition 
is therefore postulated to go directly to the ground state 
in our scheme. The 87.61-kev photon is also supposed to 
de-excite to the ground state, in analogy to the 86.7-kev 
gamma in Gd!®> (see Mihelich’s decay scheme in the 
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Fic. 1. Proposed decay 
scheme of Tb". 


reference given’). Mihelich et al. saw a weak 68.1-kev 
transition which we were unable to observe. It fits very 
well as the difference between 109.9 and 41.68 kev. 
Rather than postulate a state at 68.1 kev, again in 
analogy to a 60.1-kev transition in Gd'®*®, we propose a 
state at 41.68 kev because the latter transition seems 
to be so much stronger than the 68.1-kev one. The 
212.3-kev transition is proposed because gamma rays 
have been identified which fit well as the differences 
between this state and the other three already proposed. 
No spins can be assigned to any of the levels at this 
time. 
A gamma spectrum was not obtained for Tb’. 


Terbium-154 


Terbium-154 was produced by the method described 
in the preceding section. The lines belonging to it were 
assigned as described previously, and are listed in 
Table II. 

The gamma spectrum of Tb! is shown in Fig. 2. 
This was obtained in a bombardment on Eu'™* below 
the (a,4n) threshold, so that very little Tb’ or Tb'™ 
should have been present. The half-lives of all the peaks 
seem to be about 17 or 18 hours. The 123.2-kev photon 





530 kev 
~ 660 kev 
~ 700 kev 


1000 kev 





5S 40 kev 


¢ 


5 1200 kev 
S 1410 kev 


OE EE 
40 60 80 


~ 20 
CHANNELS 


Fic. 2. Gamma-ray spectrum of Tb!*. The activity was pro- 
duced by means of a 37-Mev helium-ion bombardment on Eu 
and was chemically separated by ion-exchange chromatography. 
The detector was a 1.5X1 inch NalI(TI) scintillation crystal. 
Other terbium activities would be negligible at the time this 
spectrum was obtained. 

7 Mihelich, Ward, Jacob, Harmatz, and Handley, Bull. Am. 
Phys. Soc. 2, No. 5, p. 259, B4 (1957). 
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is not shown (owing to the energy setting of the scintilla- 
tion spectrometer), but one can readily see peaks at 
250 and 340 kev. These peaks presumably represent the 
transitions of 248.1 and 347.1 kev listed in Table II. 
The Eu’ gamma spectrum obtained by Stephens is 
shown in Fig. 3,° so that the differences and simi- 
larities of the two spectra can be noted. The 340-kev 
peak is absent in Eu' decay. The high-energy portions 
of the two spectra resemble each other. In each there 
are there gamma rays, whose energies are about 880, 
1000, and 1280 kev. Stephens’ spectrum also shows two 
peaks at 600 and 750 kev. In the same region of our 
spectrum there is a broad peak which undoubtedly 
encompasses several transitions. The latter could in- 
clude, in addition to the gamma rays at 600 and 750 kev, 
the two transitions seen by us whose electron lines are 
listed in Table II with electron energies of 626.3 and 
641.5 kev. The peak at approximately 530 kev in our 
spectrum is probably due to annihilation radiation 
from positrons (positron radiation from Tb'* was 
detected in a previous beta-spectroscopic study’), In 
addition there are peaks at 1140 and 1410 kev in our 
spectrum which are not observed in the other. The 
possibility was considered that these peaks might be 
the stack-up peaks of the following gamma rays in 
coincidence : 


(a) 1008 and 123, adding up to 1131 kev; 
(b) 1280 and 123, summing to 1403 kev. 


The energies of the 1008- and 1280-kev gamma rays 
were taken from the conversion-electron data on Eu'™ 
decay of Juliano and Stephens.” It is most likely that 
the 1131-kev peak is a stack-up peak and not a true 
gamma ray since for spectra taken at different distances 


TABLE IT. Conversion electron lines from Tb!* decay.* 


Transition 
energy 
(best value) 
(kev) 


123.2 


Apparent 
transition 
energy 
(kev) 


Electron 
energy 
(kev) 
72.78 
114.77 
115.14 
115.85 Lin 
121.45 M 
122.79 N 
197.75 K 
Ly 


Conversion 
shell 


Visual 
intensity 


ee 
Ly 
Ln 


Vvs 
ms 
ms 


123.15 
123.08 
123.10 
123.34 
123.18 
247.98 


240.21 

Ln? 
M 
K 


248.21 
347.1 


246.33 

296.84 m 
626.33* w K 
Ww K 


347.1 


691.77 691.8 


_ ® Electron lines not observed by Mihelich, Harmatz, and Handley are 
indicated with asterisks in the first column. 
b Unresolved. 


§ Frank S. Stephens, Jr., thesis, University of California Radi- 
ation Laboratory Report UCRL-2970, June, 1955 (unpublished). 
°M. A. Rollier and J. O. Rasmussen, Jr., Rend. accad. nazl. 
Lincei 14, 526 (1953). 
[ 10 J. O. Juliano and F. S. Stephens, Jr., Phys. Rev. 108, 341 
1957). 
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from the crystal the intensity of this peak was seen to 
diminish relative to the 1000-kev peak as the geometry 
was decreased. This is not true of the 1410-kev peak, 
since its intensity remained approximately unchanged 
relative to the 1280-kev gamma ray as the geometry was 
varied. Perhaps the 1410-kev peak is a gamma ray that 
does not belong to the decay of Tb'™. 

The 123.2- and 248.1-kev transitions in Gd'* agree 
closely in energy with transition energies measured in 
the decay of Eu’ by Juliano and Stephens.” Their 
decay scheme is shown in Fig. 4. The two gamma rays 
represent the first excited state and a transition between 
that state and the second excited state, respectively. 
The spin and parity assignments of the two levels are 
2+ and 4+, and the levels form a rotational band based 
on the ground state. The transitions are therefore of an 
E2 nature. The 347.1-kev transition was not excited in 
the decay of Eu', since the transition was not seen in 
either the conversion-electron spectrum or the gamma 
spectrum of Eu', Mihelich ef al.,> who did observe the 
transition in their conversion-electron spectra of Tb!®, 
proposed that it could be an £2 transition to the 4+ 
state from the next member of the rotational band, 
whose spin and parity would be 6+. 

The 691.8-kev transition must belong to a level in 
Gd! because it was seen by Juliano in Eu! decay.” 
This fact was established by placing one of his photo- 
graphic plates exposed in the same permanent-magnet 
spectrograph side by side with our plate on which the 
transition was seen. By lining up the two strong transi- 
tions of 123 and 248 kev on both plates, we determined 
that our 691.8-kev gamma ray was the same as one of 
his high-energy gamma rays. However, he lists the 
energy of the K conversion-electron line as 643.6 kev, 
yielding a transition in gadolinium of 693.8 kev. As a 
difference of more than 2 kev is outside the scope of 
experimental error, his electron-line energy was recalcu- 
lated and found to be in error. He also lists an Ly line 
for the same transition. We were unable to see this Ly 
line on any of his plates exposed in the permanent- 
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Fic. 3. Gamma spectrum of Eu! as obtained by Stephens® using 
a 13X1 inch NaI (TI) scintillation spectrometer. 
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Fic. 4. Decay scheme of Eu', as proposed 
by Juliano and Stephens.” 


magnet spectrograph in question. Presumably he must 
have been able to identify the line on a spectrograph 
with a higher field (PM IV) and used the field calibra- 
tion of that spectrograph to calculate the energy of the 
transition. The use of energy calibrations from two 
different spectrographs could account for the difference 
in the calculated energies for the same transition. We 
believe our transition energy to be the more correct 
one, since the calibration of PM IV is not so accurate as 
that of PM III. He does not place this transition in the 
Eu! decay scheme. Cork and co-workers have also 
studied the decay of Eu!" Their decay scheme is in 
agreement with that of Juliano and Stephens except 
that a level has been added at 1824 kev. The level is de- 
populated by a transition of 694 kev to the 1130-kev 
state common to both decay schemes. The 694-kev 
transition is undoubtedly the 691.8-kev one seen by us 
in Tb'™ decay. Although the 694-kev transition has 
been observed by us, the remainder of the gamma rays 
reported by Juliano and Stephens and by Cork e/ al. 
with comparable energies (725, 759, and 592 kev) were 
not observed by us in the Tb!™ decay. The explanation 
must be that the 1824-kev level proposed by Cork ef al. 
is more heavily populated in the electron-capture decay 
of Tb’, than in the negatron Eu'* decay. Though our 
wire sample was intense enough to enable us to observe 
the 694-kev transition it was insufficiently intense for 
us to observe the two gamma rays, 759 and 1008 kev, 
which depopulate the 1130-kev state. 

It is not known where the transition whose electron 
line is at 626.3 kev fits. It is certain that it must belong 
to Tb decay because the only other isotopes made in 


Cork, Brice, Helmer, and Sarason, Phys. Rev. 107, 1621 
(1957). 
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any quantity in the bombardment were Tb'™ and Tb'®. 
The half-lives of the latter two nuclides are 60 hr and 
5 days, respectively. If the transition were in the decay 
of either of the two isotopes it would have appeared in 
the second and longer exposure in which the conversion- 


electron lines of Tb’ were identified. 

Some of the other gamma rays reported by Juliano 
and Stephens” have been observed by us in scintillation 
spectra. As mentioned previously the gamma-ray peaks 
at 880, 1000, and 1280 kev are seen in both Figs. 2 and 3. 
The energies of the gamma rays as reported by Juliano 
and Stephens from their conversion-electron data are 
875, 998, 1007, and 1278 kev. The 1000-kev peak in 
both scintillation spectra evidently includes both the 
998- and 1007-kev gamma rays. 


TABLE ITI. Conversion-electron lines from Dy'®® decay..*’» 


Transition 
energy 
(best value) 
(kev) 


Apparent 
transition 
energy 
(kev) 


Electron 
energy 
(kev) 


Conversion 
shell 


Visual 
intensity 


Part (a) 
56.70* vs 
57.18* Li 
57.85* w Lit 
63.42* M 
65.13* m N 
38.29* s K 
81.68* ms Ly 
88.42* mw M 
90.04* vw N 

obscured by another line K 

106.65* vvw Ly 
103.87* mw 4 
147.38* vw Lu 

148.34* vw 

109.45* m 

obscured by another line 
153.587* vw 

197.12* vVVw 

175.13* vvs 

218.30* mw 

225.02* vw 

226.65* vvw 

219.20* w 

262.84* vvw 


Ly 65.41 65.43 
65.43 
65.37 
65.39 
65.53 
90.29 
90.39 
90.39 
90.44 


115.36 
155.87 
156.09 
155.86 
161.45 


205.59 
205.83 
227.13 
227.02 
226.99 
227.05 
271.20 
271.55 


Part (b) 
34.398* 
34.82* 
35.54* 
41.51* 
42.74* 
36.02* 
79.313* 

132.62* 

247.67* 

266.02* 

319.23* 

381.22* 

432.12* 

446.14* 

455.95* 


43.11 
43.08 
43.06 


43.14 
88.02 
88.03 
184.62 


88.03 


184.6 


* Electron lines not observed by Mihelich, Harmatz, and Handley are 
indicated with asterisks in the first column. 

> Part (a) lists the electron lines that seem certain to belong to Dy'®5; 
part (b) lists the rest of the lines, which cannot be assigned with any cer 
tainty to either Dy'®> or Dy'*’, 
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Thus out of the ten gamma rays that comprise the 
disintegration scheme of Eu’, seven are also found in 
the decay of Tb’. There are also two gamma rays 
following Tb'* decay which are absent in Eu'®* decay. 
They are the 347.1-kev gamma ray and the transition 
whose conversion-electron line appears at 626.3 kev. 


Dysprosium-155 


Dysprosium-155 was made by bombarding Gd!® with 
48-Mev alpha particles. In the process a large amount 
of Dy'®’ was also made. The problem was to resolve the 
lines of Dy'®*, of Dy'*’?, and of Tb'®*, the 5.6-day 
daughter of Dy". (The daughter of Dy'®’, Tb'®’, has 
never been seen; Mihelich et al. prepared an intense 
source of Dy'®’, but were unable to find any indication 
of activity due to Tb'*’.6 Two exposures of the same 
sample were taken. The first was for about 30 hours, by 
which time most of the Dy'®* and Dy'*’ (half-lives of 10 
and 8 hours, respectively) would have decayed out. 
The second exposure lasted for about a week, so that 
the lines due to Tb'®> would be identified. Mihelich 
et al. have studied the levels in Gd'** following the decay 
of Tb'®®°.5 We were able to identify most of the lines 
they reported for Tb'®> by studying the photographic 
plate resulting from the second exposure. Any lines 
that agreed in energy in both exposures and that de- 
cayed in intensity, or else were completely absent in 
the second exposure, were assigned to Dy'® and Dy!®’, 
Mihelich et al. have reported some lines for Dy'*” decay.® 
These were also identified by us. Table III lists the 
remainder of the electron lines that fulfilled the require- 
ment that their intensities should have decreased in 
the second exposure. The table is divided into two 
sections. The first portion lists the electron lines that 
seem certain to belong to Dy'®®. The second portion 
lists the rest of the lines, which cannot be assigned with 
any certainty to either Dy'® or Dy!®’. 

The electrons in part (a) of Table III were assigned 
to Dy'® for two reasons. The first is that lines of such 
intensities, if they belonged to Dy'®’, would have been 
seen by Mihelich ef al. The second is that they fit into 
a disintegration scheme constructed in analogy to 
neighboring isotopes. The decay scheme is shown in 
Fig. 5. It is readily seen that the first two excited states 
(65.43 and 155.8 kev) can be proposed as members of 
a rotational band with the ground state used as a base. 
The spin assignments of the three levels would be 
3, 3, and 3. A similar scheme can be found in the decay 
of Dy’, Dy'®, and Tb'®. The parity of all three states 
would then be even. The 271.4-kev level was placed in 
the scheme because two transitions could be found that 
would match well the differences between this level and 
the first and second excited states. The 227.0-kev 
transition was made to go directly to ground because 
of its intensity. Also a gamma ray was found that 
seems to be the transition between the 227-kev level 
and the 65.43-kev level. It is interesting to note that 
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the 9/2 state of the rotational band should have, by 
the simple J(J+1) dependence, an energy of about 275 
kev, in good agreement with the 271.4 kev observed. 
The 43.09-, 88.02-, and 184.6-kev transitions probably 
belong to Dy'®® and not to Dy'®’, because of their in- 
tensities. The 43.09-kev gamma ray could be the 
transition between a 108.5-kev level and the 65.43-kev 
level. However, no such crossover of 108.5 kev to the 
ground state has been seen, and no photons can be 
identified decaying to the 108.5-kev level from a higher 
one. The 88.02-kev photon could be a transition pro- 
ceeding to ground. No gamma rays have been seen 
decaying to such a state from higher levels. Of the 
remainder of the electron lines very little can be said 
except that some of them probably belong to Dy’®’. 
The gamma spectrum obtained in the bombardment 
clearly showed the 225-kev gamma ray together with 
the 325-kev one belonging to Dy'*’ decay. Small peaks 
were visible in the vicinity of 70 and 95 kev, representing 
no doubt the 65.43- and 90.38-kev gamma rays. Several 
peaks were seen between 100 and 200 kev which were 
probably due to weak gamma rays and the back- 
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Fic. 5. Proposed decay 


scheme of Dy!®5, (w2+)? 


(572+)? 


(y2+)? 


scatter peaks of the two prominent 225- and 325-kev 
transitions. In addition there were peaks at about 645, 
890, and 1080 kev. It could not be determined whether 
these latter gamma rays were to be assigned to Dy'® or 
Dy'*’. Relative gamma intensities were not calculated 
because of the difficulty that would have been involved 
in the resolution of the low-energy gamma rays men- 
tioned above. By inspection, however, it could be easily 
observed that the 225-kev photon was by far the most 
prominent following the decay of Dy'*’. Because of this 
it is almost certain that the 225-kev gamma ray does 
proceed to ground as indicated in the decay scheme. 

The decay scheme proposed here in Fig. 5 for Dy'®® 
was constructed on the basis of energy sums and 
differences of the various transitions identified in the 
conversion-electron spectra, with the similar decay 
schemes of neighboring isotopes kept in mind. How- 
ever, some corroborating evidence for the decay scheme 
can be found in the intensities of the Z-conversion lines 
of the 65.43-, 90.38-, and 155.8-kev gamma rays. 

(a) For the 65.43-kev transition (+ to 3+) the li 
line is much more intense than either the Zy, or the Ly 
line. The numerical ratio of the intensities is 27: Lin: Linn 
or ~10:1:1. The sequence of L-subshell intensities 
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Fic. 6. Gamma spectrum of Ho!®, obtained in a 37-Mev alpha- 
particle bombardment on terbium. The detector was a 1.5X1 
inch NalI(TI) scintillation crystal. The holmium activity was 
chemically purified by ion-exchange chromatography. Other 
holmium activities would have made a negligible contribution 
at the time this spectrum was obtained. 


indicates the multipolarity of the transition to be an 
M1+ £2 mixture. 

(b) For the 90.38-kev transition ($+ to $+) only 
the L; is visible; the other two Z lines are presumably 
too weak to be observed. An M1 transition is indicated. 

(c) For the 155.8-kev transition (+ to 3+) two L 
lines have been identified. They are the Zi and Lin 
lines. Their intensities seem to be equal, so that the 
multipolarity of the transition is indicated to be £2. 

The multipolarities of the transitions thus seem to 
be in agreement with the spin and parity assignments 
of the levels in Fig. 5. 


Holmium-160 


Holmium-160 was made by bombarding Tb'® with 
48-Mev alpha particles. Terbium is a monoisotopic 
element and therefore, at the bombarding energy, the 
isotopes that would be produced in any quantiiy are 
Ho!, Ho!®, and Ho'*!. By the time a wire source could 
be prepared most of the Ho!® (33-min half-life) had 
decayed, so that this nuclide offered no obstacles in 
determining the Ho!® electron lines. Two experiments 
were carried out. In the second experiment the sample 
that was prepared was much more intense than in the 
first bombardment. As a consequence the less intense 
sample was placed in a permanent-magnet spectrograph 
with a low magnetic field in a search for the lower- 
energy lines already reported by Mihelich ef al.° The 
more intense wire sample was placed in the permanent- 
magnet spectrograph whose field is about 340 gauss, in 
order to observe the high-energy gamma rays that were 
known to follow the decay of Ho! from the gamma 
spectrum (see Fig. 6). The electron lines seen in the two 
experiments are listed separately in Tables IV and V. 
The main reason for the separation is that the dis- 
agreement between the energies of two gamma rays as 
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Tasie IV. Conversion-electron lines of Ho, Experiment 1. 


lransition 
energy 
(best value) 
(kev) 


59.78 


Apparent 
transition 
energy 
(kev) 


59.77 
59.83 
60.11 
59.75 
86.57 
86.58 
86.69 
86.59 
196.61 


Electron 
energy 
(kev) 


50.85 
51.75 
57.98 
59.32 
77.98 
78.79 
84.85 
86.17 
142.84 


Conversion 
shel 


Visual 
intensity 


m 


196.6 


determined in the two experiments is somewhat greater 
than the range of experimental error, probably owing to 
an incorrect calibration of the 340-gauss spectrograph. 
Another reason is that the two Ho sources were very 
different in their total activities and that the two spec- 
trographs used covered quite dissimilar energy ranges. 
If the lines were combined into one group a meaningful 
relative-intensity scale would be rather difficult to 
construct. 

All the lines in Table IV were seen by Mihelich 
et al.® and assigned to the decay of Ho™, including the 
59.78-kev transition, which is an isomeric transition in 
Ho'® reported previously by the same workers. No half- 
life determinations were made on any of the electron 
lines seen in the second experiment. Because of the 
shortness of the half-life of Ho’ (5 hr) it was felt that 
if the weak high-energy gamma rays were to be ob- 
served then it would be necessary to have an exposure 
that would extend as long as any of the activity would 
last. Thus no interruptions were made to determine the 
electron-line half-lives. It is possible that some of the 
gamma rays in Table V may belong to the decay of 


TABLE V. Conversion-electron lines of Ho!, Experiment 2.* 


Electron 
energy 
(kev) 


79.64 

85.62 

86.84 
119.59* 
143.83 
189.31 
196.31 
176.10* 
200.07* 
244.81 
256.51* 
275.38* 
318.85* 
486.70* 
505.42* 
593.69* 
676.06* 
$26.19* 


* Electron lines not observed by Mihelich, Harmatz, and Handley 
denoted with asterisks in the first column, 


Conversion 
shell 


Visual 
intensity 


vvs L 
vs M 
ms N 
vw 


a 


ms 
mw 
vw 


VR ED 


PP 


Apparent 
transition 
energy 
(kev) 
87.44 
87.66 
87.26 


197.60 
197.90 
198.35 
229.87 


298.58 
310.28 
329.11 
372.62 
540.47 
559.19 
647.46 
729.83 
879.96 


Transition 
energy 
(best value) 
(kev) 


87.44 


197.7 


229.9 


298.6 
310.3 
329.1 
372.6 
540.5 
559.2 
647.5 
729.8 
880.0 


are 


J. 
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either Ho! or Ho'®. This is improbable because the 
half-lives of the latter two isotopes are rather short 
(2.5 hr and 67 min). Also, none of the electron lines 
reported for the two isotopes by Mihelich ef al.® has 
been identified by us. If the more prominent transitions 
of the two nuclides were not observed, then there is no 
reason why some of the less intense transitions (not 
reported by Mihelich et al.) should have been. Therefore 
we would prefer to assign tentatively all the transitions 
in Table V to Ho. 

The gamma-ray spectrum of Ho!™ is shown in Fig. 6. 
Gamma rays are evident at energies of 90, 200, 650, 
730, 890, and 970 kev. All except the 970-kev photon . 
have been identified by their conversion electrons in 
Table V. There is a slight rise in the spectrum in the 
vicinity of 400 kev, which may indicate the presence 
of a 395-kev gamma ray reported by others in the decay 
of Ho?» 

Although a complete decay scheme for Ho! cannot 
be proposed at this time, a start can be made if the 
decay scheme of Tb'® as proposed by Nathan" is con- 
sidered and gamma rays common to both decays are 
noted. Transitions common to both decays and seen 
by us in our conversion-electron spectrum are 87.4, 
197.7, 298.6, and 880.0 kev. The first two are the 
cascade transitions depopulating the first two excited 
states of an even-even rotational band with a ground 
state of 0+ in Dy'®. According to Nathan’s work on 
Tb'® the 970-kev peak seen in our gamma spectrum 
consists of two gamma rays, one of 960 and the other 
of 964 kev. In addition Nathan reports a gamma ray 
of 395 kev that he was able to observe only in his 
gamma spectra. The transition is presumably the same 
as the one seen in Ho! decay. Thus a total of seven 
gamma rays are common to both Ho'® and Tb!® 
decay to Dy™. 

There are two levels in Nathan’s Tb'® decay scheme,” 
one at 964 and the other at 1047 kev, which prove to 
be interesting. The energy difference between them is 
83 kev, which is very similar to the difference between 
two transitions listed in Table V, 729.8 and 647.5 kev. 
We should like to propose a level at 1698 kev populated 
in the electron-capture decay of Ho, and de-excited 
by the emission of the two gamma rays, 729.8 and 
647.5 kev, to the levels at 964 and 1047 kev, respec- 
tively. This state is probably not populated in the beta 
decay of Tb'’®, since neither of the two transitions has 
been reported. The level at 1698 kev is proposed in 
preference to one at 320.5 kev, because neither a gamma 
ray of 320.5 kev nor any other that could be construed 
as de-exciting the level has been identified in either 
Ho! or Tb!® decay. 

Little can be said about the remainder of the con- 
version-electron lines in Table V except that the large 
number of them indicates the decay scheme of Ho'™ to 
be a complex one. 


" W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 
13Q. Nathan, Nuclear Phys. 4, 125 (1957). 
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CONCLUSION 


To conclude, we should like to discuss the change in 
excited-state energies of the isotopes studied in this 
work as the neutron number of these nuclei is increased. 
Thus, in the discussion of the decay of Tb it was 
pointed out that the first excited level in Gd! (90 
neutrons) was 123 kev. This is to be contrasted with 
the first excited level in Gd! (88 neutrons), which 
has an energy of 344 kev. The large difference in energies 
is attributed to the fact that the transition into the 
strong-coupling region, where the Bohr-Mottelson sphe- 
roidal nuclear model is applicable, probably occurs 
between 88 and 90 neutrons. The value of 123 kev is 
still somewhat high, indicating that this particular 
nucleus is on what may be termed the fringe of the 
spheroidally deformed region. Dysprosium-160, another 
even-even nucleus which we have studied in the decay 
of Ho!™, has 94 neutrons and should be definitely inside 
the deformed region. That this is so is indicated by the 
first-excited-state energy of Dy'®, which is 87 kev 
above the ground state, a value very similar to the 
energies of first excited states in other neighboring 
even-even nuclei: Gd!®** (92 neutrons), 89 kev; Dy'® 
(96 neutrons), 81 kev. An energy of about 85 kev seems 
to be the standard value for the 2+ member (first 
excited level) of even-even rotational bands in this 
portion of the periodic chart. 

Turning to odd-mass nuclei, let us consider the three 
isotopes Dy'®*, Dy!’, and Dy!®*, decaying to Tb!® 
(90 neutrons), Tb'®? (92 neutrons), and Tb! (94 neu- 
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trons), respectively. The decay scheme of Dy! was 
constructed in analogy to those of Dy"? and Dy'™, 
assuming a rotational sequence of $, §, and } for the 
spins of the first three levels. If the proposed Dy! 
scheme is correct, then a regular variation is noticed in 
the level energies of the three nuclei, as follows: 
First excited Second excited 
level (kev) level (kev) 

65.4 156 


60.8 144 
58.0 138 


Isotope 


(a) Tbs 
(b) = Tb'87 
(c) Tb! 


Terbium-155 with 90 neutrons is presumably on the 
edge of the spheroidal region. However, as previously 
presented, its first two excited levels together with the 
ground state form a rotational band and follow the 
simple J(J+1) formula quite well. Levels in Gd! 
(91 neutrons) have been studied extensively from the 
decays of both Eu! and Tb'®*. The ground-state spin 
of the nucleus has been found to be $, just as in the 
three terbium nuclei already discussed. The energies of 
the first two excited levels in Gd'® are 60.1 and 146 kev, 
numbers which fit well into the sequence of the terbium 
nuclei. 
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New Terbium Isotope, Tb'**+ 


KENNETH S. TotH,* KENNETH T. FALER, AND JOHN O. RASMUSSEN 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received November 6, 1958) 


A careful examination of photon and electron spectra from cyclotron-produced mixtures of light terbium 
isotopes has led to the identification of a new isotope, Tb'!®, with an 18.5-hr half-life. The 344.1-kev transition 
from first excited state to ground in daughter Gd!® has been identified and shown to be identical in energy 
to a transition associated with the beta decay of 9.3-hr Eu!” to the same daughter nucleus. Gamma 
transitions of 180 and 265 kev are also assigned to the decay of Tb'®. 


ERBIUM-152 has not been previously reported 
despite the fact that Tb'®', Tb'*, and Tb'™ have 

been known for some time. In this study Tb'™ has been 
produced and given a mass assignment in a series of 
bombardments using alpha particles accelerated in the 
Berkeley 60-inch cyclotron. The half-life has been found 
to be 18.5+0.5 hr. The similarity of the half-lives of 
two neighboring isotopes, Tb'®! (19 hr) and Tb'®* (17 hr), 
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Fic. 1. Gamma spectra of terbium isotopes by alpha-particle 
bombardment of enriched europium isotopes. (A) 37-Mev alphas 
on Eu!®, 33-inch NalI(Tl) detector; (B) 37-Mev alphas on 
Eu'®!, 33-inch detector; and (C) 48-Mev alphas on Eu'®, 
1.5X1-inch detector. 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* Present address: University Institute for Theoretical Physics 
Copenhagen, Denmark. 


makes it clear why this isotope has been previously 
overlooked. 

A series of bombardments was undertaken using the 
enriched isotopes, Eu! (91.9% Eu, 8.1% Eu!) 
and Eu'® (5.0% Eu!®!, 95.0% Eu!), with bombarding 
energies of 48 Mev and 37 Mev. At the higher energy 
the most probable reaction is (a,4n), while the lower 
energy is below the threshold for this reaction and 
produced mostly (a,37). 

After bombardment the elements were chemically 
separated by means of a cation-exchange method de- 
scribed elsewhere.! Gamma rays emitted by the terbium 
isotopes were studied using 3X3-inch and 1X1}-inch 
Nal(TI) crystal scintillation counters in conjunction 
with a 100-channel pulse-height analyzer. Accurate 
gamma-ray energies were obtained from conversion elec- 
tron spectra taken in 180-degree-focusing permanent- 
magnet electron spectrographs described by Smith and 
Hollander.? 

In Fig. 1, curve A shows the gamma spectrum of the 
chemically separated terbium isotopes following 37-Mev 
alpha-particle bombardment of Eu'*. This sample 
should consist mostly of Tb'* with smaller amounts of 
Tb'® and very little Tb! and Tb’. The three peaks 
have energies (determined precisely by conversion elec- 
tron measurements) of 123.2, 248.1, and 347.1 kev and 
have previously been ascribed to Tb'* decay.*4 

Curve B of Fig. 1 shows the gamma spectrum follow- 
ing 37-Mev alpha-particle bombardment of Eu’®!. Here 
the majority of product should be Tb’ with smaller 
amounts of Tb! and Tb!**, Again a peak is seen at 
340 kev and its rate of decay as obtained from a series 
of spectra taken at various times after bombardment 
indicates a half-life nearly the same as that of Tb'™™. 
That it is not, in fact, the same gamma as the 347.1 
kev one of Tb'™ is readily seen when its intensity is 
compared with the intensities of the other peaks seen in 
the Tb'* spectrum in curve A. In curve B the relative 
intensities of the 120- and 240-kev gammas are greatly 
reduced. This evidence indicates the presence of a new 


1 Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 

2 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

3 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

4K. S. Toth and J. O. Rasmussen, preceding paper [Phys. Rev. 
115, 150 (1959) ]. 


158 





NEW Tb 


isotope whose decay includes a prominent 340-kev 
gamma. Since Tb! is known to have a half-life of 
60 hr,®:° the isotope must be Tb' or perhaps Tb! which 
also has nearly the same half-life. Since this bombard- 
ment was at an energy below the threshold for produc- 
tion of Tb!* it is most probable that the gamma belongs 
to Tb'®, and additional evidence is obtained by com- 
parison with curve C of Fig. 1. This is the spectrum of 
gamma rays following a 48-Mev bombardment of Eu!®! 
which produced an abundance of Tb!*!. This spectrum 
was obtained with a 1X 1}-inch scintillation crystal and 
thus in a visual intensity comparison with the upper 
curves, the different counting efficiencies must be borne 
in mind, It is possible, however, to obtain relative in- 
tensities of gamma rays and correct these for differences 
in counting efficiencies in order to make comparisons 
between curves B and C. This having been done, the 
corrected intensity ratio of the 340-kev gamma to the 
110-kev gamma (assuming all of the 110-kev peaks in 
curves B and C to be due to Tb!) is 9.5 to 1 in curve B 
and 5.8 to 1 in curve C. This variation strongly supports 
assignment of the 340-kev gamma to Tb!®™. 

The spectrum shown in curve B was obtained after 
an elapsed time of 32 hours following bombardment 
and thus some of the peaks shown are due to gamma 
rays of longer-lived nuclides. The peak at 212.2 kev is 
the prominent gamma seen in the decay of 62-hr Tb’. 
The peaks near 100 kev are complex, consisting of the 
97.3- and 103.1-kev gammas from the decay of Gd!* and 
several weak gammas from Tb!'® decay. It is also possi- 
ble that there is a gamma of about 90 kev in Tb!®. No 


gammas are seen which can be assigned to Tb! or Tb'™™. 


5K.S. Toth and J. O. Rasmussen (unpublished data). 
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The rate of decay of the peaks at 180 and 265 kev indi- 
cate that these also belong to the decay of Tb'®. A 
spectrum taken at higher energies shows a large number 
of low-intensity gammas which could not be resolved 
and assigned with certainty. From the high-energy side 
of the 340-kev peak may be resolved a gamma of 415- 
kev energy with an intensity about 20% that of the 340. 
This is doubtless the 413-kev gamma seen in the decay 
of Eu'® to the same daughter nuclide. 

Several permanent-magnet spectrograph sources were 
made from the terbium fraction of the sample obtained 
in the 48-Mev alpha particle bombardment of Eu!. 
Conversion electron energies were compared with ener- 
gies observed in the decay of Eu! on the same instru- 
ment and corresponded exactly to those of the 344.1-kev 
gamma seen here and elsewhere. 

In addition to the two gamma rays discussed above, 
there are peaks at 180 and 265 kev in spectrum B which 
decayed with about the correct half-life to indicate that 
they belonged to Tb'® decay, and there was some indi- 
cation that a gamma around 90 kev also had a 19-hour 
half-life but this was less certain. An additional gamma 
was seen at 125 kev which decayed very rapidly and 
whose identity or half-life was not determined. 

Finally, alpha particles from Tb! decay were sought 
in the sample obtained from the 37-Mev bombardment 
of Eu. No alpha counts were detected, and estimating 
the disintegration rate of Tb! from the K x-ray peak 
together with the statistical uncertainty in the alpha 
counter background allowed an alpha-to-electron cap- 
ture branching ratio to be set at a limit of <10~". This 
number is to be compared with the branching ratio of 
3X10~-* for Tb! which has been recently determined 
experimentally by Toth and Rasmussen.° 
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Analysis of Angular Distributions in the Reaction B"(«,p)C"f 


L. L. LEE, Jz. AND J. P. SCHIFFER 
Argonne National Laboratory, Lemont, Illinois 
(Received December 19, 1958) 


Angular distributions of protons from the B"(a,p)C™ reaction have been measured with alpha-particle 
energies ranging from 2.0 to 3.7 Mev. Eight resonances in the reaction have been observed, corresponding 
to states in N™ in the range from 12.50 to 13.60 Mev excitation. Analysis in terms of the compound nucleus 
formalism has yielded spin and parity assignments for the six most prominent resonances. 


INTRODUCTION 


EVELS in N* in the region of 13-Mev excitation 

can be investigated by proton bombardment of C", 
neutron bombardment of N", or alpha-particle bom- 
bardment of B". Data on the resonances observed in 
the C'*(p,n)N" reaction’ have been used in conjunc- 
tion with total neutron cross-section data‘ from N™ to 
assign spins and widths to excited states in N’ with 11 
to 13 Mev excitation energy. Fowler and Johnson® have 
studied the differential section for neutron 
scattering from N" and were able to assign spins and 
parities to states from 11.7 to 13.1 Mev excitation. 
The yield of neutrons from the B"(a,n)N™ reaction 
has been used by several experimenters** to examine 
the region from 12.5 to 16.0 Mev excitation, while the 
(n,p) and (n,a) reactions on N™ have been used® to 
study from 12.0 to 15.2 Mev excitation in N®. 

The reaction B" (a,p)C" is quite favorable for analysis 
of the proton angular distributions in terms of the 
compound nucleus formalism. Since in both the 
incoming and outgoing channels one of the particles 
has zero spin, the analysis of the angular distributions 
is relatively simple. Even though more than one / value 
of the incident alpha particle can contribute to the 
formation of a compound state, unique assignments 
can still be made for most of the observed resonances. 
Following Blatt and Biedenharn,” the differential cross 
section for the B"(a,p)C™ reaction proceeding through 
an isolated compound state of spin J takes the form 


cross 


a(O)<>>, Z(LIIS 3v)Z(U' IU kv) P, (cos). 


Here / and /’ are the orbital angular momenta of the 
incoming and outgoing channels, the P,(cos@) are 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Roseborough, McCue, Preston, and Goodman, Phys. Rev. 83, 
1133 (1951). 

* Bartholomew, Brown, Gove, Litherland, and Paul, Can. J. 
Phys. 33, 441 (1955). 

3R. M. Sanders, Phys. Rev. 104, 1434 (1956). 

* Hinchey, Stelson; and Preston, Phys. Rev. 86, 483 (1952). 

5 J. L. Fowler and C. H. Johnson, Phys. Rev. 98, 728 (1955). 

® E. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955). 

7 Bonner, Kraus, Marion, and Schiffer, Phys. Rev. 102, 1348 
(1956). 

8 E. Haddad (private communication). 

®T. W. Bonner (private communication). 

0 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 


Legendre polynomials, and the Z’s are the Racah 
coefficients. For an isolated compound state this 
expression will completely describe the angular distribu- 
tion and will contain only even polynomials. If more 
than one compound state contributes to the reaction 
at a given energy the angular distribution will, in 
addition to contributions of the form given above for 
isolated states, contain terms of the form 


Z (LJ leJ o,3v)Z (LT le’ J 2,4 v) P, (cos) r 


representing interference between states. Here the 
subscripts 1 and 2 refer to two compound states 
contributing to the reaction. Interfering states of the 
same parity contribute even polynomials to the 
distribution while states of opposite parity introduce 
odd polynomials. Interference contribution to the total 
cross section is made only by interference between 
states of identical spin and parity. Table I lists the 
coefficients of P,(cos@) used in our analysis of angular 
distributions for possible compound states with J values 
up to } and for various possible interference terms. 
These are shown only for /,<2 since, although higher 
partial waves were considered, only these were found 
necessary in our analysis. 

Although the foregoing expressions describe the 
angular distribution of protons at any given bombarding 
energy, the energy dependence of the total cross section 
must follow the Breit-Wigner resonance formula. 
Where more than one compound state contributes to 
the reaction, the energy dependence is described by a 
sum of Breit-Wigner terms. 


EXPERIMENTAL METHOD 


Singly-charged Het ions from the Argonne electro- 
static generator were used to bombard targets of 
elemental boron enriched" to >99.9% B". Protons 
from the target emerged through thin Mylar or 
aluminum windows and were detected in thin CsI(T]) 
scintillation detectors. The proton spectra were moni- 
tored by a 256-channel pulse-height analyzer to assure 
that no protons from target contaminants were present. 
Each counter subtended a solid angle of 5.510% 
steradian and could be set at 7.5° intervals over an 
angular range from 0° to 157.5° in the laboratory 


Obtained from Atomic Energy Research Establishment, 
Harwell, England. 
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ANALYSIS: OF ANGULAR DISTRIBUTIONS 


TaBLE I. Calculated angular distributions for the B"(a,p)C™ reaction. A,=Z (lJ ilo 2,3v)Z (lS ile’ 2,42). 
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system. Absolute cross sections were measured by 
comparison with a target whose B" content was known” 
to approximately 10%. 

The angular distributions were measured with four 
counters whose relative efficiencies were carefully 
checked. Excitation curves were obtained at four 
angles by varying the bombarding energy in appropriate 
intervals. Three of the counters were then shifted to 
new angles while the fourth remained at its original 
angle and served as a monitor as excitation curves 
were obtained at three more angles. This procedure 
was repeated until data were obtained at the desired 
number of angles. 


RESULTS 


The excitation curve for the B'(@,p)C" reaction 
observed at 0° and 90° in the laboratory system is 

22We are indebted to Mr. E. Haddad of the Los Alamos 
Scientific Laboratory for making his very carefully prepared B" 
targets available for our use in determining the absolute cross 
section, 
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Interference between states of opposite parity 


shown in Fig. 1. The observed peaks correspond to 
resonances previously observed in the B"(a,n)N™ 
reaction by Shire and Edge® and by Bonner ef al.’ The 
latter also observed sharp resonances in the neutron 
yield at alpha-particle energies of 2.93 and 2.97 Mev 
which are not evident from Fig. 1. When measurements 
in this region were repeated with a detector subtending 
larger solid angle, these resonances were observed. 
The yield was so low, however, that angular distribution 
measurements on these resonances were impossible. 
Three angular distributions were measured over the 
2.06-Mev resonance and distributions were measured 
at approximately 100-kev intervals in the regions 
between widely separated resonances. Excitation curves 
in 4-kev intervals were taken at seven angles in the 
vicinity of the 2.65-Mev resonances and at 12 angles 
above an alpha-particle energy of 3.1 Mev. These data 
yielded angular distributions over the regions studied, 
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Fic. 1. Yield of protons from alpha-particle bombardment of B". Target was approximately 10 kev thick to 3-Mev 
protons and was enriched to >99.9% B". Statistical errors are less than the size of the points except where the cross- 
section scale is expanded. Cross sections are believed accurate to about 15%. 


ANALYSIS OF ANGULAR DISTRIBUTIONS 


In the present experiment, interference effects were 
observed in the angular distributions throughout the 
regions studied. Therefore, it was not possible to 
compare measured angular distributions with theoreti- 
cal predictions for isolated resonances of particular 
spins. However, investigation of the behavior of the 
angular distributions in the vicinity of resonances can 
yield information about the compound states involved. 
To facilitate this analysis, the measured angular 
distributions were reduced to coefficients of Legendre 


TABLE IT. Measured angular distributions at the 
2.06-Mev resonance. 


A:/Ao 


0.44 
0.31 
0.02 


polynomials in the form W(6)=>0,A,P,(cos)@ by 
means of a least-squares fit using George, the 
Argonne fast digital computer. The code required use 
of a sufficient number of Legendre polynomials to 
give a fit which was as good as the statistical and 
systematic errors of the data warranted. The coefficient 
Ao is then the total cross section for the (a,p) reaction. 
To facilitate comparison with the calculated distribu- 
tions the remaining coefficients were divided by Ao. 
It was then possible to study the behavior of the 
various coefficients with alpha-particle energy and 
make spin assignments based on this analysis. 

The coefficients describing the angular distributions 
in the vicinity of the 2.06-Mev resonance are given in 
Table II. From the positive P, term and the absence 
of any P, contribution one arrives at an assignment of 
J=3+ for this resonance. The coefficient of P; goes 
through a maximum at the resonance while the co- 
efficient of P; goes from a maximum below the resonance 
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Fic. 2. Coefficients 
of Legendre polynomials 
describing the angular 
distribution of protons 
W (6) = 2,A,P,(cos0) as 
a function of energy. 
(a) Total cross section 
or in millibarns. (b) 





Ratios A2/Ao and A,/ 
Ao. (c) Ratios A;/A,g 
and A;/Ao. The devia 
tions of the individual 
points from the smooth 
curves are an indication 
of the statistical errors 
in the coefficients. The 
same target was used 





as in Fig. 1. 
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to zero above, indicating that these contributions 


cannot be due to the same interfering state. The P; 
term can be attributed to interference with a $— state 
at high energy and the P; contribution to a }— level 
at an energy lower than we have studied. This latter 
state may be the level at an excitation of 12.32 Mev 
(1.81 Mev alpha energy) observed in neutron scattering 
from N"™ and assigned J=$— by Fowler and Johnson. 

The results obtained from the data for alpha-particle 
energies above 2.5 Mev are shown in Fig. 2. At an 
alpha-particle energy of about 2.65 Mev the total 


a: a, 


IN MEV 


cross section shows a broad resonance. This is accom- 
panied by resonant behavior in both the P: and P, 
terms which is too narrow to be explained by the single 
broad resonance. Also, excitation curves taken at 
various angles show structure in the proton yield which 
cannot be explained by a single level. It therefore is 
evident that this broad resonance in the total cross 
section is actually due to two levels in N™. 

The presence of strong positive P. and Ps terms 
leads to an assignment of /=3— for the narrower of 
the two resonances. The energy dependence of the 
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ANALYSIS OF 
terms. This is not accompanied by any corresponding 
resonance in the total cross section. The presence of a 
P; term with a negligible amount of P, restricts the 
assignment to 3 or 3 if it is assumed that the broad 
states in this vicinity are formed only by alpha particles 
with /=0, 1, or 2. The fact that the P, and P, coefficients 
are opposite in sign indicates J=3— as the most 
probable assignment, with strong interference between 
this state and a broad $— state formed by alpha 
particles with /,=2. The assignment for this state, 
however, is to be regarded as more tentative than the 
previous ones. 

Table III shows a summary of our results for the 
resonances observed. The energies and widths agree 
quite well with those of Bonner ef al.’ except for the 
resonance at 3.30 Mev which was not observed in the 
B"(a,n)N™ reaction." The peak cross sections for the 
(a,p) reaction are consistently lower than those for the 
(a,n) reaction, indicating that neutron emission from 
these states in N'® is more probable than proton 
emission. 

PARTIAL WIDTHS 


The present data for the (a,p) reaction and the (a,) 
results of previous experimenters®’ can be used to 


138A resonance corresponding to this state is, however, 
observed in the N¥(n,p)C™ reaction [T. W. Bonner (private 
communication) ]. 
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determine partial widths for the states observed. The 
cross section at resonance is given by the Breit-Wigner 
single-level formula 

23-1 | dp 


O (a, p) = 40K" 5 ee tir = 


+1 2° 


where [=I'.+I',+T,, J is the spin of the initial target 
nucleus, and 4 is the wavelength of the alpha particle. 
It has been possible to determine these partial widths 
for three of the resonances studied; the results are 
included in Table III. The results for the two lower 
resonances are in fair agreement with previous deter- 
minations.** The (n,a) and (m,p) results of Bonner® 
have been used to identify the partial widths for the 
3.23-Mev resonance. 
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coefficients of P, and P, can then be attributed to 
interference between this state and a broad $— state 
which causes most of the resonance in the total cross 
section. The behavior of P2 is explained by interference 
of the }— state with the formation of the 3— state by 
1=0 alpha particles; and the behavior of P, by inter- 
ference with formation of the $— state by alpha 
particles with /,=2. Off resonance the P2 term can 
then be attributed to interference between the /,=0 
and /,=2 contributions to the $— resonance. The 
considerable P; and Ps; terms can be attributed to 
interference between the 3— and $— states and a 
broad 3+ state at higher energy. This state probably 
is responsible for much of the rise in the total cross 
section in the region above an alpha-particle energy 
of 3.4 Mev, and is evident in the analysis of the higher 
energy resonances. The relative amounts of /,=0 and 
l,=2 needed for formation of the 3— state is such 
that the partial width for /,=0 is twice that for /4=2. 

Most of the resonant yield in this region is then due 
to a $— state at E,=2.64 Mev with a width of about 
90 kev. At about 10-kev higher alpha-particle energy 
there is a narrower ('~40 kev) $—state which, at its 
peak, is responsible for about one third of the total 
cross section at that energy. Treating this region as an 
isolated resonance, Fowler and Johnson® have assigned 
J=%— from neutron scattering measurements. This 
result is not inconsistent with the present analysis 
since the centrifugal barrier should inhibit formation 
of the $— state by neutrons by a factor of approxi- 
mately 100 relative to the }— state while the ratio 
of the alpha-particle penetrabilities is only 3. 

In the region above an alpha-particle energy of 
about 3 Mev, the measured angular distributions show 
considerable complexity. In particular, both the 
gradual rise in the total cross section and the strong 
interference terms observed indicate one or more broad 
states at energies higher than those used in the present 
investigation. Such a state (or group of states) has 
been observed in the N"(n,a)B" reaction.? Assuming 
that a single broad resonance contributes most of the 
yield, Bonner located the state at Ea~4.7 Mev with a 
width of 1.7 Mev. In the analysis which follows, we 
have found it necessary to postulate two broad reso- 
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TABLE ITI. Resonances in B"(a,p)C™. 
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nances of opposite parity to account for the strong P? 
terms in all of the angular distributions. The absence 
of strong P, terms at high alpha-particle energies 
restricts the possible spin assignments of these broad 
states although unique assignments seem difficult. A 
consistent set of parameters for the observed states can 
be obtained from analysis of the measured angular 
distributions. These seem to fit the experimental 
results best although the complexity of the level 
structure must leave them open to some doubt. 

One of the broad states at higher excitation must 
be the 3+ state cited previously in discussing its effect 
on the angular distributions at the 2.65-Mev resonances. 
The present analysis requires an additional broad }— 
state producing much of the yield above 3 Mev. The 
persistent P; terms in the angular distributions can 
then be attributed to interference between the 3+ and 
$— states. The 3— state is formed by alpha particles 
with both /=0 and /=2, and the interference term 
contributes most of the P, observed at higher energy. 

At an alpha-particle energy of 3.23 Mev there is a 
strong resonance in the total cross section which is not 
accompanied by resonance in any of the even Legendre 
polynomials. This isotropic angular distribution in- 
dicates an assignment of J=}—, 3+, or }— to this 
state. The cross section at the peak of this resonance 
is ~22 mb, which is 60% higher than is possible for a 
state of this width and J=}. The assignment for this 
state therefore must be J=3-. 

The resonance at E,=3.30 Mev interferes strongly 
with the 3.23-Mev resonance. The energy dependence 
of the coefficients of P; and P3 is such that it must 
arise from interference between these two states. The 
3.30-Mev resonance must then correspond to an even- 
parity state in N'®. The similarity of the energy 
dependence of the coefficients of P; and P; can only be 
explained by assigning J=$+ to this state. The 
behavior of the coefficients of the even polynomials 
depend on the $+ distribution as well as interference 
with the broad 3+ state cited previously. Detailed 
behavior of the odd coefficients also requires inter- 
ference with distant wide states. 

At an alpha-particle energy of 3.56 Mev, strong 
resonant behavior is observed in the Ps, P3, and P, 
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ANALYSIS OF 
terms. This is not accompanied by any corresponding 
resonance in the total cross section. The presence of a 
P3 term with a negligible amount of P; restricts the 
assignment to } or 3 if it is assumed that the broad 
states in this vicinity are formed only by alpha particles 
with /=0, 1, or 2. The fact that the P2 and P, coefficients 
are opposite in sign indicates J=3— as the most 
probable assignment, with strong interference between 
this state and a broad $— state formed by alpha 
particles with /,=2. The assignment for this state, 
however, is to be regarded as more tentative than the 
previous ones. 

Table III shows a summary of our results for the 
resonances observed. The energies and widths agree 
quite well with those of Bonner ef al.” except for the 
resonance at 3.30 Mev which was not observed in the 
B"(a,n)N"™ reaction."® The peak cross sections for the 
(a,p) reaction are consistently lower than those for the 
(a,n) reaction, indicating that neutron emission from 
these states in N'® is more probable than proton 
emission. 

PARTIAL WIDTHS 


The present data for the (a,p) reaction and the (a,n) 
results of previous experimenters®’ can be used to 


3A resonance corresponding to this state is, however, 
observed in the N(n,p)C™ reaction [T. W. Bonner (private 
communication) ]. 
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determine partial widths for the states observed. The 
cross section at resonance is given by the Breit-Wigner 
single-level formula 

2J+1T I, 


o (a,p) = 4ahg? —— — 


+1 7” 
+17 al’, 


9 
OT (a,n) = ATA” coerate iat. 


+1 1° 


where [=Il',.+I',+T,,, J is the spin of the initial target 
nucleus, and A is the wavelength of the alpha particle. 
It has been possible to determine these partial widths 
for three of the resonances studied; the results are 
included in Table III. The results for the two lower 
resonances are in fair agreement with previous deter- 
minations.?4 The (,@) and (,p) results of Bonner® 
have been used to identify the partial widths for the 
3.23-Mev resonance. 
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Mass excesses of the nuclides H', D?, C®, C4, N™, O'8, and Ar® were determined by measurement of 18 
parent molecule ion doublets with the mass synchrometer. The C'-N"™ difference, 156.44+0.29 kev, was 
obtained from measurements on the doublets [C'O"-O2], [N¥O!8-O.}, [(C4H,-H-O], [C“CH2CO], and 
[N2H,-O2] and other doublets which give some of those above. This is in excellent agreement with the value 
of 15641 kev obtained from determination of the C' beta end point. The consistency of these data supports 
the 1 kev upper limit for the neutrino rest mass derived from the H*-He* mass difference and the H® beta 
end point, and also supports the argument that mass synchrometer data are essentially free of systematic 
errors of the magnitude required to account for discrepancies between nuclear reaction and mass spectro 
graphic mass excesses of C and O'*. Mass excesses of the light nuclides determined were slightly higher 
than recently published mass synchrometer data, but agreement was generally within 1 uMU. 


INTRODUCTION 


RECISE measurement of the atomic masses of 

parent and daughter nuclides in systems undergoing 
8 decay, taken with independently determined 6 spectra, 
provide an experimental approach to the determination 
of the upper limit of the neutrino rest mass. Alterna- 
tively, a theoretical value of zero rest mass may be 
accepted and then the atomic masses give an accurate 
value of the maximum @ energy. Mass synchrometer 
determinations of the atomic masses of H* and He* have 
been published recently! and were used to establish an 
experimental upper limit of approximately 1 kev for 
the neutrino rest mass. The C'4-N"™ mass difference 
appeared to be a particularly interesting subject be- 
cause of the possibility of its measurement in several 
different parent molecule ions. This provides a better 
opportunity to uncover systematic errors and also 
permits the determination of mass excesses of stable 
light nuclides under very similar experimental condi- 
tions. Thus the C™ beta end point obtained from 
spectra may be used as an external calibration to shed 
light on discrepancies between mass excesses of stable 
light nuclides determined from nuclear Q values and 
mass data.” 


EXPERIMENTAL 


A complete description of the mass synchrometer has 
been published by Smith and Damm.* Some recent 
modifications and the general operating procedure for 
mass difference determination are reported in a recent 
paper by Smith.* The only subsequent change in the 
mass synchrometer was narrowing of slits by a factor of 
2, which gave half-width resolutions ranging between 
30 000 and 40 000 for ions in the mass 20-32 region. 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Present address 
Germany. 
'L. Friedman and L. G. Smith, Phys. Rev. 109, 2214 (1958). 
2H. E. Duckworth, Revs. Modern Phys. 29, 767 (1957). 
31... G. Smith and C. S. Damm, Rev. Sci. Instr. 27, 638 (1956). 
‘L. G. Smith, Phys. Rev. 111, 1606 (1958) 
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Thermostatic control of magnet cooling water was in- 
stalled to improve magnet stability. 

Procedures for preparation and purification of the 
C" and O'8 containing compounds used in this work are 
given in the Appendix. 


DISCUSSION OF RESULTS 


The primary objective of this investigation was to 
determine by mass measurement the mass difference, 
C™-N™, and to compare this value with the maximum 
8 energy in C¥ decay. The C*-N™ doublet is not resolv- 
able with the mass synchrometer and it is not desirable 
to attempt precise mass measurements on atomic ions 
produced by electron impact. The required resolution 
for C4-N" is of the order of 100 000 or about three times 
better than generally available. The atomic ions are 
usually produced in low abundance with varying 
amounts of kinetic energy which destroys the advantage 
gained in the precise peak matching techniques. For 
these reasons the C'*-N' mass difference was measured 
by taking the differences between the C“O!*-O, and 
NO!8-O. parent molecule ion doublets and by finding 
similar differences from doublets involving C'H4-H;0O, 
C4C"H>-CO, and NeH4-Ov, etc. Attempts to measure 


TABLE I. Doublet values in pMU. 


Doublet 4M AM2! AMs 
C4H 4-H 
CDa-NDi 
CD.-D20 
ND;-D:0 
CDy-H20'* 
D.O-4Aré 
H,O'8-3Ar‘ 
CoHa-N2 
N2-CO 
C2oH«-CO 
CoHs-C¥4CH 
C4CH2-Ne 
C¥4CH2-CO 
NO!8-O2 
CHuO}8.O-+ 
NeH4-O 
N2H4-NO'8 
Cs3Hy-Art? 


23 987.12 +0.23 
11 032.15 +0.27 
33 304.48 +0.28 
22 270.46 +0.19 
41 614.44 +1.08 
41 943.43 +0.60 
33 630.59 +0.61 
25 164.34 +0.29 
11 238.39 +0.48 
36 404.48 +0.71 
12 416.05 +0.52 
12 748.52 +0.24 
23 987.29 +0.38 
12 410.18 +0.29 
12 578.67 +0.44 
47 638.64 +0.65 
35 227.72 +0.43 
68 945.91 +0.83 


23 986.72 +0.39 
11 033.09 +0.49 
33 303.96 +0.74 
22 270.87 +0.47 
41 614.812 +1.48 
41 942.44 +1.33 
33 631.59 +1.32 
25 164.20 +0.88 
11 237.78 +0.61 
36 401.96 +0.70 
i2 415.24 +0.86 
12 748.94 +0.95 
23 986.72 +0.66 
12 411.01 +0.81 
12 577.86 +0.88 
47 639.74 +0.98 
35 228.73 +1.30 
68 944.92 +1.65 


11 031.386 +0.06 
33 300.179 +0.08 
22 268.79 +0.08 
41 611.76 +0.11 
41 940.37 +0.15 
33 628.79 +0.14 
25 160.86 +0.4 
11 237.41 +0.11 
36 397.33 +0.11 


68 940.69 


* Experimental results. 
b Adjusted values from least-squares analysis. 
¢ Data of Smith, 1958. 
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MASS EXCESSES 
C¥O!®-CHe. and N'O!®-CoH¢ at mass 30 failed because 
of the interference of CO"'8 which was always present 
because of the natural abundance of O'*, The peak dis- 
tortion arising from 0.2% C”O!8 which was not com- 
pletely resolved from C'O'® (the peaks are separated 
by ~1 mMU) was easily detectable and reliable super- 
position of C4O!* and C2He on the oscilloscope screen 
was not achieved. The doublets measured for deter- 
mination of C-N" are listed in Table I with values for 
ten other doublets which have been previously investi- 
gated. The purpose of the latter is to provide sufficient 
information for determination of the mass excesses of 
the light nuclides, H'!, D?, C?, N4, O'8, and Ar® from 
data gathered under experimental conditions similar to 
the C''-N™ mass determination. 

Table I contains sufficient information to compute 
the mass excess of D—2 from the cycle: D—2=}(CD, 
—4Ar)+4(CHs—O)—}(C3Hi—Ar). Mass excesses for 
the remaining stable light nuclides and C™ can readily 
be computed from the available data. A least-squares 
analysis of the data which yielded directly mass ex- 
cesses of the seven nuclides was carried out using the 
BNL Remington Rand punched card computer. The 
results of this calculation are presented in Table IT along 
with earlier data of Smith obtained from a similar com- 
putation. The adjusted values of the doublets presented 
in Table I were computed from the least-squares 
solutions. 

There is a systematic trend to higher values of doublet 
spacing from Smith’s data recently published and our 
results in Table I. This trend is very similar in both 
direction and magnitude to one noted by Smith over a 
period of five years of work with the mass synchrometer. 
It was ascribed by him to the effect of surface charges 
producing small electric fields predominantly in the 
inward radial direction. This produces an error which 
increases with increased doublet spacing and which 
Smith found could be minimized by careful installation 
of a baffle to prevent the ion beam from striking walls 
of the source housing. Narrowing of slits, which was 
done subsequently, could produce an effect similar to 
the one obtained by installation of baffles. Another 
factor which probably had a more profound effect on 
surface charges was the use of quantities of gases con- 
taining radioactivity. The introduction of CH, or 
CCPH, produced a noticeable improvement in reso- 
lution, which may be correlated with improved surface 
conductivity. The magnitude of shifts observed in the 
comparison of Smith’s and our own data is approxi- 
mately 1 wMU or less per 10 mMU doublet width. Ex- 
ceptions to this are the CoHy-CO and C2H4-N2 doublets 
which will be discussed in more detail below. The effect 
of this shift to wider doublet spacing on the mass ex- 
cesses of the respective nuclides is shown in Table IT. 
With the exception of O'* and Ar® all mass excesses are 
increased by approximately 1 wMU. Ar® and O' are 
increased by 1.5 and 1.8 u.MU, respectively. The com- 
parison of 0'8 with old data is significant in view of the 
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TABLE IT. Mass excesses in p»MU 


Excess Ai* A:t 


H!—1 
D?—2 
C12 
C4—-14 
N4—14 
O08 —18 
Art? —40 


8146.365 +0.278 
14 743.730+0.370 
3816.498 +0.853 
7693.992 +0.776 
7527.142 +0.515 
4883.874 +0.785 
24 909.954 +1.841 


8145.395 +0.037 
14 742.216 +0.044 
3815.75 +0.11 


7526.577 40.085 
4882.06 +0.11 
24911.88 +0.28 


4867 


® Results of this study. 

> Best values from mass synchrometer reported by Smith. 
¢ A. H, Wapstra, Physica 21, 367 (1955). 

4 See reference 8. 


value® of 4867411 wMU obtained from Q values for 
the O'8 mass. The value reported herein is actually half 
way between Smith’s data and Nier’s value® of 4885.4 
+0.7 uMU and certainly confirms the mass spectro- 
graphic data. 

The errors reported for the eighteen doublets in 
Table I are standard errors of the mean of individual 
readings and are considerably larger than Smith’s errors. 
The precision of our data, while perhaps not the best 
obtainable from the mass synchrometer, is adequate for 
the purpose of obtaining C'-N™ more accurately than 
available from beta end point data and for uncovering 
possible systematic errors which would account for dis- 
crepancies of mass data with Q-value mass excesses. 
The statistical treatment of the data in Table I permits 
a consistency test measured by the minimized sum of 
squares, x*=)>0;(D;—Aj)?/o, where D; and A; are, 
respectively, the adjusted and observed values, ¢,? the 
variances of the latter. The expected value of x? is the 
number of doublets minus the number of independent 
quantities determined. In this case the expected value 
x’= 18—7=11 while the value computed from the data 
is 66. This error must be multiplied by (66/11)? or 2.2 
for external consistency and indicates that the operating 
procedure followed did not permit sufficient randomiza- 
tion of all significant variables. This was also experi- 
enced by Smith and one must conclude that larger 
statistical errors in our work reflect a wider scatter of 
data rather than a more random sampling procedure. 

Comparison of adjusted values and the original data 
in Table I gives 3.5X10~-§ for the rms value of the 
ratio of adjustment required per mass unit for all 
eighteen doublets. An external precision of about one 
part in 30 million is thus expected from twenty meas- 
urements of a doublet. Smith’s rms adjustment per 
mass unit gives a value of one part in 40 million for ex- 
pected external consistency, in fair agreement with our 
results. Our data tend to scatter more widely from the 
mean than Smith’s, but the average values determined 
indicate that the peak matching technique used is re- 
liable to a precision of the order of one thousandth of a 
peak width. 


5 Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 

6 L. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957); C.S. Wu 
and A. Schwarzschild, Phys. Rev. 91, 483(A) (1953), and private 
communication to L. J. Lidofsky. 
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TABLE IIT. C'*-N™ mass difference in hMU. 





Doublet Am in «MU 


. (C4O!*-O2) — (NO"*-O2) 
. (CH,-H20) —43(N2H,-O2) 

. (C¥CH2-CO) —4(N2H,-O2) 
(C4CHe-N2) — $(C2Hy-N2) 

. 4(CeHy-N2) — (CoHy-C“CH,) 

(C¥4O}*-O2) + (N2H4-NO!*) — (N2H,-O2) 

. (CH,-H2,O) —4$ (N2Hs-NO"’) — 3 (NO#*-O2) 
. (C#CH2-CO) — 4 (N2Hy-NO!*) — 4 (NO!8-O2) 
. (C4CHe-N2) — (Ne-CO) — 4 (N2H4-O2) 

. (C2Hy-CO) — (CoHy-C"CH2) — 3 (N2H,-O2) 
. (C4CH2-H2) — $(C2Hy-CO) —4$(N2-CO) 

. 4(C2Hy-CO) — 4 (N2-CO) — (C2Hy-C'CH2) 
. (C#CH2-CO) — (N2-CO) — 3 (C2H4-N2) 
Least squares 

From above, omitting C2H, doublets 


| 


CNAME WH | 


168.49+0.52 
167.80+0.46 
167.97+0.50 
166.35+-0.28 
166.12+0.54 
167.75+0.90 
168.17+0.44 
168.34+0.46 
167.69+0.63 
169.11+0.94 
165.48+0.89 
167.00+1.0 

166.73+0.89 
166.88+-0.93 
168.03+0.31 


be mt pe et 
wre Oo 


The C¥-N™ mass difference can be determined from 
combination of doublets listed in Table III. The mass 
differences computed from mass excesses obtained from 
the least-squares analysis of all data and from selected 
doublets which omit all measurements against ethylene 
are also given in Table III. These data agree within the 
limits of estimated experimental error but inspection of 
Table III shows that doublets giving C'%-N" fall into 
two groups: those which involve measurements on 
ethylene and the others. The average of values for 
C*.N" obtained from [CO!*-O.]—[N'O!*-O.] and 
the C“H.-N"“H. derived from C“H,, C“C"H.2, and 
N2H, doublets are 168.08 .MU. The maximum devia- 
tion from this average is 0.46 w.MU. If doublets con- 
taining ethylene are averaged the mass difference for 
CN" is 166.80 uMU, with a maximum deviation of 
2.3 uMU. The avarage deviations are in both cases 
much smaller and the two values do not overlap within 
respective estimated error limits. The ethylene doublets 
scatter by 3.6 uMU, approximately four times the 
scatter of the other C™ doublets. This large scatter can 
be accounted for by assumption that all measurements 
against ethylene are a few »MU too large. For example, 
in doublets where (C2H4-X) or }(C2H,-X) is subtracted, 
the C4-N™ difference is low. The tenth item in Table ITI, 
which gives 169.11 w.MU for CH2-N“H2, suggests a 
larger error on the C.H,-CO doublet than on the 
C2H,-C“CH». This shows up at the 2.5 uMU difference 
of the measured value of C:H«-CO and its adjusted 
value. This adjustment is much larger than at any other 
doublet. Comparison of earlier determinations of 
C.H,-CO with our own shows a 7 uwMU discrepancy, 
which is considerably larger than shifts on other 
doublets of similar width. 

The anomaly in connection with measurements on 
ethylene is probably associated with the fact that the 
ethylene ion is both a parent molecule ion and a frag- 
ment ion which can be formed in good yield from a 
variety of higher molecular weight hydrocarbons. It is 
difficult to be sure that all ethylene precursor ions are 
eliminated and that the kinetic energy distribution for 


HENKES, 


AND ‘CHRISTMAN 


ethylene is really that of a parent molecule ion at the 
ion source temperature. This objection to ethylene as a 
compound for mass measurement applies generally to 
olefin ions and acetylenes as well. Isotopically tagged 
molecules are exceptions inasmuch as one would have 
to have saturated impurities of the proper isotopic con- 
stitution to set up a similar interference. Olefins and 
ethylene in particular are subject to an additional 
limitation in view of the fact that metastable transitions 
in which ethane, for example, loses a hydrogen atom 
gives rise to ions which are slightly heavier than C.H4*. 
Such metastables would not necessarily be resolved 
from ethylene and could distort peak shapes, giving rise 
to high values for ethylene doublets. From the remarks 
above, it appears that there is sufficient basis for the 
rejection of ethylene doublets from the C%-N™ deter- 
mination. This gives 168.03+0.31 wMU or 156.44-40.29 
kev for the C'-N"™ mass difference. Perhaps a significant 
aspect of the C-N™ determination is the manner in 
which it demonstrates the danger of a systematic error 
which would be detected only with difficulty through 
measurements of larger mass differences. 

The value of 156.44 kev for C'-N' compares favor- 
ably with 156+1 kev selected by Lidofsky® as the best 
value for the maximum beta energy of C'*. Data sum- 
marized in Lidofsky’s review range from 155+1 to 
158.5+0.5 kev. This latter value of Pohm et al.’ is ap- 
proximately 2 kev high and is in disagreement both with 
mass data and other beta end-point determinations. 
These data are consistent with results of a study on the 
comparison of the T*-He*® mass difference and the T® 
beta end point. Here again the errors reported for the 
C" beta end point are equal to or greater than the esti- 
mated error for the mass difference and is the limiting 
factor in setting a low upper limit for a neutrino rest 
mass. 

The consistency of the C¥-N'™ mass difference and 
the C beta endpoint data provide strong support for 
the argument that the other current mass spectrometer 
measurements are not only more precise than nuclear 
reaction data but also, where large discrepancies exist 
as in the cases of C and O'8, more accurate. Kettner® 
has analyzed the problem of adjustment of various 
nuclear reaction Q’s in the consistent computation of 
C™ and O!8 mass excesses. This is useful in searching 
out nuclear reactions that are poorly determined or in 
error. 
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APPENDIX 
C¥O, C“O'8, and CO" 


These compounds were prepared by reduction of 
about 10 cc of the corresponding carbon dioxide by 
heating overnight in a sealed tube at 400°C with 40- 
mesh zinc. The zinc was pretreated with dilute acetic 
acid, then was washed and vacuum dried at 150°C. 
Tubes with a breakoff tip at one end were used, and 
after the reduction any water was frozen with a dry-ice 
slush and the contained gases pulled through a liquid 
nitrogen-cooled radiator trap by means of a Toepler 
pump, then the carbon monoxide was pumped into a 
container. The carbon dioxide in the radiator trap 
(about 25% of the original amount) was then recovered 
by distillation. This treatment gave carbon monoxide 
sufficiently free of the dioxide for the purposes of the 
experiment. For the O'S compounds, the appropriate 
carbon dioxide was first allowed to equilibrate with 1 cc 
of 90% H,0'8 by shaking overnight. 


NO* 


About 10 cc of nitric oxide was shaken overnight 
with 1 cc of 25% H,0', then the contents of the reaction 
vessel were frozen with liquid nitrogen. This was re- 
placed with a dry-ice slush and the nitric oxide frozen 
into a sample manifold with liquid nitrogen, then 
passed through a 2-meter gas chromatography column 
packed with 25% G. E. Silicone oil No. SF-96 on C-22 
firebrick and using helium at 30 cc/min as the carrier 
gas. The nitric oxide was trapped with liquid nitrogen, 
the helium pumped off and the sample distilled into a 
collecting bulb. 


C,H, 


Barium carbide was prepared from 1 g of shredded 
Ba metal (shredded under toluene with a coarse file) 
and 100 mg of 22% BaC™Os; by the method of Cox and 
Warne.’ The reaction tube was cracked off and placed 
in a vessel on a vacuum line in which it could be treated 
with water. After evacuation, water was added and the 
evolved gases pumped through a trap cooled with liquid 
nitrogen. The trap was cooled with a dry-ice slush and 
the gases distilled into a sample manifold and passed 


93D. Cox and R. J. Warne, J. Chem. Soc. 1957, 1893. 
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through a gas chromatography column similar to that 
used for NO'’. The acetylene was trapped with liquid 
nitrogen, the helium pumped off and the product dis- 
tilled into a breakoff tube. Acetylene with this isotopic 
content should not be stored for any appreciable length 
of time at room temperature, since a good deal of it is 
lost probably by radiation-induced polymerization. 


CH, 


This was prepared by the reduction of C“O with Hz, 
using a nickel on Kieselguhr catalyst prepared from 
Ni(NOs)2 and Filter-Cel.!° An apparatus was made in 
which the catalyst (about 0.5 g) was placed on a medium 
glass frit in a vertical tube which could be heated with 
a small ceramic furnace. A Toepler pump was provided 
at the bottom of the apparatus, along with a T stopcock 
with a joint on the side arm to accept gas collection 
bulbs. An open-end manometer was provided on the 
apparatus, and at the top a stopcock and joint which 
could be attached to a vacuum line. The catalyst was 
reduced in place by passing a stream of hydrogen 
through it while heating to 400°C. All joints were lubri- 
cated with high temperature Apiezon grease or wax. 
The system was then connected to a vacuum line and 
evacuated, with the CO collection bulb in place above 
the Toepler pump. The system was closed and the C“O 
pumped into the main part of the system and the pres- 
sure measured as a drop of 80 mm on the manometer. 
The C“O was then taken back into the Toepler pump 
and hydrogen was introduced from the vacuum line to 
give a pressure drop of 250 mm on the manometer. The 
system was again closed off and the two gases were 
pumped up and down through the catalyst bed, which 
was heated to 250°C. After about 15 min of pumping, 
the pressure reading on the manometer was about one- 
half of its original value. The gases were then pumped 
back into the bulb which had originally contained the 
CO. These gases were then pumped through a radiator 
trap at liquid nitrogen temperature and into another 
collection bulb. The product contained about 3% Hy» 
and a trace (about 0.2%) of unreduced CO, but was 
satisfactory for use in these experiments. 

The procedure for preparation of CD, is similar to 
that for C“H, except for the use of D2 and C”O as 
starting materials. The other materials used are com- 
mercially available chemicals. 


10H. B. Adkins, Reactions of Hydrogen (University of Wisconsin 
Press, Madison, Wisconsin, 1937), p. 19. 
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Energy Levels in Na™ from the Ne”(p,7)Na” Reaction* 
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The gamma-ray excitation function for the Ne*()p,7) reaction has been investigated in the energy range 
of 600 kev to 1800 kev. Eleven resonances could definitely be identified to result from this reaction. The 
cascades leading to the ground state of Na® were determined and found to proceed for the most part through 
well-known lower lying states, although no gamma rays corresponding to transitions through the 2.08 Mev 
and 2.39 Mey were observed at any of the resonances investigated. 


INTRODUCTION 


HE excited states of Na* have been studied by 

means of several different reactions.’ Relatively 
little is known to date about the properties of all but 
the first excited state at 439 kev whose spin and parity 
appear to be $+.?% It is well known that this nucleus 
cannot be described by a single-particle configuration. 
The configuration (ds)* explains the experimental value 
of the spins of both the ground state and first excited 
state but fails to account for the observed level spacings. 
Theoretical calculations have recently been made‘ to 
account for the observed level structure using the 
rotational model. Spin assignments made on this basis 
may be verified by observing gamma-ray cascades, 
through these levels, originating from the compound 
states of the nucleus. The Ne*(p,y)Na®™ reaction is 
ideally suited for this purpose. Several resonances 
originating from this process have been reported,’ * 
but the gamma-ray spectra have been observed only 
at one of these resonances. In the present experiments 
we have studied this reaction for a 1.5-Mev range of 
proton energies observing the gamma-ray spectra at 
the most prominent resonances. 


EXPERIMENTAL PROCEDURE 


Thin isotopic targets’ of Ne® were bombarded with 
the proton beam of one microampere from the Univer- 
sity of Kansas Van de Graaff generator. The targets 
were mounted in a special target chamber that allowed 
good thermal contact between the target backing and 
the walls of the chamber to minimize heating by the 
beam. Experience showed that with such precautions 
the targets withstood several hours of bombardment 
without appreciable target depreciation. The gamma 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

1P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

2W. G. Read and R. W. Krone, Phys. Rev. 104, 1018 (1956 

3 Berenbaum, Towle, and Matthews, Proc. Phys. Soc. (London) 
A69, 858 (1956). 

‘E. B. Paul and J. H. Montague, Nuclear Phys. 4, 375 (1957) 

5 Brostrém, Huus, and Koch, Nature 160, 498 (1947). 

6 Thornton, Meads, and Collie, Phys. Rev. 109, 480 (1958). 

7 The targets were supplied by the Atomic Energy Research 
Establishment, Harwell, England. 


rays produced by the reaction were detected by a 
3-in.X3-in. NaI(Tl) crystal mounted on a Dumont 
6263 photomultiplier tube. Because of the low cross 
section of the reaction the geometry was arranged to 
permit the crystal to subtend a solid angle of nearly 
2r radians. The pulses, after suitable amplification, were 
displayed on a 256-channel RCL pulse-height analyzer. 
Simultaneously the total number of gamma rays of 
energy greater than 1.5 Mev were recorded by a 
conventional scaler. 

The excitation curve was obtained for proton energies 
ranging between 600 kev and 1800 kev. This interval 
was covered in 2.5-kev steps except in those regions at 
which a resonance structure was observed. In these 
instances the observations were repeated at 1.25 kev 
and for considerably longer preiods to improve the 
statistics. Pulse-height spectra were obtained at the 
most prominent resonances. These were analyzed by 
comparing the pulse-height distribution with the 
following standard pulse profiles: the 9.18-Mev y ray 
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Fic. 1, Excitation curve for the Ne*(p,7)Na” reaction. Those 
resonances marked F are due to fluorine contamination. The 
sharp resonance at 1743 kev is a result of the C8(p,y) reaction. 
The general increase in gamma-ray background for proton 
energies above 1600 kev is not quantitatively reproducible as it 
presumably arises from a reaction in carbon built up on the target. 
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resulting from the C'*(p,y) reaction, the 6.13-Mev y ray 
from the F(p,ay) reactions, the 4.43-Mev y ray from 
the B"(p,y) reaction, and the 1.28-Mev y ray from Na”. 


EXPERIMENTAL RESULTS 


Figure 1 shows the excitation curve for the Ne*(p,7) 
reaction. Because of the very limited supply of target 
material, no attempt could be made to assure that all 
the structure observed is due to the above reaction. 
In the energy range investigated, eleven resonances 
could definitely be ascribed to the Ne” process. Others 
are most certainly due to fluorine which could readily 
be ascertained by studying the pulse-height spectra. 
The strong resonance at E,=1280 kev, although 
coinciding very closely with a fluorine resonance, is in 
part at least due to the neon reaction and, to a lesser 
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Fic. 2. Pulse-height spectrum observed at E,=634 kev. 
Aside from the strong high-energy peak corresponding to the 
ground-state transition, three low-energy gamma rays are clearly 
visible. These are parts of cascades through the 3.85, 2.98, and 
2.60-Mev states. 


degree, this is probably also true for the resonance 
observed at E,= 873 kev. Above 1.6 Mev the structure 
becomes considerably more complicated. Of the two 
most prominent resonances in this region, the one at 
1721 kev is due to Ne”; the one at 1744 kev results 
almost certainly from the C'(p,y) reaction. The 
remaining resonances in this region were too weak and 
not sufficiently isolated to study their gamma-ray 
spectrum with profit. 

A typical pulse-height spectrum is shown in Fig. 2. 
The solid curve indicates the observed distribution. 
The dashed lines serve to indicate how the spectrum 
is analyzed in terms of the shapes of typical single- 
calibration gamma rays of appropriate energy. Table I 
and Fig. 3 summarize the results obtained at eleven 
different resonances. All of these show alternate 
cascades of varying intensities. The most conspicuous 
feature of the spectra is the disappearance of the 
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23 
Na 
Fic. 3. Energy level diagram of Na*. The energies of the 16 
reported levels are those given by Endt and Braams.! The cascades 
shown summarize the results of this experiment. 


ground-state transition for proton energies above 1 Mev 
and the apparent absence of any cascades through the 
second and third excited states at 2.08 and 2.39 Mev. 
Transitions to either the 2.64- or 2.71-Mev level occur 
at all except the 1.50- and 1.55-Mev resonances. These 
two levels are too close to be resolved but may perhaps 
be distinguished by the two alternate modes of decay 
that are observed. Experimentally one finds a ground- 
state transition corresponding to a 2.55-Mev gamma 
ray and an alternate transition to the first excited state 
corresponding to a 2.15-Mev gamma ray. The difference 
in energy is 40 kev less than the energy difference 
between the ground-state and first excited state, 
supporting the hypothesis that two different inter- 
mediate levels are involved. It should be noted however 
that the observed energy of both states is consistently 
lower (by about 90 kev) than that reported by Buechner 
et al.® Transitions to the 2.98-Mev state are observed 
at various resonances notably at 1280 and 1443 kev. 
This level decays predominantly to the ground state 
although a very weak transition to the 439-kev state 
cannot be ruled out. The same holds true for the 
3.92-Mev level which is excited appreciably at E,= 859 


*W.W. Buechner and A. Sperduto, Phys. Rev. 106, 1008 (1957) 
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TaBLeE I. Summary of gamma-ray cascades observed at 11 resonances in Ne*(p,y)Na*®. All the levels reported previously in Na* 
have been listed. The numbers (0 to 16) identify the various levels. They correspond to the numbers found on the right of the energy 
level diagram. The relative intensities listed are the observed values. They are considered accurate within 10%. An asterisk shows 
whenever serious discrepancies occur in the intensities of different members of a cascade. The intensities of transitions to the levels 
No. 4, 5, 6, 8, 9, and 10 are the upper limits. This is due to the complication caused by contaminant reaction in fluorine. 


Final. 
state 
energy 
(Mev) 9.70 


to 0 0 85 50 56 60 
to 1 0.439 27 19 
to 2 
to 3 
to 4\ 
to 5/ 
to 6 
to7 
to 8 
to9 
to 10 
to 11 
to 12 
to 13 
to 14 
Res. to 15 
Res. to 16 

16 to 0 

16 to 4+5 

16 to 6 

14 to 0 

14 to 1 

11 to 1 

9 to 0 

8 to | 

6 to 0 

6 to 1 

4 to 0; 

5to0 c 3 

1to0 é 35 


ep (kev) 
4 oie 634 
\(Mev) = 9.40 


859 
9.61 


904 
9.65 


954 
Transition 


Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 
Res. 


SRESR 


SO RND re me Wwe 
nan 
—) 


= im we 
sss 


kev. The 3.85-Mev level again is distinguishable from 
the former only by its alternate mode of decay. The 
presence of a fairly intense 4.40-Mev gamma ray at a 
number of resonances without a feeder gamma ray of 
comparable intensity suggests a possible cascade 
through the 4.8-Mev and 439-kev states. At E,= 1010 
kev the intensity of the 2.60-Mev gamma ray is too 
large compared with that of the gamma ray arising 
from a transition between the resonance level and the 
2.60-Mev level. A possible explanation is an alternate 
decay from the resonance level through the 7.20-Mev 
state which in turn decays to the 439-kev state or the 
ground state in the ratio 3:1. 

At the 1720-kev resonance one observes for the first 
time an intense 1.30-Mev gamma ray which cannot 
readily be fitted into the level scheme so far discussed. 
Such a gamma ray could arise from a transition to a 
9.1-Mev level which is probably the 9.01 Mev level 
previously reported'; this state in turn would then 
decay to either the ground state, the 2.60-Mev state, 
or the 2.98-Mev state in the ratio 2:3:3.° To check 


® Part of the 1.30-Mev gamma ray may be due to the Ne*(p,p’) 
reaction leading to the first excited state at 1.28 Mev. That the 
1.30-Mev gamma ray is not entirely due to inelastic scattering is 
apparent from the relative intensities of the 2.60- and 3.00-Mev 
gamma rays compared with those of their respective feeder gamma 
rays. 
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this hypothesis a search was made for a resonance in 
Ne*(p,y) at approximately 350 kev proton energy. 
Although there was a faint indication of a resonance 
at approximately the right bombarding energy, the 
results were inconclusive because of the very low cross 
section and the proximity of a F(p,vy) resonance. 

In order to check some of the more questionable 
decay modes, an attempt was made to obtain co- 
incidences between gamma rays belonging to a given 
cascade. Figure 4 shows the target assembly used. This 
particular arrangement was chosen because of the 
very low gamma-ray yield of the reaction. The co- 
incidence spectrum is obtained by recording on the 
256-channel analyzer only those gamma rays originating 
from counter 1 which are in coincidence with gamma 
rays of a given energy originating from counter 2. The 
coincidence circuit with a resolving time of approxi- 
mately 2.5 microsecond is part of the pulse-height 
analyzer. 

At the 859-kev resonance the 5.68- Mev gamma ray 
appears to be in coincidence with 3.92-Mev gamma 
ray as expected. At the 904-kev resonance the pulse- 
height spectrum shows two strong peaks corresponding 
to 3.92 and 4.40 Mev. Their relative intensity and the 
abnormal broadness of the former strongly suggest 
that they result from two different gamma-ray cascades, 
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Fic. 4. Target 
chamber assembly 
used for coincidence 
measurements. The 
target chamber is 
constructed of a $-in. 
diameter tube of 
German silver, 0.008 
in. thick. The insert 
onto which the tar- 
get is clamped is 
made of aluminum. 


























one through the 4.80-Mev state, the other through the 
3.92-Mev state. On this hypothesis the coincidence 
spectrum is expected to show a 4.85- and 5.75-Mev 
gamma ray. The measurements, although not altogether 
clear, show that coincidences do occur at these two 
energies. At the 1010-kev resonance a cascade through 
the 7.2-Mev state requires a gamma ray of 6.78 Mev 
in coincidence with a gamma ray of energy 2.56 Mev. 
Figure 5 shows the coincidence spectrum. Even with 
the obviously poor statistics the measurements confirm 
the existence of a gamma ray of the appropriate energy. 
The ordinary pulse-height spectrum plotted above 
shows virtually no indication of this gamma ray as it is 
completely masked by the strong distribution resulting 
from the always-present fluorine contamination. 


DISCUSSION 


Recent success of the Bohr-Mottelson rotational 
model in explaining the nuclear spectra of medium 
light nuclei prompts one to apply this model to Na™, 
This nucleus contains 7 nucleons in the 1d s subshell. 
Of these, only one proton and two neutrons are likely 
to contribute to low-energy level formation. For a 
deformation of the order suggested by the nuclear 
quadrupole moment and the cross section of the 
Coulomb excitation of :the first excited state one finds 
that levels with Q2=K=4 or $ are almost degenerate 
and lie considerably above levels for which K=3. 
Accordingly the ground state should belong to 7=2= K 
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Fic. 5. Pulse-height spectrum and coincidence spectrum at 
E,=1010 kev. The window is set to pass gamma rays having 
energies between 1.90 and 2.80 Mev. 


3. At higher energies one may expect interference 
between the states of different K as a result of rotation- 
particle coupling.” Calculations by Paul e al.‘ have 
yielded a level scheme that bears strong resemblance 
to the low-lying states experimentally observed. 
Accordingly it is expected that the spins of the five 
states between 2 Mev and 3 Mev be 3+, 3+, $+, $+, and 
9/2*, respectively. It is difficult to reconcile the 9/2+ 
assignment ascribed to the 2.98-Mev state with the 
observation that it decays almost exclusively to the 
ground state ($+), nor do these assignments help to 
explain the failure of observing cascades through either 
the 2.08- or 2.39-Mev states. 


0 A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 
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Decay of ,,<Gd'" (3.73 min) 


L. C. Scumip anp S. B. Burson, Argonne National Laboratory, Lemont, Illinois, 


AND 


J. M. Cork,* University of Michigan, Ann Arbor, Michigan 
(Received December 23, 1958) 


lhe decay of ¢sGd'*!(3.73 min) is characterized by beta emission to excited states in 6;b'®. This activity 
has been investigated by means of the Argonne 256-channel scintillation coincidence spectrometer and 
photographic internal-conversion-electron spectrographs. Sources were prepared by neutron irradiation of 
Gd, enriched in Gd!®, in the Argonne reactor, CP-5. The presence of three beta-ray branches is deduced ; two 
of these were observed experimentally by means of absorption methods. Fourteen gamma rays are reported. 
These radiations are fitted into a decay scheme which indicates excited states in Tb'® at 56.6, 134.0, 315.3, 
417.6, 480.6, and 586.1 kev. A rotational band, based on the ground state and including the first two excited 
states, is indicated. Spin and parity assignments are also suggested for the third and fourth excited states. 


THREE-MINUTE activity in gadolinium was 

first reported by Pool and Quill’ in 1938. Later 
the activity was assigned to mass 161 by Butement.’ 
This isotope was observed to decay* with a half-life of 
3.73 min. The radiations were reported* to be a 1.6-Mev 
beta transition followed by gamma transitions in Tb 
of 102, 316, and 360 kev. Another transition, highly 
converted in the K shell, of ~ 60 kev was also suggested* 
because of the presence of a strong x-ray peak observed 
in the scintillation spectrum. 

Sources of Gd'® were produced in the Argonne 
reactor CP-5 by neutron irradiation of gadolinium oxide 
enriched to 95.49% Gd'®. The radiations emitted from 
these sources were investigated with magnetic internal- 
conversion-electron spectrographs and the Argonne 
256-channel scintillation coincidence spectrometer. 

In all, 14 gamma-ray transitions were observed. The 
energies of these transitions and the methods used to 
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Fic. 1. Gamma-ray spectrum of Gd! Where experimental 
points are not shown along the solid curve the uncertainties are 
less than or approximately equal to the line width and points are 
about 2.5 kev apart. 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Deceased. 

1M. Pool and L. Quill, Phys. Rev. 53, 437 (1938). 

2 F, Butement, Proc. Phys. Soc. (London) A64, 395 (1951). 

3 Jordan, Cork, and Burson, Phys. Rev. 92, 315 (1953). 


obtain them are summarized in Table I. Groups of 
internal-conversion electrons were detected in the 
magnetic spectrographs for twelve of the fourteen 
transitions. One more transition of 531 kev was ob- 
served with the scintillation spectrometer, both in 
singles and in coincidence experiments. One other, the 
273-kev transition, was observed only in coincidence 
experiments. 

Sources for the magnetic spectrographs were irradi- 
ated for five minutes in the “rabbit” (an irradiation 
facility consisting of a carrier in a pneumatic tube) and 
exposed in the spectrographs for eight minutes. Because 
of the short half-life, as many as 25 exposures were 
necessary to build up the intensity of the weaker lines 
on a single spectrogram. In addition, exposures were 
made to determine whether any long-lived impurities 
were present. Only two lines corresponding to such an 
activity were observed; these were identified as being 
from Eu'®, The groups of internal-conversion electrons 
from Gd'® are listed along with their interpretation in 
Table II. Relative intensities obtained from densi- 
tometer traces of the spectrograms are also given. 

A typical scintillation spectrum obtained with a 


TABLE I. Transition energies in Tb!®. 





Experimentally observed energy values (kev) 
Internal- 
conversion 

spectrographs 


Gamma-ray 
energy 
(kev) 


Scintillation 


Scintillation 
(singles) i 


(coinc.) 


Tb x-ray 


Tb x-ray 
56.6 
77.6 

102.4 

105.5 

133.7 

165.3 

180.6 

258.8 


50.6 

77.6 

102.4 102 
105.5 

133.7 

165.3 167 
180.6 
258.8 
273 
283.8 283.8 
315.3 315.3 
361.0 361.0 
482 481 
531 
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collimator placed between the source and a Nal(TI) 
crystal is shown in Fig. 1. The dotted lines represent 
photopeaks which were used to obtain the relative 
intensities listed in Table V. The total spectral shapes 
accompanying the photopeaks corresponding to energies 
greater than 259 kev were obtained by using sources 
which emit only a single gamma-ray of approximately 
the same energy as the observed gamma rays of Gd!". 
Sources of mercury, chromium, and sodium with 
gamma-ray energies of 279, 323, and 511 kev, respec- 
tively, were used for this purpose. The abscissa was 
normalized by adjusting the photomultiplier voltage 
until the peak from the single gamma-ray source was in 
the same channel as the particular gamma ray to be 
approximated in the spectrum of Gd!®. In the region of 
166 and 181 kev there are peaks caused by back- 
scattered quanta and Compton electrons. These radia- 
tions are a result of secondary effects of the gamma rays 
of higher energy. This spectral background was sub- 
tracted before this region was analyzed. However, in 
order to avoid confusion, these secondary peaks are not 
shown in the figure. 

A “fast-slow” type coincidence system (27=4X10~° 
sec) was used to fit the observed gamma transitions into 
the level scheme for Tb'™ shown in Fig. 4. There are 
14 gamma rays whose energies range up to 531 kev, thus 
almost any energy interval selected by the single- 
channel analyzer contains pulses from more than one 
gamma ray. This fact makes interpretation of coin- 
cidence data difficult. In many cases, it is not certain 
whether or not the peaks observed in any spectrum are 
in coincidence with the particular gamma-ray peak 
selected by the single-channel analyzer or with one of 
the other constituents of the spectral background lying 
under the peak. To obviate this ambiguity, a series of 
spectra coincident with consecutive energy intervals in 
the vicinity of each peak was obtained. Only one spec- 


TABLE IT. Internal-conversion-electron lines for Gd!®. 


Gamma 
energy 
(kev) 
77.6 
56.7 


Inter- Energy 
Relative preta- sum 
(kev) 


Electron 
energy | \ 
(kev) intensity tion 


K 77.1 

Ly 56.6 

56.6 
102.4 
105.6 


Ratio 
K/L~2.0 
L/M=30 M1 


Character 


102.4 
105.5 


K/L=5.5 E11, M2 
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100.6 
113.3 
128.6 
206.8 
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180.6 
258.8 
283.8 
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TaBLE III. Gamma-gamma coincidence results for Gd!®™, An 
“‘X”’ indicates that coincidences were observed, a “0” that none 
were observed, and a ‘‘?” that the data were inconclusive. 
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trum in a series could be obtained from a single source 
and normalization was accomplished by using a group 
of nearly identical sources. The gamma-gamma coin- 
cidence results are shown in Table III and were ob- 
tained by observing which peaks first increased and 
then decreased in intensity as the window of the single- 
channel analyzer was passed over each gamma-ray peak. 

The sequence of the 102- and 315-kev transitions in 
Fig. 4 is unambiguously fixed by intensity considera- 
tions and the fact that the gamma rays of 166 and 273 
kev are in coincidence with the 315-kev transition and 
not with the one of 361 kev (see Fig. 2). Likewise, the 
361- and 57-kev transitions must be as shown since the 
531-kev gamma ray is in coincidence only with the 
57-kev one. 

It was possible to obtain a value of ax for the 57-kev 
transition by using the spectrum in coincidence with 
the 361-kev gamma ray. This spectrum is shown in 
Fig. 3. The peak is composed of pulses resulting from 
two different radiations, both representing transitions 
from the first excited state to the ground state. These 
are 44-kev K x-rays of terbium following internal 
much weaker contribution from 
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Fic. 2. Gamma rays in coincidence with the 315-kev gamma 
ray. Where experimental points are not shown the uncertainties 
are less than or approximately equal to the line width and points 
are about 2.5 kev apart. 
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Fic. 3. Gamma rays in coincidence with the 361-kev gamma ray. 


57-kev gamma rays. ‘The spectrum was analyzed in the 
following way. The Sm K x-ray (40 kev) from an Eu'® 
source was used to approximate the K x-ray of Tb. The 
peak from the Eu'™® was obtained in a coincidence 
experiment so that the geometric arrangement would be 
the same as used for the Gd'*' experiment. The abscissa 
was normalized as before by adjusting the photo- 
multiplier voltage. A symmetric peak at 57 kev re- 
mained after the K x-ray peak was subtracted. The 
value of ax=15+3 was obtained after appropriate 
corrections were made for the efficiency of the counter 
and for the fluorescence yield. This value is experi- 
mentally consistent with an M1 interpretation for the 
57-kev transition (see Table IV). This assignment is also 
substantiated by the intensities of the L and M groups 
of internal-conversion electrons obtained in the mag- 
netic-spectrograph measurements. From all indications, 
the 57-kev transition is pure M1. 

The relative magnitudes of the K-conversion coeffi- 
cients can be estimated from the intensities of the 
gamma rays and K-conversion lines. These relative 
values can be converted to absolute conversion coeffi- 
cients since the multipolarity of the 57-kev transition 
has been determined in an independent way. This 
transition is assumed to be pure M1 with a theoretical 
az of 1.484; all other experimental determinations of 
the coefficients are made relative to this. Values of ax 
for the transitions for which estimates of the intensities 
of K electrons and gamma rays could be made are listed 


TABLE IV. Character of the 56.6-kev transition. 


Theoretical.» 
Experimental! g E2 Mi M2 
3.5 9.0 120 
0.03 2.5 15 


- 15 +43 


anjay 3.0+0.5 


® Theoretical values for ag obtained from B. I. Spinrad, Phys. Rev. 98, 


1302 (1955). ; 
> Theoretical values for a,;/ay obtained from M. E. Rose, Internal 
Conversion Coefficients (North-Holland Publishing Company, Amsterdam, 


1958). 


4M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 


BURSON, 


AND CORK 
in Table V. For comparison, theoretical values* for 
several multipolarities are also compiled. 

The beta decay was investigated using absorption 
techniques and the 256-channel coincidence spectrome- 
ter. The spectrum of gamma rays in coincidence with 
pulses from an anthracene beta detector was observed 
for various thicknesses of aluminum interposed between 
the source and the crystal. The beta spectrum was 
observed to have two components. One of 1.60 Mev was 
in coincidence with the x-rays and the 102-, 315-, and 
361-kev gamma rays. Another of 1.54 Mev was in 
coincidence with the 482-kev gamma ray. A third 
component not directly observed is also necessary if 
Gd'®" decays as proposed in Fig. 4. The results are 
summarized in Table VI. 

The low values of log ft for the beta transitions imply 
that they are allowed and therefore that the spin change 
is 0 or 1 with no change of parity. The log ft values of the 
beta transitions to the 481- and 586-kev levels of Tb'® 
are on the borderline between allowed and first forbidden. 
However, the transitions are considered to be allowed 
since, if they were not, first-forbidden transitions to the 
levels of lower energy and positive parity would also have 
been observed because of the greater energies of the 
latter transitions. 

The spin and parity of the ground state of Tb'™ were 
assigned from the Nilsson diagrams.’ A deformation 
parameter 6=0.34, taken from calculations by Mottel- 
son and Nilsson, was assumed for this nucleus.6 With 
65 protons Tb'™ has a ground state with a predicted spin 
of $ and positive parity. This assignment is supported 
by the measured spin’ of 3 for Tb'®. If it is assumed that 
the spin of the ground state is 3, the first excited state 
must have spin 3, 3, or 3 and positive parity in order to 
satisfy the M1 character of the 57-kev transition. A 
spin of § was chosen for this state and 3 for the second 
excited state. These spins seem reasonable since the 


TABLE V. Character of the transitions of Tb!®. 


K-shell conversion coefficient 
Experi- Theoretical 
mental El E2 M1 M2 


5.3 0.51 2.06 4.1 42 M1 
0.22 0.23 Ba 1.7 14 El 


Gammia- 

Energy ray 
(kev) intensity 

77.6 -~0.3 
102.4 16.8 
105.5 
165.3 
180.6 
258.8 
273 
283.8 
315.3 
361.0 
481 
531 


Character 





0.50 
0.36 
0.096 


0.79 6.1 El 
0.00 4.2 E2 
0.16 O80 M1 


0.11 
0.083 
0.026 


0.097 
0.26 
0.22 


102 £1 
0.30 Mi 
O22. #1 


0.041 
0.10 
0.018 


0.032 
0.0082 
0.014 


0.12 
0.041 
0.030 


0.20 
0.077 
0.058 


5S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

*B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 

ee Baker and B. Bleaney, Proc. Phys. Soc. (London) A68, 257 
(1955). 
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TABLE VI. The beta rays of Gd!®!. 


Selection rules 
arity 
change 


0,1 
0,1 
0,1 


Energy 


(Mev) Intensity® Al 


1.44 3% 
1.54 71% 
1.60 90% 


® Deduced from the intensities of the gamma transitions. 


experimental ratio of the energy of the second excited 
state to that of the first excited state is as expected for 
a rotational series based on the ground state. The 
experimental ratio is 2.37 and the value predicted by 
the unified model, for a rotational series with K=3, 
is 2.40. 

The level at 315 kev must have spin } or 3 and 
positive parity because of the M1 character of the 315- 
and 259-kev transitions. Similarly, the £1 transitions 
from the 418-kev level to the rotational series indicate 
that this level has spin $ or 3 and negative parity. 
Furthermore if the level at 315 kev has spin 3, then the 
F\ character of the 102-kev transition requires that the 
spin of the level at 418 kev be 3 rather than the altern- 
ative value of $. The possible spins and parities for the 
levels at 315 and 418 kev are not inconsistent with their 
being interpreted respectively as the intrinsic states 
(g7/2,3)3+ and (Ay1/2,3)3— which are calculated by 
Nilsson to be close to the ground state of Tb'®. In this 
notation, the configuration in the spherical limit of zero 
deformation and the component A of nuclear spin on 
the axis of symmetry of the nucleus are listed, in that 
order, inside the parenthesis; and following the paren- 
thesis are the nuclear spin and parity. 

The transitions that are observed to depopulate the 
two levels at 481 and 586 kev indicate that these levels 
have spins of 3 or 3. In addition, the parity of the 
481-kev level must be negative if the character of the 
165-kev transition is F1. 

The ground state of the parent Gd!* is predicted by 
the Nilsson diagrams to be }— or 3+. If the spins and 
parities assigned to the levels in Tb'® are correct, the 
intensities of the various beta transitions require that 
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Fic. 4. Decay scheme of Gd!®. Energies are 
in kev unless marked otherwise. 


the Gd'* ground state have negative parity and a spin 
of $ or 3, with } not completely excluded. A ground-state 
spin of $ or } is supported by the measured spin of Dy'®, 
which like Gd'® has 97 neutrons. The spin of Dy'® 
deduced from the atomic spectrum® is $, but the value 
measured by paramagnetic resonance? is 3. The 
‘‘preference” of the 97th neutron for a state with spin 
* or § indicates that the (Aj1/2,11/2)11/2— level (see 
reference 5 or 6) is filled “pairwise” and the odd 
neutron then is left in the (f7/2,3)3— state, or possibly 
the (Ag/2,3)3— state. 

If one assumes that the first and second excited states 
are members of a rotational series based on the ground 
state, then the next level in such a series would be a 
9/2+ state at about 227 kev. It is reasonable that no 
evidence for this level would be obtained since beta 
decay to such a state would be at least unique first 
forbidden and could not compete with the transitions 
to the other levels. Similarly, gamma transitions to it 
from the levels above could not compete favorably 
with the transitions observed. 


§K. Murakawa, J. Phys. Soc. Japan 11, 804 (1956) ; and Phys. 
Rev. 92, 325 (1953). 

9 A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956). 
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The decay of Nd'*!(12 min) is characterized by beta emission to excited states in Pm'*!, This activity has 
been investigated by means of the Argonne 256-channel scintillation coincidence spectrometer and photo 
graphic internal-conversion-electron spectrographs. Sources were prepared by neutron irradiation of neo 
dymium oxide, enriched in Nd", in the Argonne reactor CP-5. The presence of six beta-ray branches is 
deduced; four of these were observed experimentally by means of absorption methods. Thirty gamma 
transitions are reported. Twenty-seven of these and the six beta-ray groups are fitted into a decay scheme 
which indicates the presence of excited states in Pm'*! at 0.1172, 0.2560, 0.4265, 0.5336, 0.852, 6937, 1.12, 
1.29, 1.63, 1.87, and 2.17 Mev. The total energy difference between the Nd'*' parent and the Pm"! ground 
state is found to be (2.40.1) Mev. The low-lying levels in Pm'* are discussed with particular reference 
to the possible existence of a rotational series based on the ground state 


HE neodymium isotope of mass 151 decays! with 
a 12-minute half-life by beta emission to excited 
states in Pm", Previously, the radiations were reported! 
to consist of beta rays (with a maximum energy of 
1.93 Mev) and six gamma rays. No energy-level 
scheme for Pm'*! was proposed although some coin- 
cidence data obtained by absorption methods were 
presented.! 
Sources of Nd!®! were prepared by neutron irradiation 
of enriched neodymium oxide (94.8% Nd'®). The 


TABLE I. Transition energies of Pm'*. 


Magnetic spectrographs Scintillation experiments 


Transition Conversion 
energy electron lines 
(Mev) observed 


0.0854 
0.1028 
0.1071 
0.1172 
0.1390 
0.1706 
0.1751 
0.1834 
0.2384 
0.2558 


Coincidence 


Singles 
(Mev) 


(Mev) 


0.110 
0.117 
0.140 
0.173 
0.177 


0.257 
0.305 
0.318 
0.330 
0.403 
0.427 
0.434 


0.3304 
0.4265 


0.4807 

0.540 
0.595 
0.682 
0.735 
0.78 
0.88 
1.00 
1.12 


0.685 
0.740 


2 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 
1 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 


radiations were studied using magnetic internal-con- 
version-electron spectrographs and the Argonne 256- 
channel scintillation coincidence spectrometer. The 
results of these experiments are summarized in Table I. 

Evidence was obtained for thirty transitions. Groups 
of internal-conversion electrons were observed for 
thirteen of the transitions. Gamma rays representing 
eight of these thirteen transitions were observed with 
the scintillation spectrometer. In addition seventeen 
high-energy gamma rays were detected for which no 
internal-conversion electrons were observed. 

The daughter of Nd!*! is Pm! which in turn decays 
to Sm"! with a half-life of 27.5 hr. Therefore it was 
suspected that some of the observed radiations might 
accompany the latter decay. When Nd'*! sources were 
placed in the magnetic spectrographs, only single lines 
were observed for most of the transitions (see Table II). 
Thus it was impossible to assign the lines to a particular 
decay on the basis of differences in the electron work 
functions. However, the lines could be attributed to 


TABLE IT. Internal-conversion electron lines for Nd!®. 


Gamma- 
ray energy 
(kev) 
85.4 
102.5 
107.3 


117.2 


Inter- Energy 
preta- sum 
Intensity tion (kev) 


85.3 


Energy 
(kev) K/L 


Character 
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AAA 


M1, or 
(M1+ E2) 


7.94+2.0 
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Fic. 1. Gamma-ray spec- 
tra of Nd! (12 min). In 
sections of the figure where 
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neodymium because of their half-life. A source of Nd! 
was irradiated in the pneumatic tube facility of the 
Argonne reactor CP-5 for ten minutes. It was trans- 
ferred immediately to a spectrograph where a 15- 
minute exposure was made. After allowing the Nd!" to 
decay, the source was placed in a second camera in the 
same field and another exposure was made for the same 
length of time as the first. The source was then irradi- 
ated again. This process was repeated as many as 15 
times in order to obtain sufficient exposure for the 
weaker lines. There were no lines observed on the plate 
from the second set of 15-minute exposures. Therefore 
it is concluded that the lines on the first plate belong to 
the shorter lived neodymium since, if there were any 
lines on the first plate as a result of the decay of pro- 
metheum, they would also have been observed on the 
second plate. The energies and interpretation of the 
lines observed on several plates obtained in. this manner 
are listed in Table IT. 

From densitometer traces of the spectrograms, it was 
possible to calculate the relative intensities of the more 
intense groups of internal-conversion electrons. These 
intensities are also listed in Table II. In addition K/L 
ratios were calculated wherever possible. These ratios 
were compared to theoretical values obtained from 
Rose’s tables.? The multipolarities indicated as a result 
of these comparisons are listed in the last column of 
Table II. 

A gamma-ray spectrum obtained with a collimator 
placed between the source and a 2}-in. cubic NaI (TI) 


2M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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crystal is shown in Fig. 1(a). In this spectrum are seen 
peaks representing fourteen transitions, some not well 
resolved. However, the presence of several more gamma 
rays is suggested by the shape of the curve. 

It was possible to resolve several of these peaks in 
y-y coincidence experiments. The spectrum obtained 
from a typical coincidence experiment is shown in 
Fig. 1(b). This curve is the pulse-height distribution of 
the gamma rays in coincidence with the 117-kev 
gamma ray. This distribution indicates the presence of 
five gamma-ray peaks not resolved in curve a of Fig. 1. 
The spectrum obtained in this particular coincidence 
experiment illustrates the method by which the relation- 
ships between the various gamma rays were deduced. 
It is typical of spectra obtained from many experiments 
which were done before arriving at the decay scheme 


shown in Fig. 2. 
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This decay scheme for Nd'*' was substantiated by 
8-y coincidence measurements. In these experiments, 
the maximum energies of the beta particles in coin- 
cidence with selected gamma rays were determined by 
absorption of the beta particles in aluminum. Evidence 
was obtained for four beta components. In addition, 
two others, which were not observed in the experiments, 
are necessary to populate the upper levels in Pm!®. The 
energies and intensities of the beta transitions along 
with selection rules deduced from log ft values are listed 
in Table III. The intensities are deduced from the 
estimates of the gamma-ray intensities. The latter 
intensities may be somewhat inaccurate because of the 
complexity of the decay scheme. However, this will not 
greatly affect the values of log/t, since if the intensity 
of a beta transition is inaccurate by as much as a 
factor of 10, its log ft value will be in error by only one 
unit. 

The cascade relationships shown in Fig. 2 were 
corroborated by a spectrum obtained with a linear 
adder circuit. This spectrum is shown as Fig. 3(b). The 





Fic. 4. Energy 
levels of Pm!'®!, All 
energies are in kev. 
See text for explana- 
tion of the possi- 
ble spin assignments 
shown. 
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principle involved is the following: if two gamma rays 
are detected simultaneously in a single crystal, the 
observed pulse corresponds to the sum of their energies. 
In this case, instead of a single crystal, two 2}-in. cubic 
Nal(TI) crystals are placed side by side with the source 
between them [see Fig. 3(b) ]. Each crystal is mounted 
on a photomultiplier. The output pulses of the photo- 
multipliers are added electronically. The “‘sum” pulses 
are then analyzed by the 256-channel analyzer. The 
resulting spectrum obtained with this system is equiva- 
lent to that which would be produced by a single crystal 
measuring 2} 2} 44 in. with the source at its center. 
This technique has the advantages that the Compton 
distributions are reduced relative to the photopeaks and 
that the summed peaks are intensified so that cascade 
relationships can be more easily determined. The 
“summed” spectrum [Fig. 3(b)] shows four well 
resolved peaks which are not observed in the collimated 
spectrum in curve 3(a). These peaks at 0.534, 0.852, 
1.29, and 1.85 Mev are attributed to the simultaneous 
detection of two or more gamma rays emitted in prompt 
sequence. In this particular case, the sums correspond 
to levels at these energies. 

The levels in prometheum below 1.12 Mev and the 
gamma transitions between them are shown in Fig. 4. 
The character of the levels could not be proven directly 
in this investigation. However, energy considerations 
make it very likely that some of the levels are members 
of a rotational band associated with the ground state. 
The experimental ratio of the energy of the second 
excited state to that of the first excited state is in agree- 
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TABLE III. Beta-ray transitions in the decay of Nd!*, 





Energy 
(Mev) 


Selection rules 


0, 1 yes (no) 
0, 1 yes 

0, 1 yes 

0, 1 no 

0, 1 no 
(0.24) 


ment with the ratio predicted for a rotational series 
based on a spin of 9/2. Alternatively, if these levels 
belong to a rotational series based on the anomalous 
spin 3, the next level in the sequence is predicted at 
528 kev, which may correspond to the experimental 
level at 533 kev. 

These energy relationships indicate two possible 
spins, 9/2 and 3, for the ground state of Pm!®; of these 
only spin 3 can be obtained from the Nilsson level 
diagrams for deformed nuclei.’ When the level diagrams 
calculated by Nilsson are considered, several close-lying 
states are found, any one of which could be the predicted 
ground state of Pm’®', but none of the states have a 
spin greater than 3. The spins and parities of these 
states are the ones listed in the parenthesis in Fig. 4, 
namely ($—, $+, or 3+). 

The assumption of a rotational series is supported by 
the multipolarities of the transitions between the first 
two excited states and the ground state. The M1, or 
(M1+ 2), cascade with an £2 crossover is typical of 
such a series. 

Beta-decay systematics have shown that simple 
relationships exist between certain classes of nuclei when 
the total decay energies of disintegrating atoms are 
plotted as a function of V, the number of neutrons. One 

3S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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Fic. 5. Observed total disintegration energies E for the Nd-Pm 
decays as a function of neutron number N. The arrow beginning at 
E=0 indicates that there is evidence for instability with respect 
to K capture. The question mark near the point for NV =83, A = 143 
indicates doubt as to whether a @* particle was observed; the 
question mark near its mass number shows doubt about the mass 
assignment. 


method‘ of representation relates the disintegration 
energies to a constant number of protons. In this 
method, nearly linear relationships are found for the 
decay energies—except at magic neutron numbers 
where sharp discontinuities occur. 

In the present study the total disintegration energy 
for the Nd'*!— Pm!" decay is found to be (2.4+0.1) 
Mev. This is ~800 kev less than was previously 
believed. Figure 5, obtained from the charts of Way and 
Wood,‘ shows the observed total decay energies as a 
function of the neutron numbers for the Nd-Pm decays. 
The figure also shows the value for the Nd!® decay 
observed in this investigation. The point corresponding 
to the new datum now lies on a straight line which 
passes through the points representing the decay of 
other nuclei which have masses of 147 and 149 and the 
same atomic number. As can be seen in Fig. 5, this was 
not the case for the previous value. 


‘K. Way and M. Wood, Phys. Rev. 94, 119 (1953). 
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Neutron cross sections measured with very slow neutrons often reveal the influence of levels below the 
neutron binding energy. The published data on 20 isotopes are analyzed in such a way that the properties 
of the levels below and above the binding energy may be compared. It is found, in particular, that the 


neutron-width and level-spacing distributions for these 


the present analysis. 


I. INTRODUCTION 


HEN nuclei are bombarded with slow neutrons, 

effects due to levels below the neutron binding 
energy in the compound nuclei are sometimes observed. 
Such levels are frequently denoted by the descriptive 
phrase ‘‘negative-energy levels,” and it is usual to 
assume that they are in every way similar to the levels 
which are seen with “positive-energy”’ neutrons. In the 
following this will be called the equivalence hypothesis. 
So far this hypothesis has not been tested, and in this 
paper a simple over-all check of it will be described. 

If a comparatively large negative-energy level occurs 
close to the neutron binding energy, then the well- 
known effects of such levels will be sufficiently clear 
cut for approximate values of the level parameters to 
be determined, (e.g., if there is a level occurring at —2 
ev the total neutron cross section will vary roughly as 
E- from 0 to nearly +2 ev and at higher energies will 
go over to a E~! behavior, so producing the charac- 
teristic “knee” in the cross-section curve). 

At first sight the data on such levels contradict the 
equivalence hypothesis because in the eight cases of 
negative-energy levels for which parameters are avail- 


] 


able in the literature,’ the neutron width has turned 


TABLE I. Summary of data 


Isotope Oc o. 


Pu 285+15 
U8 2.70 +0.04 
[136 842 
| 1284 103 +8 
rhs 7.45 +0.15 
Aus? 98+1 
3443 
11+1 
19+2 
2143 
65 +15 
380 +30 
118+6 
6443 
44344 
11.2+0.6 
29+1.5 
6.7 +0.6 
8447 
3042 


300 +30 

2.90 +0.02 » 
543 

100+8 


ono 
wn Nm 
= 


wn 


0.25 +0.08 
0.8+0.4 
1.5+0.2 
0.2 +0.08 

3+0.1 
0.3+0.1 


t s¢ : 5 w 
eHHHHHHHH HHH OO 


we hONM SW 


* On attachment from Atomic Energy Research Establishment, 
Harwell, England. 

' Neutron Cross Sections, compiled by D. J. Hughes and J. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955; second edition, 1958). 


(— and +) levels are the same within the limits of 


out to be, on the average, six times that of the mean 
value for corresponding positive-energy levels. How- 
ever, it is possible that this effect can be explained 
quantitatively merely in terms of the experimental 
difficulties in the determination of any but the largest 
negative-energy levels. This question and the question 
of the validity of the equivalence hypothesis can be 
answered only by extracting some information from the 
neutron cross sections of every nucleus which has been 
studied. At the present time the only quantity which 
may be used for this purpose is the thermal-neutron 
capture cross section; and, in what follows, the details 
of this quantity will be discussed. 


II. ANALYSIS OF EXPERIMENTAL 
CROSS-SECTION DATA 


The contribution to the thermal-neutron capture 
cross section from many noninterfering levels is? 


(1) 


provided the resonance energies, /,, are much greater 
than either the level width or the energy of thermal 
neutrons, and this is true in most cases. In (1) g is a 
spin factor, k and ko are the neutron wave numbers at 
thermal and 1 ev, respectively, and I’,° and I’, are the 
neutron and radiative capture widths, respectively. 

Sufficient levels have been studied now with high- 
resolution neutron spectrometers that the sum at (1) 
may be evaluated fairly accurately for positive-energy 
levels in many heavy nuclei. The spin factor g does not 
present a problem since in the neutron spectrometer 
work the product gl’,° is determined. Also due to the 
FE* factor the sum rapidly converges, and the part of 
the energy scale above the upper limit of the measure- 
ments may be summed over with sufficient accuracy 
by replacing the sum with an integral involving only 
average values of the level parameters. 

In this way, a quantity o;,, being the thermal-neutron 
capture cross section due to positive-energy levels can 
be obtained, and by subtracting o;. from the capture 
cross section measured at thermal energies, the corre- 
sponding capture cross section due to negative-energy 
levels (o_) may be derived. In most cases it is found 


? H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 
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SLOW-NEUTRON 
that o; can be determined to an accuracy of about 
+ 20%. In twenty heavy isotopes! extending from silver 
to plutonium, only six cases were found in which o_ 
was indeterminate, and so can be quoted only as being 
less than a certain limit. These data are given in Table 
I. 

Unfortunately o} or o_ cannot be compared directly 
for different nuclei because they are proportional to the 
radiation width, strength function, and level spacing 
of the nuclei concerned and contain also some statistical 
factors. To reduce these cross sections to standard 
quantities, we make three assumptions regarding the 
properties of the two possible spin sequences of levels: 
(a) the two states have the same strength function (.S), 
(b) the level spacings are proportional? to (2/+1)-", 
and (c) an average radiation width (I',) may be used 
for all levels in both states. 

With these assumptions Eq. (1) reduces to 

4n TS 
—-R, (2) 
kkyD 


where D is the average level spacing for all levels 
observed with s-wave neutrons and R is a nondimen- 
sional statistical factor given by 


> el a 4 ie ) Ay 


R= 


— 


(2E,/D)? 
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It will be assumed further than the R so defined may 
be compared for nuclei of zero or nonzero spin. 

Equation (2) shows that o, is proportional to a fixed 
factor T',S/D and a statistical factor R. A quantity 
like o,/o- describes the distribution of cross section 
between o, and o_, and if it has a mean of 0.5 and is 
symmetrically distributed about the mean then it is 
very probable that both factors behave in the same way 
for positive- or negative-energy levels. The mean of 
o,/o.- for the 20 cases considered is 0.56 and it is sym- 
metrically distributed about 0.5 within the error 
introduced by the small number of isotopes taken. 
Thus to conclude this analysis the measured value of 
[',.5/D for positive-energy levels is assumed to hold 
for both positive and negative levels and the distri- 
bution of the statistical factor R can then be considered. 
Corresponding to the values of o, and o_ pairs of values 
for R (R, and R_) are derived from Eq. (2), and the 
probability integrals for R; and R_ obtained from the 
data on the twenty heavy isotopes mentioned above 
are plotted in Figs. 1(a) and 1(b). As expected following 
the discussion of o;,/o-, the distribution of R is, broadly 
speaking, the same for positive- or negative-energy 
levels. 

III. THE DISTRIBUTION OF THE 
STATISTICAL FACTOR R 


First the largest values of R are due to large levels 
near the origin and thus the value of R in these cases 
is fixed by the first term in the sum at (3). The inte- 
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Fic. 1. The integrated probability distribution for the statistical factor R. (The six indeterminate values of R_, 
have been plotted at half their upper limits.) 
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Fic. 2. The combined probability distributions for Ry and R_. 


grated probability distribution for this case goes 
roughly as R- if I,° follows a Porter-Thomas dis- 
tribution and E, is random. [The randomness of E, is 
a good approximation if small values of £, only are 
considered, which is the condition for large R. Actually 
we must have [',+I,<E,<D, and R23. This ap- 
proximation appears to be valid for the largest 


tof R 
values—see below. ] 

Secondly, for small R several levels contribute to the 
sum at (3), and from an examination of the details of 
the positive energy levels a rough division of values of 
R into large R and small R groups may be made. If one 
fixes arbitrarily a level of significance of > 20% of R, 
it is found for the positive levels that in } of the cases 


more than one level is significant. Thus as stated above 
we may expect that the R- distribution is valid 
approximately for the largest 4 of observed R values. 
The mean number of significant levels for the smallest 
% of observed R, values is 2.2, and for the isotopes 
considered the number of significant levels is never 
greater than 3. Thus only 2 or 3 terms in (3) are 
important for small R, and using a Porter-Thomas 
distribution for I’,° and a random distribution for E, 
with a cutoff at D, we find for small R that Var. R/R? 
is between 1 and 2, and R~2. 

The combined distribution for R, and R_ is shown 
in Fig. 2, compared with the above predictions. It is 
found that the $%, 3 division is realistic and that for 
small R, Var. R/R? is between 1 and 1.5, and R=2, 
while for large R the distribution is between R- and 
R-. (The mean value for large R is, from the nature of 
the distribution, very large.) 

Thus the distribution of R and absolute values of R 
are quite near the theoretically expected behavior. 


IV. CONCLUSION 


The neutron width distribution for negative-energy 
levels is very broad (consistent with Porter-Thomas 
distribution), and the distribution of positions of levels 
and the value of [',5/D on either side of the neutron 
binding energy is closely the same. The equivalence 
hypothesis is verified to a first approximation, and it is 
confirmed that experimental difficulties must account 
for the fact that observable negative-energy levels have 
large parameters. 

The accuracy of the present analysis is poor. As more 
data become available, a more detailed analysis will be 
attempted, including a proper calculation of the com- 
plete distribution of R. 
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The half-lives and gamma-ray spectra of the short-lived barium and lanthanum fission products have been 
measured. Ba"! has a half-life of 18-++1 min and emits x-rays and gamma rays of 120 kev, 190 kev, 290 kev, 
~350 kev, 460 kev, 640 kev, and 740 kev. Ba! has a half-life of 11-1 min and emits x-rays and gamma rays 
of 80 kev, ~260 kev, 890 kev, 970 kev, 1080 kev, 1200 kev, 1360 kev, and 1680 kev. La™ has a half-life of 
3.85+0.10 hr and emits a low intensity gamma ray at 1370 kev. La’ has a half-life of 85-6 min and emits 
gamma rays of 640, 900, 1030, 1080, 1370, 1540, 1750, 1920, 2080, 2400, 2570, 3000, 3300, and 3650 kev. 


HE fission products, Ba™', Ba, La™!, and La™, 

were first studied by Hahn and Strassmann,! and 

also somewhat later by the wartime Manhattan Project 

workers.? These nuclides are members of the mass 
141 chain, 


6 
> Celt! —— Pr"!(stable), 


> Lal 


Ba"! 





and the mass 142 chain, 
ue __ F 1 © *el42 
Ba!” ——— > La! ———> Ce'(stable). 


Virtually no additional work has been reported on Ba"! 
and Ba!”; however, the lanthanum isotopes have been 
studied. We have isolated the barium fission pro- 
ducts and their lanthanum daughters and studied their 
half-lives and gamma spectra. 

The barium samples were separated from U**? fission 
products. Enriched uranium was irradiated for one or 
two minutes in an MTR pneumatic rabbit facility, then 
barium was chemically isolated as rapidly as possible 
by repeated BaCly precipitations with concentrated 
HCl-ether mixture,® by La(OH); scavenging precipita- 
tions, and by BaCO; precipitations. The lanthanum 
samples were separated from the purified barium 
samples by precipitating La(OH)s;, then La2(C20,)s. 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ A preliminary report of this work was presented at the 1958 
Vancouver, B. C., meeting of the American Physical Society 
[Schuman, Turk, and Heath, Bull. Am. Phys. Soc. Ser. IT, 3, 315 
(1958) }. 

10. Hahn and F. Strassmann, Naturwissenschaften 27, 11 
(1939) ; 30, 324 (1942). 

2S. Katcoff, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 172, Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV, p. 1147; H. Levy, B. Zemal, Oak Ridge National 
Laboratory Report ORNL-176, 1948 (unpublished), p. 49; A. 
Goldstein, Radiochemical Studies: The Fission Products (McGraw- 
Hill Book Company, Inc., New York, 1951), Paper No. 160, p. 
1096. 

3 R. B. Duffield and L. M. Langer, Phys. Rev. 84, 1065 (1951). 

4A, Vanden Bosch, Physica 19, 374 (1953). 

5H. Ryde and C. J. Herrlander, Arkiv Fysik 13, 177 (1958). 

®L. E. Glendenin, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper No. 
288, National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV, p. 1657. 


HALF-LIVES 


The half-lives of the nuclides were determined in 
three ways: by following the gross beta decay of the 
barium and lanthanum samples, by following the decay 
of the individual gamma rays with a scintillation spec- 
trometer, and, in the case of the barium samples, by 
milking lanthanum daughters at regular intervals. The 
gross beta decay was followed with an end-window 
proportional counter. The decay curves of both barium 
and lanthanum samples could be resolved to give the 
half-lives of La! and La™. The decay periods of Ba™ 
and Ba’ were too nearly alike to be clearly resolved 
from the decay curves. The gamma-ray spectra of the 
barium samples showed photopeaks decaying with two 
half-lives, 11 min for Ba! and 18 min for Ba", and in 
addition the lanthanum daughter photopeaks growing 
in. The lanthanum samples showed numerous La!® 
photopeaks decaying with an 85-min half-life, and one 
photopeak identified with 231-min La™. 

Since no gamma rays with the previously reported 
half-life of 6 min’ for Ba! could be found, the half- 
lives of the barium isotopes were determined by milking 
lanthanum daughters. A pure barium sample was 
isolated, then, at ten-minute intervals, lanthanum was 
separated by removing the barium as BaCl, followed 
by precipitation of lanthanum as LaF;. The lanthanum 
samples were then analyzed for La by counting its 
640-kev photopeak, and then, on the following day, 
analyzed for La™! by counting the 140-kev photopeak 
of the Ce™! daughter. The decay periods determined 
by milking confirmed the periods observed by following 
the decay of the photopeaks. The average half-lives 
obtained for the nuclides are given in Table I. 


GAMMA-RAY SPECTRA 


The gamma-ray spectra were determined with a 
3-in.X3-in. NalI(Tl) crystal housed in a large 4-in. 
thick lead shield.§ The samples were usually mounted 
10 cm from the crystal and a 1.34-g/cm? Polystyrene 
absorber was used to absorb most of the beta rays. A 


7 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
719 (1958). 

8R. L. Heath, AEC Report IDO-16408 (Phillips Petroleum 
Company, 1957). 
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Fic. 1. Gamma-ray spectra of barium sample ~8 min after 
lanthanum separation. Gamma-ray energies in kev. 


number of spectra were taken with the samples 3 cm 
from the crystal. The relative peak heights in the 
spectra taken at distances of 3 cm and 10 cm were nearly 
the same; therefore, the contribution of ‘sum peaks” to 
the spectra taken at 10 cm distance appears to be small. 
The spectra were analyzed with either a 20-channel or 


a 256-channel pulse-height anaylzer. 
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Fic, 2. Gamma-ray spectrum of lanthanum sample. All peaks 
belong to La except the 1,37-Mev La! peak. Gamma-ray 
energies in Mey 
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Typical gamma-ray spectra obtained on a barium 
sample after two different decay periods are shown in 
Fig. 1. In each case, the lanthanum daughters had been 
separated a short time before the spectra were taken 
so that the contribution of the lanthanum daughters 
was small. The barium gamma rays and their assign- 
ments to the barium isotopes are given in Table I. 
Several gamma-ray peaks are only partially resolved, 
and the broad “peak” at ~300 kev, since it changes 
shape during decay, seems to be produced by two Ba"! 
gamma rays and one Ba gamma ray. Because of the 
small difference in the Ba™! and Ba'® half-lives, and the 
rapid growth of La™ in the samples, low-intensity 
gamma-ray peaks may have been overlooked or in- 
correctly assigned. 

A typical gamma-ray spectrum of a lanthanum 
sample is shown in Fig. 2. All the photopeaks except 
one are due to La™; thus, the spectrum changes very 
little during decay except that the La! peak at 1.37 
Mev becomes more prominent and the 140-kev peak 
of Ce™ grows in. The lanthanum gamma rays and 
their approximate abundances are given in Table I. 
The gamma-ray peak at 1.37 Mev appears to be 
partially due to La™, since its decay is complex. There 
is also a possibility that several low-intensity La! 
gamma rays were not seen. 

To assist in determining the decay scheme of La’, 
some gamma-gamma coincidence spectra were meas- 
ured. Results of the coincidence measurements are 
listed in Table II. The coincidence measurements show 


TABLE I. Properties of short-lived barium and 
lanthanum fission products. 


Gamma-ray 
energies 


(kev) 


Maximum 
beta-ray 
energy 


Approximate 
relative 
Nuclide Half-life intensity 
35 (K x-ray?) 
120+10 1* 
190+10 10 
290+20 6 
350+30 3 
460+10 3.5 
640 +20 2 
740 +20 
35 (K x-ray?) 
80+10 
260 +20 
890 +10 
970 +30 
1080 +20 
1200 +20 
1360 +30 
1680 +30 
1370420 
640 +10 
900 +10 
1030 +30) 
1080 +40 
1370+30? 
1540+20 
1750+20 
1920+20 
2080 +30 
2400 +20 
2570 +30 ' 
2660 +100?? 
3000 +30 
3300 +30 
3650 +30 


Ba'4 18+1 min ~2.9 Mev 


11+1 min 


+0.1 Mev 


3.85 +0.10 hr 2.§ 
~4.4 Mev 


85+6 min 


* Relative to 190-kev y. 


> Relative to 260-kev y. 
¢ Jn percent of disintegrations. 
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Triggering gamma ray Gamma rays in coincidence 


kev kev 


900, 1050, 2600, 3000, possibly 1920, 
2080, 1200??, 1580??, 1380?? 

640 

640, 1080 

640? 





640 


900 
1030 
1920 
2080 
2400 
2550 


640, 900? 
none 

640 

640 


an ~ 1.08-Mev gamma ray in coincidence with the 1.03- 
Mev gamma ray; the two gamma rays are not resolved 
in the singles spectrum. The coincidence measurements 
also show an ~ 2.6-Mev gamma ray in coincidence with 
the 0.64-Mev gamma. The coincidence results on the 
small photopeaks in the region between 1.1 Mev and 
2.2 Mev are uncertain because of the large bremsstrah- 
lung and Compton backgrounds and the proximity of 
the gamma-ray peaks in the region. 


BETA-RAY ENERGIES 


Some approximate beta-ray energies have been 
obtained from aluminum absorption curves and an- 
thracene scintillation spectra. Except for La™, the 
nuclides have complex beta spectra. The beta-ray 
energies of the barium isotopes are approximate 
because of the difficulty of distinguishing between the 
two nuclides and their lanthanum daughters. Approxi- 
mate values of the highest energy major beta ray for 
the nuclides are: Ba'!, ~2.9 Mev; Bal”, ~4 Mev; 
La™!, 2.5+0.1 Mev; and Lal, ~4.4 Mev. 


DISCUSSION AND DECAY SCHEMES 


There is insufficient information to propose decay 
schemes for Ba™ and Ba. Lanthanum-141 has a 
simple decay scheme with ~ 98% of the decays leading 
directly to the ground state and ~2% of the decays 
going to a 1.37-Mev level in Ce. In Fig. 3, a decay 
scheme is proposed for La!” capable of explaining 
most of the single-crystal gamma-ray spectrum and 


AND La FISSION PRODUCTS 


Ce -142 


Fic. 3. Decay scheme of La!. Gamma-ray energies in kev. 


coincidence However, the 1370-kev La!” 
gamma ray is not explained by the decay scheme. 
Also, in order to explain the coincidence between a 
2.6-Mev gamma ray and the 0.64-Mev gamma ray, it 
is necessary to postulate a 2.66-Mev gamma ray which 
is not resolved in the singles spectrum and which 
originates from a transition from the 3.30-Mev to the 
0.64-Mev level. A very questionable 2.66-Mev gamma 
ray is included in Table I on this basis. Our decay 
scheme is similar to the partial decay scheme proposed 
Ryde and Herrlander,® except that our scheme has 
two additional levels. Since the coincidence measure- 
ments in the region between 1.1 and 2.2 Mev are un- 
certain, the decay scheme is not adequately proved. 
From the complex beta spectrum and the approximate 
gamma relative intensities, it appears that La! decays 
by beta emission to the ground state and to all the Ce!” 
levels given in the decay scheme. 


spectra. 
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Decay of Sn’ (112 days) and ,,In™™” (1.73 hr)* 
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Samples of s0Sn'*(112 days) were produced by neutron irradiation of tin enriched in Sn¥*. The gamma 
rays were studied by scintillation methods using the Argonne 256-channel analyzer; the internal-conversion 
electrons were investigated by means of a 180° 8-ray spectrometer. In addition to the well-established 393- 
kev gamma ray, a gamma ray of 255 kev was found. Studies of all the tin radioisotopes showed the latter to 
be in the Sn" activity. Energy levels in In" at 393 and 648 kev, the latter having spin } or 3, are indicated. 


INTRODUCTION 


HE nuclide s9Sn™* (112 days) decays to 49In'™ 
by orbital-electron capture. The isomeric state of 
In" lies at 393 kev and decays to the ground state by 
means of a gamma-ray or internal-conversion transition. 
For some time we have observed a gamma ray of 255 
kev in our tin samples. This radiation has also been 
observed by others and reported in the literature.’ A 
number of independent investigations have been carried 
out concurrently. In particular, the work of Bhatki ef al.” 
which appeared a few weeks prior to the preliminary 
report of this work* and that of Girgis and Lieshout* 
are both in excellent agreement with the experimental 
results reported here. While some latitude of interpreta- 
tion still exists, the substantial agreement of all the 
recent work leaves little in doubt concerning the ex- 
perimentally observable properties of this decay. 


APPARATUS 


The gamma-ray spectra were studied by means of 
scintillation methods. The detectors were 2}-inch cubic 
Nal(T1) crystals coupled to Dumont Type 6292 photo- 
multipliers. Pulse-height analysis was accomplished with 
the Argonne 256-channel analyzer. Coincidence meas- 
urements were carried out by adding a single-channel 
analyzer and a conventional “fast-slow” coincidence 
circuit to the 256-channel analyzer. The resolving time 
of this system is 0.04 microsecond. 

The analyses of gamma-ray spectra are greatly facili- 
tated by the use of a collimator which is interposed 
between the source and crystal. This collimator consists 
of a cylinder of lead, 3 inches in diameter and 4 inches 
long, through which a tapered hole is bored. The hole 
flares from 3-inch diameter at the source end to 1.0- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Cork, Stoddard, Branyan, Childs, Martin, and LeBlanc, Phys. 
Rev. 84, 596 (1951); Broyles, Thomas, and Haynes, Phys. Rev. 
89, 715 (1953); Y. Deshamps and P. Avignon, Compt. rend. 236, 
478 (1953); P. Avignon, Ann. phys. 1, 10 (1956); G. Gardner and 
J. I. Hopkins, Phys. Rev. 101, 999 (1956); Achor, Phillips, Hop- 
kins, and Haynes, Bull. Am. Phys. Soc. 2, 259 (1957). 

? Bhatki, Gupta, Jha, and Madan, Nuovo cimento 6, 1461 
(1957). 

3Grench, Burson, and Schmid, Bull. Am. Phys. Soc. 3, 207 
(1958). 

4R. K. Girgis and R. Van Lieshout, Physica 24, 672 (1958). 


inch diameter at the crystal. The bore of the collimator 
is lined with a laminated filter to selectively suppress 
secondary x-rays. The liner comprises layers of tantalum 
(nearest the lead), tin, and steel. This detail improves 
the performance of the collimator in the energy region 
below 100 kev where the lead x-rays are normally 
troublesome. The collimator confines the incident beam 
to the central region of the crystal, reducing fringe 
effects as well as preventing scattered radiation from 
reaching the crystal; both effects result in a reduction 
of the height of the Compton distribution relative to 
the photopeak. The clear resolution of the 255-kev 
photopeak in Fig. 1(a) illustrates the quality of the 
results. 

Measurements of the relative intensities of the in- 
ternal-conversion-electron lines were made using a con- 
ventional 180° flat-field beta-ray spectrometer. The 
spectrometer was operated with a momentum spread 
of 1.5%. 


EXPERIMENTS 


Assignment of 255-kev Gamma Ray to Sn'"* 


Several experiments were carried out in an effort to 
establish with certainty whether the 255-kev radiation 
was correctly assigned to the Sn"* decay. Samples of all 
the enriched stable isotopes of tin were irradiated in the 
Argonne reactor CP-5. After the shorter periods had 
died out, the intensity of the 255-kev gamma ray was 
compared to that of the 393-kev radiation (the latter 
being known to represent the Sn"* decay) for each of the 
samples. The 393-kev gamma ray was readily observable 
in all of the isotopes because of the relatively high cap- 
ture cross section of Sn" and incomplete isotopic sepa- 
ration. The relative intensities were determined by 
measuring the areas under the photopeaks of the two 
gamma rays and correcting for the variable efficiency of 
the counter. The principal difficulty lies in the fact that 
the photopeak associated with the 255-kev radiation is 
extremely small compared to that of the 393-kev gamma 
ray and lies on the rapidly changing portion of the 
Compton distribution of the latter [Fig. 1(a) ]. This 
fact makes it very difficult to ascertain what spectral 
background to subtract from the curve in order to de- 
termine the shape of the 255-kev photopeak. This diffi- 
culty was largely obviated by the following method, 
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of Sn"3, In Sec. (a), uncer- 
tainties are less than or ap- 
proximately equal to the line 
width and points are about 
2.5 kev apart. 
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After the gamma-ray spectrum of the Sn" source had 
been accumulated by the 256-channel analyzer and the 
data were recorded, the tin source was removed from 
the counting apparatus and replaced by a source of 
Au’, The high voltage applied to the photomultiplier 
was lowered slightly so that the photopeak associated 
with the 411-kev gamma ray of the gold coincided 
exactly with the channel position in which the 393-kev 
peak of the tin had been observed. After this matching 
was accomplished the gold spectrum was accumulated 
and recorded. The 411-kev gold peak was then normal- 
ized to match the 393-kev tin peak and the resulting 
gold spectrum was subtracted, in the region of interest, 
from that of the tin [Fig. 1(a) ]. It was thus possible to 
subtract an empirically determined spectral background 
from beneath the 255-kev gamma-ray peak. The only 
deviation from exactness lies in the approximation that 
the spectral shape of the 411-kev gamma ray is essen- 
tially the same as that for the 393-kev gamma ray. This 
procedure was repeated for each of the active tin iso- 
topes. In every case, the area of the 255-kev peak was 
found to be approximately 3.6% of that of the 393-kev 
photopeak. After corrections, this indicates that the in- 
tensity of the 255-kev gamma ray is 2.7+0.2% of that 
of the 393-kev gamma ray. The enrichment process 
would have drastically upset this relationship if the 255- 
kev radiation were associated with any isotope other 
than Sn", 

Detailed studies of the Sn" activity were carried out 
using sources prepared by neutron irradiation of metallic 
tin enriched to 58.9% Sn’. These samples were sub- 


0.3 
ENERGY -~- Mev 


jected to chemical purification® to remove slight traces 
of radioactive antimony present in the sources after the 
irradiation. After the relative-intensity measurements 
described above were made, the samples were again 
subjected to the same chemical procedure. The chem- 
istry was highly specific for tin and in any case would 
have greatly upset the relative abundances of any im- 
purities. After the second purification, counting was 
commenced approximately one hour after the separation 
and the 255-kev peak was seen to have an initial inten- 
sity comparable to that of the 393-kev peak. The latter 
was then observed to grow in with the 1.7-hour period 
characteristic of the In” activity. After equilibrium 
had been reached, the intensities of the two radiations 
were found to be in the same ratio as before the chemical 
separation. 

Decay of the 255-kev peak was followed for about 
7 months and found to exhibit a half-life of about 107 
days (equal to that of the Sn" within experimental 
error). These experiments lead to two clear-cut conclu- 
sions: (1) The 255-kev gamma ray is associated with 
the Sn" isotope, and (2) it is associated with the parent 
Sn' activity rather than with the 1.7-hour In" isomer. 


Coincidence Experiments 


Coincidence experiments were conducted in an effort 
to establish the position of the 255-kev radiation in the 
decay scheme. The 256-channel analyzer was adjusted 
to observe the spectrum from zero to about 600 kev. 

5 Courtesy of E. P. Steinberg and K. F. Flynn, Argonne Na- 
tional Laboratory, Chemistry Division, Lemont, Illinois. 
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Fic. 2. Internal-conversion-electron spectrum of Sn", 


The single-channel analyzer was set on the intense 24- 
kev x-ray peak. In the coincidence spectrum so obtained 
[ Fig. 1(b) ], the 255-kev photopeak is seen to stand out 
strongly ; the 393-kev peak is unobservable. 

With the apparatus adjusted as described in the pre- 
vious paragraph, a series of critical absorbers were inter- 
posed between the source and the crystal detecting the 
x-ray. It was possible to conclude unambiguously from 
these experiments that the radiations in coincidence 
with the 255-kev gamma ray are the characteristic K 
x-rays of indium. It is thus concluded that there is a 
weak K-electron-capture branch from Sn'™ to In" 
which is followed promptly by a gamma ray of 255 kev. 
The mean life of the state in indium must be less than 
4X10-* second, the resolving time of the coincidence 
circuit. 

Clearly, an excited state, other than the one at 393 
kev, must exist in In" and lie either 255 or 648 kev 
above the ground state. A search was made for possible 
648-kev radiation, but none could be detected. An upper 
limit for the intensity of such possible radiation can be 
estimated to be 10~* of that of the 393-kev gamma ray. 
Coincidences between the 255- and the 393-kev gamma 
rays were sought. None were observed but, if the 255- 
kev radiation originated from a state of 648 kev, no such 
coincidences would be expected because of the long 
lifetime of the intermediate state. 

Postulating a state at 255 kev above the ground state, 
the possibility of a 138-kev transition between the two 
excited states was examined. No such gamma ray could 
be directly observed, but no attempt is made to place 
an upper limit on its possible intensity since the source 
was still exhibiting residual Sn"? activity, which is 
characterized by 159-kev radiation. Therefore, none of 
these experiments provides any positive evidence with 
regard to the placement of the 255-kev transition in the 
level scheme of In", 

The relative intensities of the internal-conversion- 
electron groups (Fig. 2) were measured with the 180° 
beta-ray spectrometer. The K/(L+M) ratio was found 
to be 4.3+0.1 for the 393-kev gamma ray. This value 
is in agreement with previously reported measurements. 
The relative intensity of the internal-conversion-elec- 
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trons from the 255-kev transition is extremely low; that 
of the K-conversion group being 0.0024+0.0002 that of 
the K-line of the 393-kev transition. A value of 8_2** is 
determined for the K/(L+M) ratio for the 255-kev 
transition. From the scintillation measurements, the in- 
tensity of the 255-kev gamma ray was found to be 
2.7+0.2% that of the 393-kev radiation. Assuming the 
393-kev transition to be an M4 type and using a theo- 
retical K-conversion coefficient® of 0.44 for this tran- 
sition, the intensity of the branching into the 255-kev 
transition is calculated to be 1.8+0.2% and the K- 
conversion coefficient of the 255-kev transition to be 
0.039+0.003. (The K/(L+M) ratio and ax for the 
255-kev transition are not considered to be in conflict 
with the less precise values reported earlier.*) When the 
value of ax is considered together with the nature of 
the electron-capture branch to the 648-kev level (to be 
discussed below), one is led to the conclusion that the 
255-kev transition is most likely M1 or (M1+ £2). 


INTERPRETATION 


The proposed decay scheme (Fig. 3) is deduced as 
follows: The ground state of In"* has been measured to 
have a spin of 9/2? and, according to single-particle shell 
theory, this would be gy/2. Childs and Goodman have 
measured the spin of the 393-kev isomeric state to be 3.8 
This is expected to be a f; state. It is clear that the state 
from which the 255-kev transition takes place cannot 
lie below 393 kev when the spins of the ground state 
and the 393-kev level are considered together with the 
transition probabilities. However, a state at 648 kev 
with negative parity and spin of } or $ complies with all 
the conditions which the experimentally observed phe- 
nomena indicate to be necessary. Transitions from such 
a state to the ground state would be highly forbidden, 
whereas decay to the 393-kev level would be probable. 
From systematics of nuclei, one would expect the ground 
state of the parent Sn"* to be an s; state. A total decay 
energy lying between 0.7 and 1.0 Mev may be inferred 


5M. E. Rose, Jnternal Conversion Coefficients (North Holland 
Publishing Company, Amsterdam, 1958). 

7R. F. Bacher and D. H. Tomboulian, Phys. Rev. 52, 836 
(1937). 

8 W. J. Childs and L. S. Goodman, Bull. Am. Phys. Soc. Ser. IT, 
1, 342 (1956). 





DECAY OF -4sSn?**(142 
from the tabulated data for nuclei in this region. Within 
the upper and lower limits imposed by this assumption, 
the log ft value for the capture branch to the 393-kev 
level would lie between 6.5 and 7.1. Thus this branch is 


*K. Way and M. Wood, Phys. Rev. 94, 119 (1953). 
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probably first-forbidden. The log ft value for the 1.8% 
branch to the 648-kev level would lie between 6.5 and 
8.2 for the same energy limits. Therefore, the transition 
to the 648-kev state is probably also first-forbidden, as 


is consistent with the indicated character of this level. 
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Isomeric State of Platinum-199* 


Morris A. WAHLGREN AND W. WAYNE MEINKE 
Department of Chemistry, University of Michigan, Ann Arbor, Michigan 
(Received February 12, 1959) 


An isomeric state of platinum-199 has been produced by thermal-neutron irradiation of normal and 
enriched platinum samples. The isomer decays with a half-life of 14.10.3 seconds by the emission of y rays 
of 32+2 and 393+2 kev energy. The thermal-neutron activation cross section of Pt!** for the formation 
of the isomer is 0.028+0.003 barn. Tentative level assignments are made, consistent with systematics and 


shell theory. 


I. INTRODUCTION 

HE existence of an ~ 1-minute isomeric transition 

in Pt! of ~500-kev energy was predicted by 
Astrém! from the systematics of the known transitions 
of the odd-mass-number isotopes of platinum, mercury, 
and lead. He was not able to detect the activity by 
the (d,p) reaction on platinum because of the masking 
effect of the annihilation radiation of the 72-second O" 
obtained from nitrogen present in the metal. We have 
been able to produce the isomer by thermal-neutron 
irradiation of natural and of enriched platinum samples. 


II. EXPERIMENTAL 


Short irradiations of 2- to 10-second duration were 
performed, using the pneumatic tube facilities? of the 
Ford Nuclear Reactor at the University of Michigan, 
at a thermal neutron flux of 1.410" 2 cm™ sec~. The 
activity produced was studied on a special 100-channel 
pulse-height analyzer? designed for work with short- 
lived radioisotopes. This analyzer utilizes a rapid printer 
and a dual memory which permits a continuous spectral 
record to be made. A 3 in.X3 in. NaI(TI) y crystal in a 
40 in.X40 in. X40 in. lead-shielded cave, along with a 
13 in.X1 in. NaI(TI) y crystal and a hollow -scintilla- 
tion crystal® mounted at*the pneumatic tube terminal, 
were used as detectors for the spectrometer. 


* This work was supported in part by the Michigan Memorial 
Phoenix Project and the U. S. Atomic Energy Commission. 

1B. Astrém, quoted by I. Bergstrém and G. Andersson, Arkiv 
Fysik 12, 415 (1958). 

2 W. W. Meinke, Nucleonics (to be published). 

3 DPD. G. Gardner and W. W. Meinke, Intern. J. Appl. Radiation 
and Isotopes 3, 232-239 (1958). 


III. RESULTS 


Figure 1 shows a typical series of y spectra taken 
at 24-second intervals after a 6-second irradiation of 
enriched platinum. Measurement was started 20 seconds 
after the end of irradiation. The short-lived component, 
assigned to Pt'™, can be resolved from the data and is 
shown in Fig. 2. The data below 50 kev have been 
normalized to the y peak at ~ 70 kev and were obtained 
from spectra taken with the 14 in.X13 in. NalI(TI) 
crystal mounted at the pneumatic tube terminal by 
scanning the low-energy spectra at higher gain. 
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The mass assignment of the isomer was confirmed 
by comparison of the activity produced in the enriched 
platinum (56.3% Pt'**) samples,‘ to that in normal, 
high-purity, platinum (7.2% Pt'*) foils. The ratio of 
short-lived Pt to 31-minute Pt! activity was found 
to be the same in all samples. 

The half-life was determined by resolution of the 
decay curve of the 393-kev y peak from the spectra 
recorded with the spectrometer operating on a six- 
second recycle period. A straight line over three 
half-lives was obtained. The half-life based on least 
squares analysis is 14.1+0.3 seconds (error is standard 
deviation). 

The pulse-height calibration for the y rays was made 
using Hg™, Au®, and Cs!*7 standards at a counting 
rate comparable to that of the sample to compensate 
for any photomultiplier shift. The values of 32 and 393 
kev are accurate to within +2 kev (estimated standard 
deviation). 

The conversion coefficients and the thermal neutron 
activation cross section were calculated from the 
Pt spectrum (Fig. 2) taken with the sample in 
known geometry with the calibrated 3 in.X3 in. 
NalI(TI) crystal. 

The rate of K-shell vacancy was calculated from the 
AK x-ray emission rate, using the fluorescence yield 
curves of Broyles, Thomas, and Haynes.’ Comparison 
of the K-shell vacancy rate to the y-emission rate gave 
a K-conversion coefficient of 0.087 for the 393-kev 
transition. ‘Che transition is classified as E3 (A1=3, yes) 
by reference to the calculated values (theoretical 
ax=0.088) of Rose et al.6 

The total conversion coefficient of the 32-kev y ray 

* Obtained from the Isotope Sales Division, Union Carbide and 
Carbon Company, Oak Ridge, Tennessee. 

5 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 

® Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNI;-1023 (unpublished). 
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Fic. 3. Energy above the ground state of the 13/2 and 5/2 
levels of odd-mass isotopes of platinum, mercury, and lead. The 
values for Pt! ({%) are based on the data of Fig. 4. 


was then calculated from the ratio of the disintegration 
rate of the sample to the y-emission rate. (The dis- 
integration rate was determined by correction of the 
emission rate of the 393-kev y ray for conversion using 
a K/L ratio of 1.9.78) This 32-kev y ray should be 
either an M1 or £2 transition for reasons discussed 
later. The theoretical total conversion coefficient is 
~ 30 for an M1 and ~800 for an £2 y transition, based 
on the L-shell coefficients of Rose‘e/ al. and the approxi- 
mation that ayyv=0.3a,. This theoretical value for 
the M1 y transition is in reasonable agreement with 
the experimentally obtained value of 20-25. 

The 8 spectra recorded with the hollow-crystal 
detector showed an appreciable amount of 20-25 kev 
conversion electron activity of 14-second half-life. 
This decay is taken as confirmation of the highly con- 
verted y ray at 32 kev although rigorous interpretation 
is more difficult because of the scattering of the low- 
energy conversion electrons, the relatively poor resolu- 
tion, and the high 8 background from the 31-minute 
Pu, 

A thermal neutron activation cross section of 0.28 
+0.03 barn was obtained for the formation of this 
isomer. This cross section was calculated from the dis- 
integration rate determined above, after correction for 
the epi-cadmium contribution of ~13%. 


IV. CONCLUSIONS 


The competition for level filling in the nuclear isomers 
near the double shell closure at Pb* has been recently 
considered by Zeldes,!° Pryce,!' and Bergstrém and 
Andersson.” They have pointed out that although 
there is complete experimental proof of the level assign- 
ments for only a few of the odd mass isotopes of 
platinum, mercury, and lead, the assumption that the 


71. Bergstrém and G. Andersson, Arkiv Fysik 12, 466 (1958). 

*M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

®*Kai Siegbahn, Beta- and Gamma-Ray Spectroscopy (Inter- 
science Publishers, Inc., New York, 1955). 

0 N. Zeldes, Nuclear Phys. 2, 1 (1956-1957). 

4M. H. L. Pryce, Nuclear Phys. 2, 226 (1956-1957). 

'? [. Bergstrém and G. Andersson, reference 1. 
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isomeric state is the 7213/2 level correlates the shell model 
and much of the experimental data for the other known 
isomers. Figure 3 shows the regular relationship of the 
13/2 and 5/2 levels to the ground state, plotted versus 
neutron number, for isomers of this series. The 3 
(393 kev) y-ray transition of Pt!" which requires a 
change of parity is assigned to the transition from the 
13/2 level, the only excited level of even parity ex- 
pected to be present. This requires an anomalous 
7/2-level in Pt!" not previously observed in the 
metastable series included in Fig. 3. The calculations of 
Pryce indicate that this level does occur in Pb”, in 
confirmation of the experimental data of Schmorak 
et al.* Destruction of the metastability of Hg" by 
this intermediate level has been postulated to account 
for the lack of the expected isomers. Apparently in the 
case of Pt!” the level is sufficiently low lying that 
the metastability is preserved. The comparative 
lifetime based on an £3 transition gives a value of 
logo. 7yA°78E2441] of 3.12, consistent with the 
reference data of Goldhaber and Sunyar.“ The £3 
transition must then be followed by the low-energy 
M1 transition. 

Although the ground-state spin of Pt! has not been 
measured, the ground-state spins of the neighboring 


18 Schmorak, Stockendal, McDonnell, Bergstrém, and Gerholm, 
Nuclear Phys. 2, 193 (1956-1957). 
4 Kai Siegbahn, reference 9, p. 464. 
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TaBLE I. Ground-state assignments of the odd-mass 
isotopes of platinum, mercury, and lead. 


\Z 80 82 
115 ee arb Sab 
117 ’ jab garb 
119 5 Zarb garb 


121 : i" gerb 


® Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 
(1958). 

b> B. S. Dzhelepov and L. K. Peker, Decay Schemes of Radioactive Isotopes 
(Academy of Sciences of the U.S.S.R. Press, Moscow, 1957) (translation: 
Atomic Energy Commission of Canada Limited Report AECL-457, 1957]. 


mercury and platinum isotopes (Table I) indicate that 
the ground state may be either $ or 3. Also the level 
regularities of Fig. 3 show that the } level should be at 
or near the ground state for Pt. Our experiments 
indicate that an upper limit of about 25-kev energy can 
be put on the unobserved M1 y transition which must 
be present if the actual ground state is 3. 

No evidence was found in the y or conversion electron 
spectral data for a 425-kev crossover transition corre- 
sponding to the expected M4 y-ray transition. This y 
ray would have a total conversion coefficient of ~5. If 
such a y-ray transition were present to an appreciable 
extent, the apparent A-conversion coefficient of the 
393-kev gamma would have been much larger than 
that observed. The decay scheme which follows from 
these considerations is given in Fig. 4. 
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The proton component has been extensively studied at high altitudes on a series of 6 Skyhook balloon 
flights at various latitudes using the Cerenkov-scintillation counter technique. The intensity of primary 
protons has been measured at 4°, 41°, 53°, and 55° geomagnetic latitude. The proton differential energy 
spectrum has been measured directly in the region 250-750 Mev. It is observed that primary alphas and 
protons have the same form of rigidity spectrum from 1 Bv to 17 Bv. A series of cutoff rigidities are measured 
in the vicinity of \=53° and 55°. The intensity and composition of fast splash albedo is determined at 
A=4°, 53°, and 55°. Significant time variations are observed between the three high-latitude flights. Differ- 
ences observed in the intensity and energy spectra of these three flights are discussed and strong restraints 


are placed on possible modulating mechanisms. 


I. INTRODUCTION 


HE task of measuring primary cosmic-ray flux 

values is much more difficult for protons than for 
multiply charged particles. The interaction of primaries 
with air nuclei produces many fast, singly charged 
secondaries. Some of these secondaries move in an 
upward direction and constitute the “splash albedo.” 
The earth’s magnetic field acts on the splash albedo 
and a portion of it will re-enter the earth’s atmosphere 
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Fic. 1. Outline drawing of Cerenkov-scintillation counter 
telescope. Telescope contains 8.8 g/cm? (air equivalent) of 
material. 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at National and Aeronautics and Space Administration’s 
Goddard Space Center, Washington, D. C. 


and constitute the “returning albedo.”” The copious 
production of fast secondaries, which are difficult to 
distinguish from primary protons, and the albedo 
problem greatly complicate the determination of the 
primary proton intensity and energy spectrum. 

Recent experiments using ionization-type detectors 
in conjunction with varying thicknesses of absorbing 
materials'~* to separate the primaries and secondaries 
into various energy intervals, and other experiments 
using Cerenkov detectors to separate the downward 
moving primaries and secondaries from the “splash 
albedo,”* have greatly increased our knowledge of the 
singly charged component at high altitudes. 

The Cerenkov-scintillator technique developed at the 
State University of Iowa® combines the best attributes 
of both types of detectors to become a powerful tool 
for the investigation of the singly charged component 
as well as the multiply charged components of the 
primary radiation at balloon altitudes. 

The combination of the two detectors gives charge 
resolution which is independent of velocity. In addition, 
wo measurements of velocity and/or direction serve 
effectively to separate and identify three general groups 
of singly charged particles. These are: (1) Fast particles 
(FP) with 820.83 (proton kinetic energy, E,= 750 
Mev). At balloon altitudes this group of particles 
consists mostly of primary protons with an additional 
small percentage of mesons and electrons. (2) Fast 
splash albedo (FSA) with 620.7, consisting mostly of 
electrons but also including an appreciable fraction of 
higher energy protons or mesons. (3) Slow particles 
(SP) with 0.44<8<0.83 (100<proton kinetic energy, 
E,<750 Mev). At balloon altitudes it will be shown 
that these particles are almost all protons. Below 
B=0.7 (E,2320 Mev), it is impossible to distinguish 
aa" Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
’ 2 Davis, Caulk, and Johnson, Phys. Rev. 101, 800 (1956). 

3G. W. McClure, Phys. Rev. 96, 1391 (1953). 


* J. R. Winckler and K. Anderson, Phys. Rev. 93, 596 (1954). 
5 F. B. McDonald, Phys. Rev. 104, 1723 (1956). 
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Fic. 2. Cerenkov-scintillation counter output as a function of 
velocity and energy. The top scale of abscissa is the velocity of 
the incident particle, and the two lower scales represent the 
corresponding proton kinetic energy, Ep. J, is zero at 320 Mev. 


the direction of these protons. The slow-particle group 
lies in the effective energy-sensitive region of the 
detectors and it is possible to determine directly the 
energy spectra of these particles. 

The Cerenkov-scintillation detector provides a means 
of measuring the absolute intensity of singly charged 
particles with 6>0.83. Methods will be described for 
the extrapolation of the balloon data to the top of the 
atmosphere. It is possible to determine directly the 
intensity and energy spectra of primary protons in the 
region 150-750 Mev. Thus one can measure geomag- 
netic cutoff energies and differential primary spectra 
for protons in this energy region. It is also an excellent 
method for studying the energy dependence of time 
variations of the primary radiation. 


II. DESCRIPTION OF THE APPARATUS 


The Cerenkov-scintillation counter used was identical 
to that previously described.’ Briefly, the detector 
is a three-element telescope (Fig. 1) consisting of a 
Nal crystal scintillation counter, a Lucite Cerenkov 
counter, a tray of Geiger counters and a system of 
guard counters. A coincidence is recorded when a 
particle traverses the scintillation crystal and the lower 
tray of Geiger counters. In addition, a notation is made 
if more than one counter in the bottom tray or if one 
of the system of guard counters is triggered in con- 
junction with a telescope event. Such events are called 
“multiple counts” as opposed to the unaccompanied 
particles which produce “regular counts.”’ 

For each particle that triggers the telescope, the 
pulse heights from the Cerenkov counter and the 
scintillation counter are recorded. These pulse heights 
are translated into deflections of spots on two cathode- 
ray tubes and the resulting traces are recorded on a 
continuously moving film with an accurate time base 
superimposed, 


PRIMARY COSMIC RADIATION 


III. PRESENTATION OF DATA 


The relationship between the measured pulse heights 
of the traces produced by the outputs from the Cerenkov 
and scintillation detectors should uniquely determine 
the velocity and direction of the particle in question. 
The relations between the output of the scintillation 
counter (J,) and the output of the Cerenkov counter 
(J.) as a function of the velocity of the incident particle 
are shown in Fig. 2. Also shown is the proton kinetic 
energy as a function of this velocity. 

If the data obtained at maximum altitude during a 
typical balloon flight are recorded on a suitable two- 
dimensional data grid with one axis representing 7, and 
the other /,, the picture shown in Fig. 3 emerges. The 
explanation of the regions is as follows: 


(1) Fast particles (FP).—If the gains of the electronic 
system are suitably chosen, the outputs /, and J, from 
highly relativistic (@~1) particles should be identical. 
The position J, max, J. min marks the center of the 
fast-particle region. In the case of the Cerenkov 
detector, the scatter about this point is due primarily 
to the statistical fluctuations in the output of the 
viewing phototube. In the case of the scintillation 
counter, the fluctuations in the output /, are mainly 
due to the statistical fluctuations in the energy loss by 
ionization in thin materials (Landau effect). The line 
L represents this fact, i.e., that occasional large energy 
losses can occur which will distort the distribution of 
energy losses, especially when the average energy loss 
is small. 

Fortunately, sea-level cosmic-ray u mesons provide a 
provide a convenient source of high velocity (8>0.98) 
particles for checking the response of the apparatus. 
The line bounding the fast-particle region represents 
the position at which the intensity of counts has 
dropped to 15% of that at the center of the fast-particle 
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l'ic. 3. Schematic picture of two-dimensional data grid for singly 
charged particles. (See text for definition of symbols.) 
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distribution according to sea-level y-meson tests 
(closely corroborated by fast-particle distributions ob- 
tained at balloon altitudes). The Landau “tail” is 
observed for sea-level 4 mesons and is identical with 
that obtained for fast particles at altitude. 

(2) Slow particles (SP).—The line labeled SP repre- 
sents the center of the region in which particles with 
0.44<8<0.83 would be expected to lie on the data 
grid. The following arguments convince one that the 
counts in this region must indeed be predominantly 
slow protons. (a) In order to penetrate the detector, 
electrons must have 8~1. (b) In order to penetrate 
the detector, mesons must have B>0.7. However, the 
number of mesons with 0.7<6<0.83 (40<E<80 Mev) 
is negligible compared with the number of protons in 
this range (360< £,<750 Mev) at balloon altitudes. 

The’ energy calibration in the slow-particle region is 
based on the fact that the center of the FP distribution 
represents the position J, min, Ze max- 

(3) Fast splash albedo (FSA).—The counts lying 
along FSA will represent the fast splash albedo (@ 
>0.70) (E,<320 Mev), as the Cerenkov response for 
upward moving particles is much less than that for 
downward moving particles. This is due to the direc- 
tional properties of the Cerenkov radiation, whereas 
the response of the scintillation counter is independent 
of the direction the particle traverses the telescope. 

Splash albedo particles with 8<0.70 will be indistin- 
guishable from downward moving particles of the same 
velocity from the data obtained at any one given 
altitude. However, if one analyzes the altitude depend- 
ence of these events between 5 and 50 g/cm?, it is 
possible to separate the two components. 


IV. REDUCTION OF RAW DATA 


The procedures used in determining the intensities 
and/or energy spectra of the FP, FSA, and SP compo- 
nents are discussed in the following sections: 

(a) Fast particles.—A typical two-dimensional distri- 
bution consisting primarily of fast particles can be 
obtained by studying the response of the detector to 
cosmic rays at sea level. The sea-level two-dimensional 
grids are first normalized to and then subtracted from 
the comparable grids for the altitude portions of the 
flights. (Normalization procedure requires that the 
number of counts in the region 0.67 ¢ max <Je< 1.51 ¢ max, 
0.614 minS1.<1.5 7, win are equal for the respective 
data grids.) The normalized sea-level data grid then 
gives the uncorrected number of FP counts for the 


particular altitude interval. The residual counts in the 
altitude distributions then consist of (1) SP counts, 
(2) FSA counts, and (3) background counts due to 
nuclear interactions and showers not recorded by the 


multiple-particle detection system. As will be discussed 
later, the number of background counts in the normal- 
ization interval is small (<5% of the regular counts) 


AND 
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and can be estimated as well as evaluated from the 
experimental data. 

The following corrections must now be applied to the 
FP intensity obtained by the above procedure in order 
to obtain the intensity of FP incident on the detector. 

(1) A 6-ray correction is necessary, as it is possible 
for particles traversing the top elements of the telescope 
to produce knock-on electrons which will trigger one of 
the Geiger counters. This results in the particles which 
would normally pass through the telescope being classi- 
fied as multiple-particle counts. Some particles which 
miss the bottom element will appear as regular counts 
and there will be a corresponding spurious increase of 
the geometric factor. Details of this calculation have 
been given by Webber® for a telescope with similar 
geometry and multiple-particle detection system. The 
correction due to this effect amounts to +1.5% for 
particles in this velocity range (8>0.83). It is negligible 
for particles of lower velocity. 

(2) A correction for protons in the FP distribution 
which have interacted as they pass through the tele- 
scope (8.8 g/cm? of material) is also necessary. The 
events could be recorded either as multiple particle 
counts or as “background” regular counts depending on 
the efficiency (A) of the multiple-particle detection 
system. Because of the normalization procedure used 
in obtaining the number of FP counts, the interactions 
recorded as “background” regular counts were included 
as part of the FP distribution. Therefore we must add 
{1—(1—K)}[1—exp(—8.8/\,) |/, counts, where J, is 
the number of fast protons (taken to be the number of 
FP counts) and X, is their interaction mean free path. 
In this correction we have assumed that every inter- 
action of these energetic protons will produce at least 
one particle capable of reaching the bottom telescope 
element. 

The efficiency of the multiple-particle detection 
system (K) can be evaluated from the experimental 
data. This is found to be 0.50.1 for all flights. It is 
important to note that the magnitude of these correc- 
tions is small and in both cases is less than 6%. 

(b) Fast splash albedo.—We shall assume here (to be 
discussed in more detail later) that most of the fast 
splash albedo consists of electrons (@~1). Corrections 
due to 6 rays and nuclear interactions thus will not 
exist. Instead, however, we have a correction for 
“background” events lying in the regular fast albedo 
region that were not detected by the multiple-particle 
detection system. Since these counts are not due to 
albedo particles, we must subtract them from the fast 
splash albedo counts. This correction amounts to 
—[{(1—K)/K] times the number of multiple-particle 
counts lying in the fast albedo region. For fast splash 
albedo counts there is also a further correction due to 
the Landau effect which permits particles with B™1 to 
have energy losses greater than 1.35 J, min. 


®W. R. Webber, Nuovo cimento 4, 1285 (1956). 
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TABLE I. Summary of corrections to raw data. 


Type of particle Type of correction 


Nuclear interactions* Landau Background 


K[1i —exp( —8.8/Ap) ]JJp 
= (0.06 +0.01)Jp 


6 rays 


See nuclear interactions 


Fast particles None 


Slow protons 
100-150 Mev 
150-200 Mev 
200-250 Mev 
250-350 Mev 
350-500 Mev 
500-750 Mev 

Fast splash albedo 


0.015J rp 
— (0.04+0.02)J 25 
(0.13+0.04)Ji75 C( 
— (0.08+0.04) J 995 
+ (0.22+0.06) J 30 
+ (0.45+0.15)J 425 
+ (0.60+0.20) Joos 


— (0.00+0.01)J rsa 
— (0.01+0.01)J rsa 
— (0.02+0.01)J rsa 
— (0.06+0.02)J rsa 
— (0.05+0.02)J rsa 
+ (0.00+0.00)J rsa 
— (0.15+0.05)J 250_500 = — (1.0+0.3)X MPE 


(0.1 2+0.04)J jo; 

(0.10+0.04) J 175 

(0.08+0.03) J 205 

(0.06+0.03)J sp s00 

(0.03+0.02)J sp 425 

(0.00+0.02)J sp 625 
None 


K)/K]XMPE» 
None 
1.0+0.3) X MPE 


None 


®*\p =70 g/cm?. 


(c) Slow particles.—The center of the FP distribution 
serves to determine the position Js min, Je max and 
therefore to calibrate the energy response of the 
detector. This position is quite accurately defined and 
is known to within +5% (see reference 5 for a more 
complete description of the energy calibrations). 

Based on the known energy loss vs energy curves, the 
slow proton distribution is divided into six energy 
intervals from 100 Mev to 750 Mev. Due to the uncer- 
tainty in the position J, min, 7- max these energies are 
known to within <+10%. 

The number of slow protons assigned to the various 
energy intervals must be corrected for the following 
effects in order to obtain the intensities of slow protons 
nc ident on the detector. 

(a) Nuclear interactions.--From the work of Camerini 
ef al.’ on secondaries from interactions of protons with 
100 MevS E750 Mev, we can conclude that the 
number of secondaries capable of penetrating the lower 
counters ranges between 0.2 and 1.0 per interaction 
depending on the energy of the primary. Most of the 
interacting protons will thus produce regular counts 
or no counts at all, with very few multiple counts 
being obtained. 

An empirical correction has been derived from this 
work and amounts to at most a 10% correction to the 
number of counts in each energy interval. 

(6) Background events.—These events will lie in the 
regular slow proton distribution due to the inefficiency 
of the multiple-particle detection system. Since these 
events are not due to slow protons, they must be 
subtracted from the slow proton events. As with the 
splash albedo correction, this amounts to —[(1— K)/K ] 
times the number of multiple-particle events lying in 
the various slow proton energy intervals. 

(c) Landau effect—In order to derive an energy 
spectrum for the slow protons, it is necessary to relate 
the observed number of particles within an interval of 
energy loss to the actual number in that interval 
expected in the absence of energy loss fluctuations. A 
complete solution to the problem of fluctuations of 

7 Camerini, Davies, Fowler, Franzinetti, Lock, Perkins, and 
Yekutieli, Phil. Mag. 42, 1241 (1951). 


>’ MPE = Multiple particle events 


ionization loss in thin absorbers has been carried out 
by Symon.® Using his results, it has been possible to 
synthesize the actual energy distribution of slow 
protons. 

The corrections due to this effect are listed in Table I 
for the various energy intervals. Table I also gives a 
summary of the various corrections discussed above. 


V. BALLOON FLIGHTS 


The data on which this report is based come from six 
balloon flights using the Cerenkov-scintillation detector. 
These flights were made during the period January, 
1955 to August, 1956. They include one flight at \=4°, 
two at A=41°, one at \=53° and two at \=55°. The 
time-altitude records and location, as well as the dates 
of these flights, are shown in Fig. 4(a). Figure 4(b) 
shows the trajectories of the \=53°, and 55° flights. 
Also drawn in this figure are lines of geomagnetic 
latitude and lines of equal cutoff momentum as given 
by Quenby and Webber.’ The primary cosmic-ray alpha 
data from these flights have been previously reported." 
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lic. 4(a). Time altitude record of balloon flights. Flights 1 
and 2 were launched from San Angelo, Texas (A=41°). Flights 3 
and 8 were launched from Minneapolis, Minnesota (A=55°). 
Flight 5 was launched from Iowa City, Iowa (A=53°), and 
Flight 13 was launched from Guam, Mariana Islands (A=4?°). 


8K. R. Symon, thesis, Harvard University, 1948 (unpublished). 
9 J. J. Quenby and W. R. Webber, Phil. Mag. (to be published) 
 F, B. McDonald, Phys. Rev. 109, 1367 (1958). 
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BALLOON FLIGHT TRAJECTORIES 
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Fic. 4(b). Trajectory for high-latitude flights. The solid curves represent geomagnetic latitude while the dotted lines represent 


lines of constant cutoff rigidities, measured in Bv as calculated by 
(launched March 20, 1956) where an accurate a-particle cutofi energy was measured. Note that Flight 5 is divided into three intervals; 


Quenby and Webber.’ Point A represents the point on Flight 6 


I, II, and III. This is necessary because this flight moved through 2° geomagnetic latitude and because significant time variations 


occur during the course of the flight. 


VI. BALLOON FLIGHT DATA 


The data obtained during the rising portions of the 
balloon flights and at maximum altitude were analyzed 
in 15-minute intervals. This permitted a close check on 
possible gain changes in the equipment as well as actual 
primary intensity variations. 

Figure 5 shows a simplified two-dimensional data grid 
of regular counts for the total high-altitude portion of 
Flight 13 (A=4°). Figure 6(a) shows the corresponding 
data grid obtained at sea level. And finally 6(b) shows 
the sea level “albedo” data grid. (Number of counts 
and position J, min, Ze¢max are normalized for the 





Fic. 5. Two-di 
mensional data grid 
obtained on Flight 
13 (A=4°) at 5 g, 
cm?. Each dot repre- 
sents a single count. 
There are approxi 
mately 1500 counts 
in the fast-particle 
region. 








various distributions.) Note the clear-cut separation of 
the splash albedo and slow proton counts in the distri- 
butions at maximum altitude and the corresponding 
absence of such counts in the sea-level distribution. 

The data shown in Figs. 7 and 8 summarize the 
results of all the flights. Figure 7 shows the altitude 
dependence of the corrected fast-particle intensity for 
various latitudes. Figure 8 shows the corresponding 
data for slow particles. 
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(B) 
Fic. 6(a) Two-dimensional data grid obtained at sea level. 


(b) Two-dimensional data grid obtained at sea level with appa- 
ratus inverted. 
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TABLE II. Vertical primary proton intensities at the top of the atmosphere. 


; Primary protons with 
Cutoff energy greater than 
rigidity geomagnetic cutoff 
(calculated Cutoff FP at FP at energy, Em, or 750 Mev 
by Quenby energy 15 g/cm? 5 g/cm? (whichever is larger) 
Webber Em, Bev particles, particles +re-entrant albedo at 
Geomagnetic method*) corresponding m?-sec m2-sec- 0 g/cm? in particles 
latitude Rn, in By to Rn sterad sterad m?-sec-sterad 


4 1 16.1 215+10 145+5 115+10 
41.8° 3.8 1030+20 630+40 
42.4° 3.9 1065+15 650+40 
53.0 0.8 1880+50 1700+40 1600+50 
0.670 1820+30 1720+50 

1945+30 1850+50 
0.50 2500+40 2240+ 50 
0.55 2050+ 40 1910+20 1820+50 


a Sn See 
NK AOE WAS 


® See reference 9. 





VII. INTENSITIES OF PRIMARY PROTONS 


As has been pointed out previously, the intensity of 
fast particles at any given high altitude will consist 
principally of primary protons which have not inter- 
acted with the air nuclei. However, there will be an 
appreciable fraction of mesons, electrons and _ fast 
secondary protons present in this distribution also, due 
to the protons that have already interacted. The best 
method of correcting for the production of these fast 
secondaries above the telescope is to extrapolate the 
intensity-altitude curves for FP to the top of the 
atmosphere. This will effectively ‘‘subtract” the 
secondary particles and give the intensity of primary 
protons (plus re-entrant albedo) at the top of the 
atmosphere. The nature of the FP distribution and the 
very great altitude reached by the balloons greatly 
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reduces the magnitude of this extrapolation. 

Table II shows the FP intensities measured on the 
various flights at 15 g/cm? and 5 g/cm? and the corre- 
sponding extrapolated primary proton intensity (plus 
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Fic. 8. (a) Altitude dependence of the slow-particle intensity 
(corrected for background events) at various latitudes. These 
counts correspond to protons in the energy range, 100 MevSE, 

DEPTH (Ym?) $750 Mev, and include primaries as well as both upward and 
downward secondary particles. (b) Altitude dependence of slow 

Fic. 7. Altitude dependence of the fast-particle intensity secondary particles in the proton kinetic energy interval, 100 
(corrected for background events) at various latitudes. The fast Mev<£,3350 Mev. The primary protons present on Flight 8 
particles have 820,83 (proton kinetic energy >750 Mev). in this energy interval have been subtracted. 
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Fic. 9. Integral intensity-rigidity spectrum for primary protons. 
The alpha-intensity data, multiplied by a factor of 6.5, from the 
same flight are also shown. No correction has been made for 
returning fast albedo particles. 


upper limits will be set on the amount of returning 
albedo. 

The intensities in Table II have been plotted in 
Fig. 9 as a function of rigidity. Also plotted in Fig. 9 
are the alpha-particle intensities measured on the same 
flights multiplied by 6.5. The integral number rigidity 
spectrum N(>R)7500/R'* fits the data (quite accu- 
rately) in the region 5-15 Bv. It is clear that large 
changes have occurred in the low-rigidity component 
of the primary radiation during the time interval in 
which the flights were conducted, thus making the con- 
cept of such a simple rigidity spectrum of little value in 
the region below 5 Bv. A more detailed analysis of the 
low-rigidity end of the proton spectrum and its compari- 
son with the alpha-particle spectrum will be considered 


in Sec. IX. 
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;. 10. Scintillation-counter distribution for fast 
splash albedo particles. 
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VIII. INTENSITY AND COMPOSITION 
OF FAST SPLASH ALBEDO 


The intensity and pulse-height distributions of the 
fast splash albedo have been examined carefully for 
three flights, flight 13 (A=4°), flight 5 (A=53°) and 
flight 8 (A=55°). These flights were chosen because 
they reached very high altitudes and because the 
separation of the FSA counts was especially good (see 
Fig. 5). This improvement in the resolution obtained 
on these later flights was accomplished by decreasing 
the reflectivity of the top side of the Cerenkov counter. 
The pulse-height distributions obtained are shown in 
Fig. 10. The solid curve represents the pulse-height 
distribution to be expected from 8~1 albedo particles 
as measured by inverting the apparatus at sea level. 

The data from all three flights are consistent with a 
fast splash albedo composed largely of 8~1 particles. 
This rules out protons (and to a lesser extent mesons) 
as being a major component in the FSA. If there were 
large numbers of protons (or mesons) in the FSA, one 
would not expect the pulse-height distribution to be so 
sharply peaked about J, min since the energy distribu- 
tion of these secondary protons would be such as to 
give a wide range of energy losses (/,). In fact, most of 
the protons would be expected to have a much greater 
energy loss. We must then conclude that the FSA 
consists primarily of electrons with a range > 10 g/cm”. 
The data on the intensities of the FSA are given in 
Table IIT. It is found for all the flights that the intensity 
of FSA rises steadily in the region 500-50 g/cm’, 
leveling off at about 50 g/cm? and remaining constant 
up to the highest altitudes reached. We can thus 
reasonably assume that the intensity of FSA measured 
on these flights represents the intensity of these particles 
at the top of the atmosphere. The A=55° and 53° data 
are in good agreement with the results of Anderson.!! 
The A=4° data are significantly lower than his values. 

It is evident that a large fraction of this splash albedo 
will return to the atmosphere as re-entrant albedo. The 
detector used in this experiment is unable to distinguish 
these particles from the primary protons. However, 
because of the uncertainty in the fraction of the splash 
albedo that will return to the atmosphere as re-entrant 
albedo, we have not attempted to correct the primary 


TABLE III. Albedo intensities near the top of the atmosphere. 


Flight number 
Fit. 13 (A=4° 
3 
5 


! K. A. Anderson, Suppl. Nuovo cimento 5, 389 


2 
) 
") 


Intensity 
of fast 
splash 
albedo 
at 5-6 

g/cm? in 

particles 
m?-sec- 
sterad 
2242 
8448 
8948 


Intensity 
of FSA 
at 0 
g/cm? in 
particles/ 
m?-sec- 
sterad 


204-2 
84+8 
89-48 


Intensity 
of albedo 
(splash + 
re-entrant) 
protons, 
100 Mev s 
Ep $350 
Mev at 
0 g/cm? 


6+3 
30+15 
40+15 


(1957). 
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TABLE IV. Determination of the low-rigidity end of the differential rigidity spectrum for primary protons. 


Ixcess over normal slow-proton energy distribution 


in particles/m?-sec-sterad at 6 g/cm? 


Flight No. 250-350 Mev 350-500 Mev 


i 2647 
30+7 
41+8 
30+7 


20+4 
7.0+3 


intensities in Table II for this effect. The FSA intensi- 
ties are believed to represent a reasonable upper limit 
on the amount of returning albedo. 

As has been pointed out previously, it is impossible 
to tell the direction of particles with 8<0.7 (i.e., protons 
with 100< E<350 Mev). It is possible to separate the 
secondary protons from the albedo protons (splash 
+re-entrant) in this energy range in the following 
manner, however. 

We first plot the intensity of SP in the energy range 
100-350 Mev [Fig. 8(b)] as a function of altitude 
[correcting the flight 8 (A=55°) for the presence of 
primaries in the range 250-350 Mev]. In the absence 
of splash + re-entrant albedo in this energy range these 
curves should extrapolate to zero at the top of the 
atmosphere. In all cases they extrapolate to some small 
value which is here taken to be the intensity of splash 
plus re-entrant albedo in this energy range at the top 
of the atmosphere (see Table III). This proton compo- 
nent of the albedo will be observed as a rapidly absorbed 
portion of the primary radiation at extreme altitude 
but can clearly be distinguished from the primary 
radiation in this experiment. 


IX. SLOW PROTONS AND THE LOW-RIGIDITY END 
OF THE PRIMARY PROTON SPECTRUM 


The energy spectra for protons in the energy range 
100< E,<750 Mev at maximum altitude (5-15 g/cm’) 
are shown in Fig. 11 for all flights. The data for the 
various flights are normalized in the region 100<E, 
<250 Mev. Note that these spectra are the same at all 
latitudes except for the high-latitude flights, Flight 3 
and 8 (A=55°) and a portion of Flight 5 (A=53°) which 
show an excess of counts in the energy range 250-750 
Mev. This excess of counts is interpreted to be due to 
primary protons arriving in this energy range on these 
flights. This is particularly noticeable in Flight 5 which 
passed over about 2° of geomagnetic latitude. The low 
energy distribution was normal at the start of the ceiling 
altitude portion of the flight, indicating the geomagnetic 
cutoff was > 750 Mev. By the end of the flight, however, 
particles were arriving down to 380 Mev. 

The energy distribution of slow protons has also been 
obtained as a function of atmospheric depth. At depths 
greater than 50 g/cm? the energy spectra for all flights 


74+12 
80+12 
75212 


Particles/m*-sterad-sec-Mev/c corrected 
to top of atmosphere 
(dJ/dp) 


500-750 Mev 


1110-1450 


Mev/c 


870-1110 
Mev/< 


730-870 
Mev/c 


0.080.02 
0.25+0.05 
0.34+0.05 
0.23+0.04 


0.11-+0.03 
0.23+0.04 
0.12+0.04 


0.15+0.04 
0.05+0.02 


become the same. This is so because the intensity of 
secondary protons increases, while the primaries inter- 
act and are degraded in energy and hence become 
relatively less abundant. At 150 g/cm? the differential 
energy distribution of the secondary protons has 
developed a peak at about 200 Mev corresponding to 
the equilibrium condition between ionization loss and 
production of the low-energy protons.” 

The solid curve of Fig. 11 represents the energy 
spectrum of secondary protons at high altitudes (5-15 
g/cm?) and all latitudes. 

Table IV lists the excess intensities of slow protons 
in the energy range 250-750 Mev observed on the three 
high-latitude flights and attributed to primary protons. 
From these intensities the differential rigidity spectra 
for primary protons at the top of the atmosphere are 
determined for each of the three flights and are shown 
in Fig, 12. 

The assumption that is made when one uses this 
method is that the energy spectra of low- and medium- 
energy protons from stars are independent of the kinetic 
energy of the initiating particle. Thus if the proton 
data from all flights are normalized in the 100-250 Mev 
regions, the same spectrum should be obtained at all 
latitudes unless there are primary protons with kinetic 
energy less than 750 Mev, and these will appear as 


excess counts. That this indeed is a valid method is 
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2B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
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Fic. 12. Direct determination of low-rigidity portion of the 

primary differential rigidity spectra for protons and alpha particles 


as measured on three high-latitude flights. The alpha data has 
been multiplied by a factor of 6.5. 


well confirmed by the excellent agreement obtained 
between flights at A=4°, 41°, and 53° where the cutoff 
energy was >750 Mev. Such an assumption is in 
agreement with the results of Camerini ef al.,7 who 
report that the average energy of grey! tracks (corre- 
sponding to protons in energy interval 60-500 Mev) is 
independent of primary energy when the primary 
energy is >1 Bev and is a very slowly varying function 
of primary energy down to 0.3 Bev. 

The detailed data from Flight 5 (A=53°) further 
verify the reality of the low-energy particles and offer 
additional proof that the method of analysis is a valid 
one. As previously mentioned, when this flight reached 
ceiling altitude, no primary protons below 750 Mev were 
observed. However, as the flight moved north through 
2° of geomagnetic latitude, protons of energy down to 
380 Mev appeared and the primary energy spectrum 
of the additional primary protons was in good agree- 
ment with that measured at 55°. 

The proton energy spectrum of Flight 8 (A=55°) 
was also obtained by another method. On both Flight 
8 and Flight 5 (A=53°) identical equipment was used 
and the ceiling altitudes agreed within 1 mb. From 
Table II we note that the flux of fast primaries on 
Flight 5 is 12% less than on Flight 8. This is used as the 
normalization factor for the complete two-dimensional 
array of counts on the ceiling altitude portion of Flight 
5 where the measured cutoff is greater than 750 Mev. 
The normalized Flight 5 data were then subtracted 
from those of Flight 8 leaving residual counts in 
the 250-750 Mev region for Flight 8. These counts 
were corrected for Landau fluctuations and the resulting 
proton energy spectrum deduced for Flight 8 was 
identical to that obtained by the low-energy normal- 
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ization method. The proton data included in Fig. 12 
are also summarized in Tables II and IV. 

Also shown in Fig. 12 are the differential rigidity 
spectra for alpha particles observed on the same 
flights. (Note that the a intensities have been multi- 
plied by a factor of 6.5.) It is immediately obvious 
that it is far more meaningful to compare the differ- 
ential rigidity spectra than the differential energy 
spectra of the two components. The remarkable simi- 
larity of the spectra of these two components when 
plotted in this manner can be clearly seen. In Fig. 9 
it is observed that the integral rigidity spectra are also 
in excellent agreement at all latitudes covered in this 
survey when the alpha intensity is multiplied by 6.5. 
The excellent agreement of the integral rigidity spectra 
in the region 1.3 Bv to 17 Bv and the differential 
rigidity spectra in the range 1 to 1.5 Bv implies that 
cosmic-ray primary protons and alphas must have very 
nearly the same form of rigidity spectrum in the region 
1 to 17 Bv. This also suggests that the mechanism 
which is producing the peak in the primary differential 
spectrum is a rigidity-dependent one as it affects the 
two components similarly. In addition, there are system- 
atic changes in the differential rigidity spectra for the 
various components among the three high-latitude 
flights which are consistent with corresponding changes 
in the integral spectra and which further suggest a 
rigidity-dependent mechanism is responsible for these 
changes. 

The above proton differential rigidity spectrum 
extends to 0.8 Bv. The data obtained by Winckler and 
Anderson™ and by Neher" at higher latitudes during 
the summers of 1954-55 would seem to indicate that 
the spectrum measured at A=55° cannot be extended 
to much lower rigidities but must, at least at these 
particular times, indeed rise as one goes to lower 
energies if the particles counted by Neher, Winckler, 
and Anderson were primary protons. 


X. DETERMINATION OF CUTOFF RIGIDITIES 


It is evident that the above analysis enables one to 
determine the cutoff rigidities for primary protons for 
the high-latitude flights. The cutoff rigidities over the 
north central United States as deduced from both 
proton and alpha particle measurements are shown in 
Table V. In passing over 2° geomagnetic latitude [see 
Fig. 4(b) ] the cutoff rigidity on Flight 5 changed from 
>1.5 Bv to 0.9 Bv. The proton cutoff rigidities meas- 
ured on these flights are in good agreement with com- 
parable measured a-particle cutoff rigidities of Freier, 
Ney, and Fowler,!® and McDonald.'® 

These measured cutoff rigidities are in substantial 
disagreement with those expected from a simple dipole 


18 J. R. Winckler and K. A. Anderson, Phys. Rev. 108, 148 
(1957). 

14H. V. Neher, Phys. Rev. 107, 588 (1957). 

15 Freier, Ney, and Fowler, Nature 181, 1319 (1958). 

16 F_ B. McDonald, Phys. Rev. 107, 1386 (1957). 
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TABLE V. Measured cutoff rigidities for protons and alpha particles. 





Measured proton cutoff rigidity 
and energy 


Measured alpha 
cutoff energy» 
La min 


Corresponding alpha cutoff 
energy implied by proton 
measurements, Ea min 


hep 75 Mev/nuc — 
90 Mev/nuc 


Mean geographical 
position of flight or 
selected interval* 


95° 20° W 
94° 51’ W 


Flight 
tint. No. 


Fit. 3 3 (A=55°) 

Fit. 8 (A=55°) 
Fit. 5 (= 53°) 
Int. 42° 06’ N, 
42° 50’ N, 


Rpmin 


0. 71+0. 06 By 
0.81+0.07 Bv 


Ep min 


Not t measured 
<150 Mev/nuc 


250-+30 Mev 
300+40 Mev 


45° 09'N, 9. 
44° 41’ N’ 
>750-+80 Mev 


670+70 Mev 
380+40 Mev 


>225 Mev/nuc 
210 Mev/nuc 
114 Mev/nuc 


>1.4 +0.09 Bv 
1.33+0.09 Bv 
0.93+0.08 Bv 


86° 40’ W 
82° 35’ W 
77° 40’ W 


} 
>220 Mev/nuc 


Not measured 


® See Fig. 4(b) for trajectories. 


field but are in close agreement with those predicted 
by Rothwell!’ and by Quenby and Webber.’ The close 
agreement is achieved by considering the effects of 
higher order terms in the earth’s potential on the cutoff 
rigidities. 


XI. TIME VARIATIONS OBSERVED ON THREE 
HIGH-LATITUDE FLIGHTS 


Flight 5 (A=53°) and Flights 3 and 8 (A=55°) were 
made over a period of about a year and showed remark- 
able variations in intensity of both the proton and 
alpha-particle components of the cosmic radiation. 
Flight 3, made on July 7, 1955, occurred during a quiet 
period of solar activity just after sunspot minimum. 
Flight 8, made on August 21, 1956, occurred during a 
period of moderate 27-day cycles as recorded by sea- 
level neutron monitors. The general level of solar 
activity was also high. Neutron data indicated a 
pronounced long-term decrease in intensity from the 
1954-55 solar minimum. Flight 5, made on March 13, 
1956, occurred during a period of pronounced solar 
activity and was at the bottom of a large Forbush 
type decrease. A long-term decrease in intensity from 
1954-55 was also evident from neutron monitor data. 
In addition, an ‘‘enhanced” daily variation was also 
observed this day at various North American neutron 
stations. This was strikingly reflected in the flight 
data.'® 

The July 7, 1955 flight has been chosen as a “normal” 
flight, corresponding to a period of low solar activity 


225+25 Mev/nuc 


b See sean 15. 


near sunspot minimum. The percentage changes in 
intensity from July 7 for both protons and alphas (both 
integral and in various differential rigidity ranges) are 
shown for the August 21 and March 13 flights. Corre- 
sponding changes in intensities recorded by the Climax 
and Huancayo neutron monitors are also shown in 
Table VI for these days.'* 

The changes occurring between July 7, August 21, 
and March 13 (J) consist primarily of (1) long-term 
variations (11-year cycle) and (2) 27-day or cosmic-ray 
storm (Forbush decrease) variations. It is not possible 
to separate completely the relative influences of the two 
types of variations responsible for these changes, how- 
ever the storm effect is believed to be the most impor- 
tant factor in the lowered intensity on interval J, 
Flight 5, March 13 with the long-term variation the 
most important factor in the lowered intensity on 
August 21. Thus, if the modulating mechanisms re- 
sponsible for the two types of change have a widely 
differing rigidity dependence, it seems reasonable to 
suppose that the rigidity dependence for the changes 
between the three flights should also be different. 
Within experimental error this is not observed. 

If indeed the modulating mechanisms responsible for 
the two types of change [i.e., (1) 11-year change, (2) 
cosmic-ray storm/27-day change] do have similar 
rigidity dependences the question then arises: can one 
project a simple rigidity dependence that will produce 
the observed changes? Obviously the rigidity or energy 
dependence of the change may be arbitrarily complex 


TABLE VI. Correlations between time variations of the ypeaany radiation and neutrons at mountain altitudes.* 


Flight 


: July 7, 1955 
(base period) 


Huancayo Climax 


1329 3324 


—0.8% 
—2.3% 


Observed long-term and{Aug. 21, 1956 + 
—7.8% 


27-day storm variations | {March i3, 1956(1) 


C 
Predicted long-term and| Mz March j 3. ane 
27-day storm variations (Int 


—1.2% —4.4% 


—2.1% —7.8% 


Alpha 
R>1.45 1.45< R<3.2 


Protons 
1. 1<R<1.45 0.8<R<1. 1 


R>1.45 
2240 110 48 305 107 


—12.5+4% 
—28.544% 


— 8.0+8% 


—18.5+2% 
—18.0+8% 


—3148% —43412% 
—29.0+2% ee cee 


—14% —32% —41% —14% —21% 


—26% —26% —38% 


+ Percentages are expressed as differences from base period. Predicted changes are normalized to observed changes in climax neutrons. 


a P. Rothwell, Phil. Mag. 3, 961 (1958). 


18 The authors want to thank Dr. J. A. Simpson of the University of Chicago for making these and other neutron data available 


to them. 
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and we cannot proceed in a straightforward manner to 
deduce it from: the limited experimental data. We 
suggest, however, the somewhat artificial form dJ(t)/dR 
(dJo/dR)[1—K(t)/R] for the modified differential 
spectrum. Using -such a modified spectrum in conjunc- 
tion revised yield functions for the nucleonic 
component," one can calculate the particular changes 
be expected corresponding to changes in Climax 
neutrons. These changes are given in Table VI. Note 
the very satisfactory agreement between the observed 
percentage changes in the proton component and 
calculated changes over the rigidity range from 15 Bv 
to 1 Bv. The observed integral alpha-particle intensity 
changes are also jn agreement with these calculations. 
The decrease of alpha particles in the range 1.55 RS3.2 
Bv is smaller than predicted, however. In fact, from 
the observed decrease of alpha particles in this rigidity 
range we must conclude that the high-rigidity alphas 
changed more than the low-rigidity ones. However, 
ihe statistical accuracy of the alpha-particle data is 
not good enough to establish this fact with certainty. 
We note, in addition, that the suggested rigidity 
dependence of the modulating mechanism which will 
explain the results obtained on our flights will also 
predict a latitude effect for the amplitude of the 11-year 
cycle of approximately 4:1 for nucleon detectors near 
This ratio is actually observed during the 


with 


sea level. 
current 11-year cycle.” *! 

If we assume the cosmic-ray storm/27-day modu- 
lating mechanism exhibits the same rigidity dependence, 
then we should also expect the same latitude effect for 
this type of variation. However, if we assume that the 
modulating mechanism responsible for this effect acts 
on a primary spectrum which has already been modu- 
lated by the mechanism responsible for the 11-year 
cycle, then this ratio should be less than 4:1 for neutron 
monitors and in fact variable (from approximately 
2.5:1 to 4:1) with the solar cycle. A latitude effect of 
this magnitude and its variation with the solar cycle 
have also been observed.”! 

It is of interest to see whether the rather specific 
rigidity dependence of the modulating mechanisms 
which our data imply and which are in agreement with 
detailed analysis of neutron variations can be explained 
by any of the modulating mechanisms in current favor. 
We shall only consider mechanisms for which specific 
calculations of the rigidity or energy dependence have 
been made. 

For the 11-year cycle two such mechanisms have been 
suggested. (1) A solar cavity model introduced by 
Davis” and upon which specific 
rigidity dependence of the changes have been carried 


calculations of the 


19 W. R. Webber and J. J. Quenby, Phil. Mag. (to be published). 

*S. E. Forbush, Report of American IGY Work given at 
CSAGI Conference, Moscow, 1958. 

1K. G. McCracken ef al., Report of IGY Work at Hobart 
given at CSAGI Conference, Moscow, 1958. 

* L.. Davis, Phys. Rev. 100, 1440 (1955). 
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out by Beiser.** In this model ion streams emitted by 
the sun are assumed to push back the lines of force of 
the galactic magnetic field, creating a nearly field-free 
cavity around the sun. Low-energy cosmic-ray particles 
moving along galactic lines of force are then unable to 
penetrate into the inner solar system. 

(2) A quasi-stationary region of disordered magnetic 
fields surrounding either the earth* or the sun.?>.*6 
Cosmic rays will tend to diffuse inward through this 
shell with equilibrium being reached when the rate of 
diffusion inwards is equal to the rate at which they are 
absorbed in the interior. Thus the cosmic-ray intensity 
inside the shell is less than outside. 

The mechanism of a disordered magnetic field sur- 
rounding the earth has also been used™*’ to explain the 
cosmic-ray storm or Forbush-type decrease. All of 
these mechanisms predict in a qualitative way a peak 
in the primary differential spectrum and consequently 
the appearance of a “knee”’ in the cosmic-ray latitude 
curve. However, in all cases, the specific rigidity or 
energy dependence of the cosmic-ray changes predicted 
by these authors is substantially different from that 
suggested by our results. 

Quantitative calculations on the changes in intensity 
to be expected when a rapidly moving beam or jet of 
ionized gas carrying a magnetic field outward from the 
sun passes near the earth have also been carried out 
by Dorman.** 

This mechanism, originally suggested by Alfvén,” 
has been used by Dorman to explain Forbush decreases. 
The energy Jependence of the changes derived by 
Dorman are considerably different from those suggested 
by our results. 

Finally, we should mention the uniform deceleration 
of cosmic rays by an electric field as suggested by 
Nagashima.” This electric field may be a geocentric 
mechanism or perhaps even a heliocentric one. Its effect 
would be to shift the energy of each incoming particle 
by a fixed amount. The actual form of the change in 
the primary spectrum is given by the expression 


-(E-V)= 
dE 


dJ, dJ . (E—V)(E—V +2) 
“(| 


FE (E+2 


where 
at the 
(dJ,,/dE)(F) is the differential flux value at large dis- 
tances from the earth (region of V=0) of particles with 
V’ is the decelerating potential. 


(dJ./dE)(E—V) is the differential flux value 
earth of particles with kinetic energy E—V. 


kinetic energy F. 


ss 2A, aden, J. Geophys. Research 63, 1 (1958). 

4 E. N. Parker, Phys. Rev. 103, 1518 (1956). 

35 te Parker, and Simpson, Phys. Rev. 104, 768 (1956). 

26 EL N. Parker, Phys. Rev. 110, 1445 (1958). 

27 ¥ R. Brown, Nuovo cimento 9, 197 (1958) 

SL... i. Dorman, Cosmic-Ray Variations (State Publishing 

House for Technical and Theoretical Literature, Moscow, 1957). 
2H. Alfvén, Cosmical Electrodynamics (Clarendon Press, 

Oxford, 1950). 


* K. Nagashima, J. Geomag. Geoelec. 5, 141 (1953). 
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At large values of R, assuming a power law spectrum, 


the expression for the electric field modulation re- 
duces to 
dJ 
=—(R)}1 
dR 


where K(/)=constX V. 

In other words above approximately 2.5 Bv it is im- 
possible to distinguish a mechanism with constant 
energy loss per particle such as an electric field from the 
rigidity dependent formula we have proposed. The 
electric field model should give a splitting of the low 
energy proton and alpha differential spectra but the 
values of V are too small for this to be observable in 
these experiments. The results of our experiment are 
then consistent with an electric field deceleration mecha- 
nism—both as the cause of the long-term effects and as 
the cause of the Forbush decreases. However, it is 
difficult to visualize electric fields, such as are necessary 
to produce the desired cosmic-ray effects, existing in the 
inner solar system using the conductivities that are 
presently accepted. We want to emphasize strongly that 
we have considered only those proposals wherein the 
authors have calculated the rigidity or energy depend- 
ence to be expected from their models. It is possible that 
these models might be modified to bring the prediction 
into closer agreement with experimental observations. 


dJ 
—(R) 
dR 


a) 
me 


XII. DISCUSSION 


The Cerenkov-scintillator technique provides an 
accurate and reliable method for the determination of 
primary proton intensity values. The equatorial in- 
tensities determined by this technique are appreciably 
lower than those obtained by other experiments (see 
reference 10 for a complete comparison of proton flux 
when near \=0). However, this appears to be the first 
experiment in which an accurate extrapolation to the 
top of the atmosphere can be made and where the 
effects of splash albedo and slow secondaries are ade- 
quately taken into account. The proton intensity 
measured at \=41° is in good agreement with the 
rocket value obtained by Perlow! in February, 1950, at 
this same latitude. The intensity measured at \=55° 
in August, 1956, agrees well with the values obtained 
by Davis et al.? at this same latitude in 1952, two years 
before solar minimum. 

The intensity of fast splash albedo was accurately 
determined on three flights of the series. The tentative 
identification of electrons as the principal contribution 
to the fast albedo is consistent with the results of 
Perlow! and Davis.’ 

The Cerenkov-scintillator technique provides for the 
first time a direct determination of the low-energy 
(100-750 Mev) primary proton differential energy 
spectrum. These measurements, when compared with 
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similar ones for alpha particles on the same flights, 
strongly indicate that primary cosmic-ray protons and 
alphas have the same differential rigidity spectra over 
the entire range from 1 to 17 Bv. These measurements 
show conclusively that these two components exhibit 
the same form of rigidity dependence as opposed to a 
similar energy dependence. The results also indicate 
that the so-called “cutoff” producing the latitude knee 
is not sharp but is simply produced by a gradual 
“turning over” of the differential spectra. These results 
are in agreement with the results of Meredith ef al.” on 
the behavior of the low-rigidity portion of the proton 
differential spectra in 1952. However, their conclusion 
that the cutoff appeared to be sharp should be modified 
in the light of our findings. 

The results of Neher™ and also Winckler and Ander- 
son’ show a latitude effect exists for the total radiation 
at balloon altitudes near solar minimum even at lati- 
tudes with cutoff rigidities <0.75 Bv (e.g., \>60°). 
If these additional particles are primary protons, our 
observed differential spectra cannot be extrapolated 
directly to rigidities below 0.75 Bv. We must assume 
then that great changes occur from day to day in this 
low rigidity region of the primary spectrum even during 
solar minimum (not observed by Neher) or that perhaps 
a new influence is taking place in this low rigidity region 
(e.g., additional ‘“‘nonprimary” particles). 

The cutoff energies for protons measured in this 
experiment are in good agreement with comparable 
measurements on alpha particles by Fowler ef al.’° and 
McDonald.'® They indicate quite clearly that the 
centered dipole approximation is no longer adequate 
to predict geomagnetic cutoff rigidities. However, 
consideration of the higher order terms of the earth’s 
magnetic potential as determined by the earth’s surface 
field can explain the experimental results.°” 

The time variation data are scanty, but very reveal- 
ing. Flight 3 was regarded as a normal quiet day flight 
near the minimum of solar activity. Subsequent flights, 
during a variety of superimposed decreases, revealed a 
strong rigidity dependence. An empirical formula, 
dJ (t)/dR= (dJo/dR)[1—k(t)/R], was found to agree 
with the observed changes in the proton and alpha 
intensities. None of the proposed modulation mecha- 
nisms where a specific rigidity or energy dependence 
has been calculated are in agreement with the obser- 
vations with the exception of the electric field deceler- 
ation proposed by Nagashima.” At the present time 
the existence of such a large electric field within the 
solar system appears to be unreasonable. 
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An indeperident derivation is given of equations first derived by Rainich which show how, under certain 
circumstances, the combined theory of gravitation and electromagnetism of Einstein and Maxwell can be 
unified and described exclusively in terms of geometry. Some algebraic relations are presented between the 
Ricci tensor, the electromagnetic field tensor, and their principal null vectors. It is shown that in regions 
of space-time where the two invariants of the electromagnetic field both vanish, the unified theory cannot 
apply. Either such regions do not exist in nature or their description in terms of pure geometry has yet 
to be found. Advantage is taken of the correspondences between tensors and spinors to carry out most 


of the present, calculations in spinor space. 


I, INTRODUCTION 

HE general theory of relativity relates gravita- 
tional effects to the curvature of space. The 
electromagnetic tensor has customarily been introduced 
apart from geometry, the electromagnetic stress energy 
tensor acting as a source of the gravitational field; the 
electromagnetic tensor itself satisfying the Maxwell 
equation generalized in canformity with the covariance 
requirements of general rzlativity. Thus while gravita- 
tion has been expressed as a geometric theory, electro- 
magnetism has been coupled to geometry but with the 
inclusion of an additionz] nongeometric element, the 

electromagnetic tensor, for its description. 

The desire to eliminate this dichotomy has been 
perhaps the primary motivation behind the attempts 
at producing a unified feld theory. Most of these 
attempts have involved a‘ generalization of geometry 
from the four-dimensional Riemannian geometry origi- 
nally used by Einstein to‘describe gravitation. There 
is however a remarkable result first discovered over 30 
years ago by Rainich' and rediscovered and discussed 
recently by Misner and Wheeler® which shows that such 
generalization is unnecessary. In regions where elec- 
tromagnetism is the only contributor to the stress 
energy tensor and where the electromagnetic field itself 
is free of sources, one can replace the entire content of 
the combined Einstein-Maxwell theory by a theory 
which is purely geometrical. The new geometrical theory 
follows as a consequence of the old accepted theories 
of Einstein and Maxwell. If classical physics contains 
only regions of the aforementioned type or regions of 
this type together with line:singularities in space-time, 
then classical physics can be said to be already unified 
and geometrized. Both the gravitational field and the 
electromagnetic field are entirely determined by the 
curvature of space-time. 

The combined Einstein-Maxwell theory can be 


* This research was supported: in part by the Aeronautical 
Research Laboratory. i 

1G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925). 

2C. W. Misner and J. A. Wheeier, Ann. phys. 2, 525 (1957). 
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written in the form® 
Rav— 3 garR= facfo°—igarfeaf, 
f??,=0, 
fav, ct+ foe, at fea, v= 0. 


It has long been known and will be shown again ex- 
plicitly in Sec. III that Eq. (1.1) above and the 
existence of the contracted Bianchi identity Rv ,=0 
imply that only four of Maxwell’s eight equations (1.2) 
and (1.3) can be independent. 

The form of the theory represented by Eqs. (1.1), 
(1.2), and (1.3) can be called the nonunified form. The 
equations however can be shown to be satisfied if and 
only if the following set of equations are satisfied: 


R=0, 
RavR*= 50°(RmnR™)/4, 


(1.1) 
(1.2) 
(1.3) 


(1.4) 
(1.5) 
(1.6) 


Qn, m— Am, n= 0, 
where a» is defined by* 
ig ten, arek™"R, 


an = —-— “ (1.7) 
Rao” 


In order to insure that the energy density is positive, 

5 In the notation we are using, Latin letters take the four values 
1, 2, 3, 0; the proper interval between neighboring points is 
given by ds*=gaydx*dx’, In normal coordinates at a point the 
metric tensor is diagonalized and takes the values —1, —1, —1, 1 
at the point. (Our subsequent analysis will be carried out mostly 
in spinor space; the equivalence between tensors and spinors is 
written best with the above choice for the metric in normal coor- 
dinates.) g will stand for the determinant |g,s| of the metric 
tensor. Rm» represents the Ricci tensor and is symmetric in its 
two indices; R is the curvature invariant, R= R",. A comma 
followed by a subscript, such as ,,, means covariant differentiation 
with respect to x’. fa,=[2G4/c? ]Fa,, where G is the gravitational 
constant, ¢ the velocity of light, and F.», the usual antisymmetric 
electromagnetic tensor. In flat space and Cartesian coordinates, 
F\2=the z component of the magnetic field; Fio= the x component 
of the electric field multiplied by c; etc. 

* €mnre and e™"* are covariant and contravariant totally anti- 
symmetric tensor densities of weights —1 and +1, respectively. 
They take the numerical values +1 when mnrs are an even 
permutation of 1, 2, 3, 0. They cannot be obtained from each 
other in the usual way by raising and lowering indices because 
of the difference in weights. 
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one must also impose the requirement 


Ro <0. (1.8) 


The set of Eqs. (1.4), (1.5), (1.6), and (1.8) with the 
definition (1.7) contain only the metric tensor and its 
derivatives—solely geometric elements. If and only if 
these equations are satisfied can one find an electro- 
magnetic tensor which, with the Ricci tensor, will 
satisfy the Einstein- Maxwell equations (1.1), (1.2), and 
(1.3). Equations (1.4), (1.5), (1.6), and (1.8) can be 
called the unified form of the existing theory of gravi- 
tation and electromagnetism. 

In his derivation, Rainich' regarded the tensor f% 
as an operator for the transformation of vectors and 
used a four-dimensional vector algebra to investigate 
the two-dimensional elements which are transformed 
into themselves. Misner and Wheeler have given a 
derivation of the unified form based on the introduction 
of a new tensor having the same symmetries as the 
Riemann curvature tensor. Misner and Wheeler have 
discussed a space defined by Eqs. (1.4), (1.5), (1.6), 
and (1.8) with the exclusion of all singularities but 
allowing a multiply connected space-time manifold. 
They have shown how the properties of such a space 
lead to the concepts of gravitation, electromagnetism, 
charge, and mass; but have not shown any natural 
origin for spinors and fundamental particles. 

From the electromagnetic tensor, fas, one can deduce 
two invariants, farf® and (—g)temnsef™"f*. A field in 
which both invariants vanish we shall call a null field. 
If at least one does not vanish, the field is non-null. 
(In flat space with familiar notation, the invariants 
are E-H and E*—H?. A null field is one where both 
invariants vanish, i.e., E is perpendicular to H and E 
is equal to H.) The derivations of the unified form of 
the Einstein-Maxwell theory are valid only in the case 
of a non-null field and break down in the case of a null 
field. Rainich has conjectured that a null field cannot 
be physically realized, Misner and Wheeler have sug- 
gested the possibility that the unified form may actually 
describe the null field case as well as the non-null case. 

In this paper we present a third and independent 
and simpler derivation of the unified form of the 
Einstein-Maxwell theory. We introduce a spinor space 
at each point in space-time and exploit the relationships 
that then exist between tensors and tensor analysis and 
spinors and spinor analysis. The resultant derivation is 
simpler than the other derivations in showing how to 
construct the electromagnetic field f., from the con- 
tracted Riemann tensor R,» when the equations of the 
unified form of the theory are satisfied. The proof holds 
only in the case of a non-null field just as do the others 
referred to. The null field case is also discussed. It is 
shown that this case is fundamentally different than 
the non-null field case and that Eqs. (1.4), (1.5), (1.6), 
and (1.8) are not adequate to describe the null electro- 
magnetic field. It is shown that something new must 
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enter in the case of the null field and that in any case 
a geometric theory will almost surely not be adequate 
to describe a null field uniquely. Interesting relation- 
ships between spinor equations and tensor equations 
are exhibited for the null field. 

The equations of the theory stated in spinor form 
are of intrinsic interest. Moreover the spinor analysis 
facilitates the derivation of connections between fas 
and certain vectors in space-time which we make. Some 
of these relations have already been derived by Synge® 
and Ruse.® The connections between tensors and 
spinors have long been known, Maxwell’s equations 
have been written in spinor forms, and Dirac’s equa- 
tions have been written in tensor form. However, in 
this paper we actually use these known connections to 
facilitate calculations. 

The next section describes some relations between 
spinors and certain types of tensors. Section IIT derives 
the unified form of the Einstein-Maxwell theory for 
non-null fields. Section IV contains some geometric 
relations involving the contracted curvature tensor, 
R.», and the electromagnetic tensor, fas, derived by 
use of the spinor analysis. Section V contains a discus- 
sion of the null field and discusses the essential dif- 
ference between this and the case where the field is 
non-null. Section VI contains some concluding con- 
siderations. 


II. CONNECTION BETWEEN SPINORS AND 
TENSORS OF CERTAIN CLASSES 


Spinor fields have been treated in general relativity’ * 
from several different points of view. We shall use the 
notation of Corson* and shall introduce spinors by an 
analytic formalism. The spin matrices, g”as, transform 
like vectors with respect to the index m and like spinors 
with respect to each index 4,8 (4=1, 2; 8=1, 2). We 
use a representation in which the g matrices are 
Hermitean, 9” as= g"sa (bar denotes complex conjugate) 
and define’ the spin matrices by 

Bg nat Bn eg” au = 26,7. (2.1) 
The Latin index in g"ag can be lowered or raised by 
using the metric tensor gm, or g”". The Greek indices 
&,8 can be raised or lowered by using the antisymmetric 

5 J. L. Synge, Principal Null-Directions Defined in Space Time 
by an Electromagnetic Field, University of Toronto Studies, 
Applied Math. Series, No. 1 (University of Toronto Press, 
Toronto, 1935). 

6H. S. Ruse, Proc. Math. Soc. London 41, 302 (1936). 

7 W. L. Bade and H. Jehle, Revs. Modern Phys. 25, 714 (1953) ; 
this paper reviews spinor analysis and has references to the 
previous literature. ae 

8 E. M. Corson, Introduction to Tensors, Spinors, and Relativistic 
W ave-Equations (Hafner Publishing Company, New York, 1953). 
Chapter 2 discusses spinor algebra and uses it in special relatively. 
See page 32 ff. for the transcription from the dotted and undotted 
indices used below to the more familiar four-component spinors. 

9For Hermitean g’s, the definition (2.1) is equivalent to the 
more usual definition given in matrix notation by rere” 
= —2g”", where the asterisk denotes Hermitean conjugate matrix 
(transpose and complex conjugate). 
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‘YaBLE I. The connection between certain types of tensors and spinors. 


Tensors Connections 


Spinors 
x” (real, arbitrary) ¢ag8 Hermitean w= bom 48y 24; bap= &mapr” 
y”™ (real, null) gba y"= bg babs; 408 = Smapyv”™ 
da; Pa om = heb Ws; bab a= fmase™ 


pansy. Pais — y Bran 


z™ (complex, null) 
Tmn (real, arbitrary) 


T mn (real, symmetric) ABBY, Yah a yPhaw, yanby = phere T mn = Smash nj "”’ 


T mn (real, symmetric, zero trace 

yay — yar 
Wm,» (self-dual, antisymmetric) 
mn (self-dual, antisymmetric, null) * 


fundamental spinors €4, €ag, “4, 98 which are equal to 
0 when a=8, and equal to +1 if a=1, 8=2, and equal 
to —1 if a=2, B=1. 

By use of the spin matrices gnas one can make cor- 
respondences between tensors and spinors. Sometimes 
these correspondences are one-to-one and sometimes 
not. Table I summarizes the correspondences we shall 
need in the rest of this paper. One sees in this table, for 
example, that a first rank spinor determines a null 
real vector uniquely but that the null vector determines 
the spinor only up to a phase factor. 

Table I includes a correspondence for the self-dual 
antisymmetric tensor, wm,. If f.a is antisymmetric, its 
dual /¢4 is defined by 


4 abed 


fer= bg € Teas (2.2) 


The tensor war= fart+fav is self-dual in that wos=Gaoo. 

The antisymmetric real tensor fa» gives rise to two 
invariants fa,f® and (—g)*emnsef™"f*'; the self-dual 
antisymmetric tensor wa, constructed from fa» also 
gives rise to two invariants waw and ao. It is 
readily seen that wa@=0. If the invariants con- 
structed from w,» both vanish, we call wa, a null self-dual 
antisymmetric tensor. 

In order to permit covariant differentiation of 
spinors, it is necessary to introduce a spin connection, 
Pm, in addition to the Christoffel symbol T'%,. The 
Christoffel symbol is defined by 


‘ OLbm 4 Og. m OL. 
by ® = age” tains —EE — i 
Ox Ox> ax” 


The I'¢g,, can be defined’® by 


, 1 . Of ‘#8 ’ 
l “am = 42,°* ‘ a I " sme a8 . 
ov 


This is not the most general spin connection that can 
be defined but it is good enough for our purposes. 
Covariant derivations of spinors and tensor-spinors are 
formed according to the usual rules: the Christoffel 
symbols are used with tensor indices, the spin con- 


(2.4) 


1 See, for example, H. S. Ruse, Proc. Roy. Soc. Edinburgh 57, 
97 (1937). 


paisr. Leip =ybian panBy — yay 


o?” symmetric 


ir fi map nivT 
yar a pymabynivT,,, 
‘. ——— oe - ap ap ligmpagn.s. 
Wmn=km' afnipe ”,d "= 58 £ fp Omn 
= 7 wotpt48 4a,8_ 1,mia,n.8 
®mn= Lm aknise >, o> = 68 £ i Pads 


nection I'¢s,, with undotted indices, the complex con- 
jugate [';,,=I'4;,, with dotted indices; a plus sign goes 
with contravariant indices and a minus sign with 
covariant. Thus, to take a typical example, the covari- 
ant derivative of gas is 


ut 


2" ap 7 Og" «8 Ox" + Py a8 


aan MM ang™ ig Ne sae oe 


With the above choices of connections g”",, 
g""«8,r=0; €as,,=0; the covariant derivatives of < 
tensors and spinors as well as of € spinors vanish. 


III. DERIVATION OF UNIFIED FORM OF 
EINSTEIN-MAXWELL THEORY FOR 
NON-NULL FIELDS 


In discussing the Einstein-Maxwell theory, we shall 
find it convenient to construct from the electromagnetic 
tensor fas, the self-dual antisymmetric tensor was= fa» 
+ fas. The combined Einstein-Maxwell theory equa- 
tions (1.1), (1.2), and (1.3) can be expressed by 


Rer—sgarR = war’, (3:1) 


a ,=0,. (3.2) 


Equation (3.1) is the stress-momentum-energy equation 
of gravitation and (3.2) are Maxwell’s equations. 

Let us first consider Eq. (3.1) and see how it can be 
geometrized. 

Theorem 1: Rav—}gavR=waer’ implies R= R™,=0. 
Proof : wa-@*°=0; hence the theorem follows. 
Theorem 2: Rav—}gavrR=Wwa-cr° implies 

R% R®.= 6%. (Rmnk™")/4. (3.3) 


Proof: From Table I, we recall that there is a symmetric 
second-rank spinor ¢% such that 

Wac= ZaH ak ciph™; Wo°= Boi’ ea. (3.4) 
For a symmetric second-rank spinor one has the relation 


oy = eps, / 2. (3.5) 


Inserting (3.3) into (3.1) with R=O and calculating 
R%,R®., the theorem follows immediately after the 
application of (3.5) and the definition (2.1). 
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Lemma 1: R%R°,=6* Rm»R™/4 and R=0 imply the 

existence of a @* such that Rav=2ga"agvsab’ i. 
Proof: Rm» is a real symmetric tensor with vanishing 
trace (R=0), and can consequently (see Table I) be 
expressed by a fourth-rank spinor as 
Rn ae Smaps nw”, (3.6) 


with p= yim and satisfying the symmetry require- 
ments p*#§ = yaad» — 48 A fourth-rank spinor satis- 
fying these conditions can always be expressed by two 
symmetric second-rank spinors, 

yy Mibr = 5 (PHXPr+ X ays?) | (3.7) 
The lemma will be proved if it can be shown that rela- 
tion (3.3) implies that X* is proportional to y#. Using 
(3.6), (3.7), the relation 

2” ap mw = Je ai€ Br, (3.8) 

and the symmetry of Y™ and X*, one finds readily 
YiEX PRAY OLX AY EXP = de SeMEXMX 


By virtue of 


(3.9) 


PPXHa t+ yreX% = empPrX,, 
(3.9) can be rewritten as 
Wit XHeMy, .XP+X™ | X,epii— yp, ex | 


=feersyAix,X"", (3.10) 


This relation can only be satisfied if the second term 
on the left-hand side vanishes or is antisymmetric in 
the indices a and X. Either requirement makes X¥ 
proportional to ¥*% and this term must vanish. This 
proves the lemma. We are now in a position to state 
and prove Theorem 3. 

Theorem 3: If R=0 and R%R°.=6* RmnR""/4, one 
can give a prescription to find a self-dual antisymmetric 
teNsOr, Wmn, that satisfies Ras— }gar.k=Wacy*. &mn iS not 
uniquely determined; from an wm, which satisfies the 
requirement of the theorem one can generate a family 
w’mn=ewmn Which satisfies the requirements of the 
theorem, @ being an arbitrary real function of space and 
time. This lack of uniqueness is obviously necessary 
from the character of the energy equation, (3.1), which 
can only fix wm, up to an arbitrary phase factor. 

Proof of Theorem 2: From Lemma 1, there exists a 
symmetric spinor ¢@ such that 


Rav= — 2ZaipSrjieoMh”’. (S00) 


This can be inverted by multiplying by gabe gdir 


ope = — LgabkpbirR. (3.12) 


From Eq. (3.12), by choosing xA=6y one can get the 
square of the moduli, |¢"|*, |¢!?|*, |¢”|?; by choosing 
kA¥Bv, one can get relative phases. (3.12) can ob- 
viously only determine ¢“ up to a phase factor. ¢% 
being so determined, one has a family of tensors wWmn 
determined up to a phase factor. The general tensor of 
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this type can be written 


Wmn= Km ak niuspe”. (3.13) 

There is one ambiguity which must be cleared up. 
The equations R=0 and R%R?.=6* Rm»R™"/4 clearly 
do not determine the sign of the various components of 
Rinn. Uf Rmn satisfies the above relations, so also will 
— Rn. Clearly however only one choice of sign will be 
consistent with Eq. (3.13). (¢!¢!! must be positive, 
for example.) A criterion to choose the proper sign can 
be deduced from the stress-momentum-energy equation 
(3.1). The value of Roo at a point is equal to minus the 
energy density at the point. Consequently Roo must 
be negative. This can be seen also from Eq. (3.11). 
In normal coordinates (g1=g2=g3s=—1; go=1; 
Zav=0, ab) at a point, a representation of gaas can be 
given by the four matrices 


og 1 0 
£148 ( ), £3ap— ( ) 
1 0 0 —-1 
0 1 1 O 
$248 > ( } ), £0ap= ( ), 
—1 O 0 1 


With this representation, Eq. (3.11) gives Roo as 


(3.14) 


Ro=— 2F po" + 62+ 29'6!? ]. (3.15) 
Consequently, 


Roo <0. (3.16) 


Two points summarize the results found so far: (1) If 
Ra—3gak= Wao, then R=0, R%,R°,= 8°. R™*Ru»/4, 
and Roo <0; and (2) if the latter conditions are satisfied, 
one can find a family of wm,’ of the form wm,e”, where 
@ is an arbitrary real function of space and time, which 
satisfies Ra»—4gaaR=w' ams’. The way to find this 
family of tensors has been explicitly exhibited. 

So far no mention has been made of Maxwell’s 
equations (3.2). It is obvious to ask now whether one 
can choose 6 so that these equations are satisfied. From 
(3.16) the question is whether one can find a @ such that 


, , F A 
wimn = gn" sap ne +ig™ 2” sap eO a= 0. 


Multiply this expression by gni°g,¢2 and use (2.1) to 
get 
ig’*g n «p0 nf y+ g"= 2" aap”? nv" = (). 


With the aid of (3.5) and (2.1), this can be solved to 
vield 


1L raph” BoP” , npr? pps 
2b 0D iio” 


(3.17) 


This can be satisfied for real 6, if and only if Bn,m—Bm, n 
=0 and Bn=Bn. The question to be settled is whether 
or not there is a geometric relationship which is satisfied 


if and only if Eq. (3.17) is satisfied. 
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Consider the vector 
ify henarelt™’" Rf 


A_ i —- —, 


“Rey R! 
An easy calculation shows the two relations 
RepR4 = 164 po base™, 
R""Ry*=4g"4.9' 4°” "bro ish” . 
4g" agit "diMbard™. 


Recall the following two spinor relations (see Corson,® 
p. 20): 


(3.19) 


(3.20) 


(3.21) 
(3.22) 


8m? af niin = Smnéaut $6 Sem nadh ak in, 

Emi Enid = Kmn€as— 36 'emnadfg* ah is. 

Use these to find 

Ne=-ig- lemnreR"* "Ra! = — Sigm eg’ and”? bp dip” 
t+ Bib? bap ist Big mas’ bd* wbishbeard™ 


— Sig? ndaidad®. (3.23) 


Differentiate (3.5): 
b? bo +4, 
Use this in (3.23) to obtain 
N= —B8igm*g" ao bs", Pip” — 8ig™, mb ash ji” 
—Bigma Brbeh bi? "Garo t+ 81d mbathard™. 


¢ =O hap. (3.24) 


(3.25) 
The Bianchi identity R™, ,=0 in spinor notation takes 
the form 

(3.26) 


Smbak” ip (*°h*), -=0. 
Differentiate, multiply by g””, to get 
8 ih? h'¥ = — B" ih" ,. 
Using (3.6) and the Bianchi identity (3.32) one can 
now readily show that 
—Bigma’S ih *bi”, dad” 
=Bigm ahr’, dip”. (3.28) 
Now from (3.25), (3.28) and the definitions of a,, and 
Bm follows immediately 
Am=Bm+ (i/4)[In ($6? Gar/G* Gis) ], m- 
Bm, n= if and only if 


(3.27) 


(3.29) 


So Bm, mm 
(3.30) 


Gn, m— Am, n= 0. 


This proves theorem 4, which is now stated. 
Theorem 4: If the Maxwell-Einstein theory [Eqs. 
(3.1) and (3.2) ] is valid, then 


R=0; R*R®.= 65°. R™ Rann 4; Roo <9; 
and 
(a,= — ig SemnreR”®”Ra®/RepR*). 
If the latter relations are satisfied, then there exists a 


self-dual antisymmetric tensor, wm,, such that the 
Maxwell-Einstein theory is satisfied. 


Qn, m—Am, n= 0 


LOUIS WITTEN 


We have already shown how to find wm», from the 
energy equation up to a phase factor @ which is a 
function of space and time. Equations (3.17) and (3.29) 
tell us that 


1TIn(6d.r/"* ois) J, n- (3.31) 


Consequently if 6 is known at one point, P, in space- 
time, its value at any other point, P’, in space time is 
given by a line integral 


0 »2=An— 


id E oda a 
n= f Amdx™— i In —|| +6p. (3.32) 
P Pip” I| p 


The geometry thus determines Maxwell’s field almost 
uniquely ; the only arbitrariness is the value of 6 at an 
arbitrary point in space-time which can be arbitrarily 
given. It is worth noting that this arbitrariness already 
exists in the nonunified description of space and time. 
For if w™" and R™ are two tensors that satisfy Eqs. 
(3.1) and (3.2), one can create from this solution a 
family of solutions given by w™"e'’ and R™". Here @ 
is a constant, independent of space-time. 

The analysis leading to theorem 4 does not hold in 
the case of a null field for which R*R°,=0. For a null 
field the self-dual antisymmetric tensor, wmn, can be 
represented by Eq. (3.4) with ¢¥ reduced to the bilinear 
product of a first rank spinor ¢%=¢79*. Consequently 
Eq. (3.5) does not hold since $%$3"=$7¢'°¢"¢3=0 by 
virtue of the fact that ¢%¢3=0. The null field will be 
discussed in greater detail later. 

No use has been made in the above derivation of the 
fact that by virtue of the contracted Bianchi identity, 
only four of Maxwell’s eight equations are independent. 
However, the remark is so readily proved in spinor 
notation that it is presented here. Maxwell’s equations 
take the form 


wo” = gmgrang ,=0. (3.33) 


Multiply by gm”, giving 

gino”? np? =0. (3.34) 
The set of Eqs. (3.34) and (3.33) are each four complex 
or eight real relations; moreover they are equivalent 
to one another. To see this equivalence, note that it is 
already shown that (3.33) implies (3.34); that (3.34) 
implies (3.33) can be seen by multiplying (3.34) by 
£m’, and using the antisymmetry of ¢*¢’, in B and ». 
Note that - equivalence is not true for the null field 
for which ¢*8 can be represented by ¢4¢* and conse- 
quently ¢'¢°¢'¢,=0. The contracted Bianchi identity 
has the form 


Re, ,=O= gm ink"in (GAG), n. 
Multiply by gn#?, to get 
O= grind” npP+ pring? oP. (3.35) 


When p=1, #=1; or p=2, w=2, the Eqs. (3.34) are 
purely complex by virtue of (3.35). p=1, 4=2 gives 
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the same real pair of equations as p=2, #=1, again by 
virtue of (3.35). Hence Eqs. (3.34), the Maxwell 
equations, contain only four independent equations 
because of the contracted Bianchi identity. This proof 
is not complete for the null-field case by virtue of the 
remark that (3.34) does not imply (3.33) for this case. 


IV. SOME GEOMETRIC RELATIONS INVOLVING THE 
RICCI TENSOR R,,, AND THE ELECTRO- 
MAGNETIC TENSOR w,,, 


By use of spinor analysis, one can readily derive 
some geometric relations involving the tensors Rm,» and 
@mn and their expressions in terms of null vectors and 
of principal vectors. Some of these relations will now 
be derived. Proceeding in this direction, one can also 
readily obtain the connections already found by 
Rainich,! Synge," and Ruse.*® 

The key to these possibilities is that one can express 
the symmetric spinor ¢“ of the second rank, which 
determines wm, and R,,,, by means of two first rank 
spinors, x* and y. 


b= 3 (xPt+y7x’). 


¢@ has three arbitrary complex components; x* and Y 
have four, two from each spinor, so that one of the 
four components can be arbitrarily chosen. From x* 
and y four vectors can be formed: 


(4.1) 


Rm= F8miux*X', 
Im= 38min Y*, 
Pm= 28min *X", 
Pm= 4g minx. 


(4.2) 


k,, and J, are real vectors, Pm and jm are complex and 
the complex conjugates of each other. All four vectors 
are null and each is orthogonal to two other vectors. 
The only nonvanishing scalar products that can be 
obtained from these vectors are 


I*k,,= —P"Dn= 3A A ; A ee Wax". 


(4.3) 


The rays determined by the four vectors (4.2) are 
uniquely determined by (4.1). A new choice of the free 
component will merely multiply all components of any 
one vector by a factor and may change the naming of 
the vectors. 

Wmn Can now be expressed as 


Wmn= 28m Bini (xP +x) 
= 28 ming rir” WY+y'x*). 
But & = (xAYi—Xx*y4) /Xay*. Consequently, 
2Awmn= Sminknin (XY — x) (xP +x). 
This can be expanded, using (4.2), as 


Wmn=2(Iky— hyly + Pupy—Dyp»)/A. (4.6) 


- See reference 5. See also J. L. Synge, Relativity, The Special 
Theory (Interscience Publishers, Inc., New York, 1956), Chap. IX. 


(4.4) 


(4.5) 
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In this expression wm, is a complex tensor; /m, km are 

real null vectors, pm is a complex null vector with jp» 

its complex conjugate; and A is a complex scalar. 
One can now show that 


Rinn= Oman? = — 2 pmp nt+PmPntlmk at haba}. 


Equations (4.6) and (4.7) show that the contracted 
curvature tensor, Rmn, 1s completely determined by four 
null vectors, two real and two complex; and that the elec- 
tromagnetic tensor, &mn, is completely determined by these 
same null vectors and a complex scalar. The work of the 
preceding sections shows how to find these null vectors 
and the scalar from Rm» and wmn. Define km to be a 
principal vector of wmn if wk, is a scalar multiple, 8, 
of k™. Then the four vectors (4.2) are principal vectors 
of Rmn and wmn. Using (4.15), (4.16), (4.3), (4.4), (4.5), 
and (4.6), one gets immediately 


R™k, = —A Ak", 
R™],=—A Alm, 
Rp, =AAp", 
R™p,=AAp™. 


(4.7) 


w™"k,= —Ak", 
wl, = Al™, 
wo" d,= —A oe”, 


wD n = A a, 


(4.8) 


Moreover the complex scalar A is related to one of the 
complex invariants of the electromagnetic field and A 
to the other, 

(4.9) 


Wm nn” ies yy | + 


In the case of a null field, A4=0, and the above 
analysis breaks down. The null field will be discussed 
again later in Sec. V. 

The relationships between the null vectors, the com- 
plex scalar A, R™, and w™" can be rewritten by use of 
a readily established spinor relation [multiply Eq. 
(9.1g) of Corson® by gnjp |: 


2g ick tp = Binh te — 28" Espoo 8 ink se 
— go hemnlhg. ok nips 


(4.10) 
This and (4.2) lead to 

2p™pr=Imk"+kln—Agm4 A—ghemmkkil, (4.11) 
Consequently, 


w= 2(i™k" —k"l™— g beminkp ])) ‘A 
Rm = AAgm—4(Imkn+ kmln), 


(4.12) 
(4.13) 


This means that w”" and R™ are completely determined 
by two real null vectors and a complex scalar; moreover 
by the previous work the two real vectors and the complex 
scalar are completely determined by Rn and wmn. Again, 
in the case of a null field, A=0; x*=y%; and all four 
null vectors (4.2) degenerate into a single real null 
vector. 

For the non-null case, w™" and R™" can be represented 
by means of the complex null vector p™ and the complex 
scalar A. From (4.11) and (4.2). 


2k" = p™p+ 2p™4 A+ prj —4g lemink ya, (4.15) 
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Consequently 
(4.16) 
(4.17) 


wn = 2(Pmpn— PmPnt g te™!'™*b.1), A, 
R™ as 4(g™"A A+prp"+p™p"). 


V. A DISCUSSION OF THE NULL FIELD 


A null field has been defined as one in which the two 
invariants of the electromagnetic field (often repre- 
sented in flat space as E?—H? and E-H) both vanish. 
In the notation of this paper a null field is one in 
which the complex scalar Pmnw""=G@mn@""=0. We 
recall from Table I that for a null field 


Wm n= £m aP'o?. (5.1 ) 


A null field is the special case of a non-null field in which 
the spinor ¢** can be written as ¢*¢*. For a null field, 
Eq. (3.11) still holds for R,, with the understanding 
that p¥=p%9": 

Ran= 240% kon OO'b.- (5.2) 


Consequently for a null field, R*,.R°.=0, since dap*=0. 
For a null field, the theorems and lemmas of Sec. ITI 
which still apply take the following forms: 

Theorem 1: Ras—}gaeR=w.-a0° implies R=0. 

Theorem 2': Rav—}gavR=,,-@0 for a null field implies 
R*,R®, = 0. 

Lemma 1’: R%R’,=0 and R=0 imply the existence 
of @* such that Ras= 2g0"goind'h'd'di. 

Proof: By Lemma 1, Ras=2ga" goin dj. 
second-rank symmetric tensor can be written in the 
form of Eq. (4.1), ¢6%=3(¢9%+y7¢%). Consequently 


Any 


Rav= dg koirl(d'e’ +o") (oi tv'o;). (5.3) 
The lemma is proved if it can be shown that ¢* must be 
proportional to y*. A straightforward calculation shows 
that 


RR? = 0= B*inBcin Gah VW VV "OO? 
tal’ Od PoWy’). 


When a=c, the expression can be equal to zero only if 
$* is proportional to ¥*. This proves the lemma. 

Theorem 4’: If R=0 and R*,R*’.=0, one can give a 
prescription to find a self-dual antisymmetric tensor, 
Wmn, that satisfies Ras—}gaR=Wadrr’. Wmn iS not 
uniquely determined; from an w»,, which satisfies the 
requirements of the theorem one can generate a family 
w'mn=e'"wmn Which satisfy the requirements, @ being 
an arbitrary function of space and time. 

Proof: From Lemma 1’, Rav= —2gaixngoind'dd'd’. 
Inverting this gives 


o'd ¢'¢' — Egttagh) FR... 


This will determine ¢* up to a phase factor exactly as 
in the non-null case. wm, is then given by Eq. (5.1); 
again however Roo<0O is necessary. So far the results 
are in direct correspondence with the results of the 
non-null case. However as was pointed out in Sec. ITI, 


(5.4) 


the proof given for Theorem 4 completely breaks down 
in the case of a null field. We will now give some con- 
siderations that show conclusively that Theorem 4 does 
not hold for the null field. 

The question is whether the arbitrary @ alluded to 
after Theorem 1’ can be picked so that wmn satisfies 
Maxwell’s equations, w”",,=0. From Theorem 1’, a ¢* 
has been found such that 


w= gm er andipre”. 
Can 6 be chosen so that 
wr" n= Bgl (OO) nn bip'h*9, . J=0. 
Multiply by gnsx to obtain 
O= gL (beh) ntidG9,n J. 


(5.9) 


Equations (5.5) are a set of four linear algebraic 
equations for the four unknown variables @,,. In order 
that a set of linear algebraic equations be consistent 
it is necessary and sufficient that the rank of the deter- 
minant of coefficients be equal to the rank of the 
augmented matrix. If the set of equations is to yield a 
unique solution for the four variables @,,, it is necessary 
and sufficient that the rank of these matrices be four. 
Examining Eq. (5.5) at a point in space-time using the 
normal coordinate system with the special spin repre- 
sentation at this point given by (3.15), one sees readily 
that the determinant of coefficients is of rank 2 but the 
rank of the augmented matrix is 3. The rank of the 
augmented matrix can be reduced to 2 if and only if 
the following spinor relationship (5.6) holds: 


$°g" Dr a= 0. 


(5.6) 


Consequently it has been proved that the @,, can be 
described by Eq. (5.5) in an algebraically consistent 
way if and only if ¢*g“@¢* 2=0. In this case @,, is 
described not uniquely but with two arbitrary param- 
eters. 

Contrast this with the case for the non-null field 
where Eq. (5.5) is replaced by 


O= g™*\ (Ge ntidx’8, n) 


and @* cannot be represented by $%¢%. In this case it 
is readily shown that the rank of the determinant of 
coefficients of 6,, is equal to four. So 6,, is consistently 
and uniquely determined by the algebraic equations. 

Thus Theorem 4 cannot be applied to the null field 
for at least two reasons. Firstly Eq. (5.6) is a necessary 
and sufficient condition for the existence of @,, in the 
null case; but (5.6) cannot even be given meaning in 
the non-null case. Secondly, if Eq. (5.6) holds; @,, is 
still not uniquely determined, by (5.5); there remain 
two arbitrary parameters. The null field is thus funda- 
mentally different from the non-null field. 

We have not succeeded in finding whether a geometric 
condition exists which is a necessary and sufficient 
condition for (5.6). Nor have we shown, if (5.6) is 
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satisfied, that Eqs. (5.5) looked on as differential equa- 
tions for @,, are integrable. 

It has already been pointed out that for a null field 
the four vectors (4.2) degenerate into a single null 
vector, k". From (4.8) one can say that for a null field, 


Ran= —Sknkn. (5.7) 


This also follows immediately from Lemma 1’ with 
k™=39"s9%¢. Equation (4.6), in the case of a null 
field, approaches an indeterminate form in which the 
numerator and denominator both vanish. One can, 
however, find an expression for a null Maxwell field 
reminescent of (4.6) : 
w= g™ 2" nop = Lice" ino. 

Let ¥* be an arbitrary spinor not proportional to $4; 
then 

d= (OW V9) bab, 

w= oe an (o'¢ o'y4— V'b'¢'¢) / (pav*). 

Now call 

In= g" pp, Dida, (5.8) 


w= (1 123) (k™/"— k"l]™), (5.9) 


The vector /" is complex, null, and orthogonal to the 
real, null vector, &,. Moreover /™l,,=—1. For a null 
field there exists a real, null, uniquely determined vector 
k™, and a family of complex null vectors /™, with the 
properties /”/,=0, /”l,,=—1, /"km=0, such that 
wn = 72-4 (Jmkn—]mpm). 

There is a curious relationship involving the null 
field, wmn, the two-component spinor, ¢*, which it 
determines, and a geometric equation involving Ry». 
Recall first the two-component spinor equation which 
has recently been given prominence in regard to neu- 
trino theory, 

(5.10) 


2" BP? n =(), 


Differentiating the expression "= gy/cg"~ao'd*, and 
using the definition of spinors (2.1) will yield 


w™ oa = 2g" "2" ind nt 2bap™™. CS: 1 1) 


Now we proceed to prove that ¢a@*,n=0 if and only if 
the following geometric relation holds: 


Ren aR ,.=0. (5.12) 


Detine the vector H,,=d¢a¢%m. From (5.4) one can 


deduce 
Ro amR™ 5= —8R* (Ra mk”, 2). (5.13) 
Moreover from the definitions of k, and H,, 
kamk”, »= —3}(A nH +H Hn). (5.14) 
Consequently 
Ron wR™,.=4(A nH +H Hn) R”. 


_ If H=0 it follows that R*,,,R™,,=0. Conversely, if 
H,,H,+H,H,,=0 for all m and s, it is easily seen that 


(5.15) 
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every individual component H,, must vanish, Con- 
sequently these statements follow: 

1. The validity of Maxwell’s equations, w™",,=0, 
and of the two-component spinor equation, g"ad*,,.=0, 
implies the validity of the geometric relation 


RR, ak’ _ 0. 


The same relation follows if the two-component spinor 
equation is replaced by the less restrictive equation 
Smo "2" in, n=0. 

2. The validity of the two-component spinor equa- 
tion, g"ad*,=0, and of the geometric relation, 
R* i mR’ ,=0, implies the validity of Maxwell’s equa- 
tions, w””" ,=0. Again it is sufficient to satisfy 


£mbap gird” i 0 


instead of the two-component spinor equation. 
3. The validity of the geometric relation 


R*,,wh’" .=0 


and of Maxwell’s equations, w”™",,=0, implies the 


validity of gh g"inb',n=0. 


VI. CONCLUDING REMARKS 


A considerable effort has been expended in recent 
years in developing a quantized theory of general 
relativity and in developing a classical unified field 
theory. It has been shown here, as has already been 
known, that, if the only fields of nature are gravita- 
tional and non-null electromagnetic, the existing theory 
can already be described in a unified geometric way. 
Consequently, attempts at finding a different unified 
theory may be superfluous. On the other hand almost 
all the work that has been done towards quantizing 
gravitational theory has dealt with gravitation in the 
absence of other fields. One would guess however that 
the interesting features to be learned from the quan- 
tization, if indeed there are any, would arise from the 
interaction between the gravitational field and other 
fields. It is consequently crucial that this interaction 
be treated in the proper way. In considering the inter- 
play between the gravitational and electromagnetic 
fields, one might suppose that the proper theory is a 
quantized version of the unified field theory described 
in this paper rather than an independent quantization 
of the gravitational and electromagnetic fields. How- 
ever, one does not know how to proceed, even in the 
most vague way, to quantize the unified field. This is 
because the theory has not been derived from a varia- 
tional principle. A Lagrangian function for the theory 
has not been found, nor has a Hamiltonian density 
function. The known techniques for quantization are 
thus not applicable to this theory as its present stage 
of development. 

Another interesting remark is that the unified field 
contains partial differential equations of the fourth 
order. With few exceptions, one of the latest of which is 
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that of Lanczos,” all of the attempts at developing 
unified field theories have dealt with second-order 
theories; this was because the basic field equations of 
mathematical physics apparently did not surpass the 
order two. This constraint should not, apparently, be 
taken so seriously as it has been in the past. A com- 
paratively simple Lagrangian might be found, from 
which a variational principle will lead to a fourth-order 
theory very close to the unified theory here presented. 

In addition to the major unsolved problem of quan- 
tization some other issues remain in the already unified 
theory. One is the question of null fields. It may be 
that the existence of physically interesting null fields 
is altogether denied by the Einstein-Maxwell theory. 
If so one should like to see this remark precisely stated 
and proved. It may be however that the possibility of 
having null fields, which are regions in space-time where 
the already unified theory breaks down, is trying to tell 
us something very important. The unified theory breaks 
down at particle-like singularities and also at null 


2 C, Lanczos, Revs. Modern Phys. 24, 337 (1957). 
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fields; can there be some still mysterious connections 
between these two regions of breakdown? 

It is also unexplained why no magnetic charges are 
seen in nature. If one charge is arbitrarily called 
“electric,” do the purely geometrical equations of 
already unified theory automatically guarantee that all 
charges are electric? Or is this a separate postulate to 
be added to the theory? 

It is probably true that in no four-dimensional region 
of space-time is the electromagnetic energy density 
identically zero. It is therefore conceivable that in 
principle one should always deal with the equations of 
the unified field and not with the case of pure gravita- 
tion. Should not one allow only those solutions of 
Einstein’s equations which are limiting cases of solu- 
tions of the full set of the unified Einstein-Maxwell 
equations? Does this requirement limit in any way the 
solutions of Einstein’s equations of pure gravitation 
which are physically meaningful? Or might it not 
assist in reaching an understanding of gravitational 
radiation? 
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In this paper the contribution of three pions to the scalar electromagnetic form factors of the nucleon 
are computed by using the fixed source meson theory without rescattering corrections. The (y,37) interaction 
is taken phenomenologically as a point interaction. It is shown that for those values of the (7,3) coupling 
constant compatible with photoproduction experiments, the experimental charge distribution could be 
roughly fitted with a cutoff in the dispersion integral of the order of 7 pion masses. 





1. INTRODUCTION 


HE electromagnetic structure of the nucleon has 

been in the last year the object of considerable 
attention by theorists. Recently Federbush, Goldberger, 
and Treiman,' and Chew, Karplus, Gasiorowicz, and 
Zachariasen,? have investigated the problem using 
dispersion theory. The agreement between theory and 
experiment is still rather unsatisfactory.’ This is prob- 
ably due to our still incomplete knowledge of the 
physics of the nucleon. 

A very important and completely open question is 
the scalar part (in isotopic spin) of the nucleon form 
factors, which cannot be explained in terms of the 
simple model of a photon interacting with a single pion 
in the nucleon cloud. FGT have shown that the only 
reasonably possible way of interpreting the large scalar 
radius of the charge is in terms of three-pion states. 
This model is analogous to a previous one proposed by 
Tamm‘: a photon produces three pions by passing 
through nucleon-antinucleon intermediate states. Those 
pions are then absorbed by the physical nucleon. 

In this paper we want to consider in some detail the 
contribution from three-pion states. 

Our point of view will be the following. We shall 
phenomenologically postulate the only possible local 
(y,3m) interaction,® 

db: Ode Obs 
Hint=ie(d/p ) exu»9— —. (1) 
OX 5: 0%5:0Xp 


@:(x) are the real pion fields and e,,, is the completely 
antisymmetrical fourth rank tensor. More complicated 
nonlocal interactions are not considered because of the 
high mass of the intermediate nucleon-antinucleon 
states responsible for the effect expressed by the 
interaction (1). 


1 Federbush, Goldberger, and Treiman, Phys. Rev. 112, 643 
(1958), hereafter referred to as FGT. 

2 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 
110, 265 (1958). 

3 An excellent account of the present theoretical situation can 
be found in S. Drell, 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN, 
Geneva, 1958), p. 20. 

4 See, e.g., I. Tamm, 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN, 
Geneva, 1958), p. 34. 

5 We use here x;=., v2=¥, X;=2, x4=it, and a system of units 
in which #=c=1. 


The constant A is a new unknown parameter. It 
could in principle be obtained from very accurate 
measurements of the cross section for photoproduction 
of two pions on a nucleon. Chew and Low® have sug- 
gested a general extrapolation method which could be 
used to separate the effects of the interaction (1) from 
the remaining ‘“‘nucleon” terms (see Fig. 1). For the 
moment we can only give a rough upper limit for \ by 
requiring the effect of (1) not to exceed the whole 
experimental cross section for y+N — N+2+7. We 
obtain \<~6. 

The expectation value of Hint(x) in the physical 
nucleon state is computed in the static model neglecting 
the contribution of the 3, 3 resonance, which has been 
proved’ to be unimportant in the two-pion contribution. 

The calculation of the magnetic moment and of the 
charge is going to diverge very badly. However, we 
shall be able to express all observable quantities in 
term of a spectral representation which is the static 
counterpart of the relativistic dispersion relations, 


i) 


1 7% gi5(o*) 
G5(q?) = f ——do?, 
TY (3)? +¢* 


1” g25(0°) 
G:5(q@)= J calli 
TY (3,2 + ¢? 


The spectral functions will be finite and strongly in- 
creasing with the “‘mass’’ o. 

We are aware that our numerical results can only be 
taken as a rough indication. The main reason is that, 
as in the case of two pions, the recoil effects of the 





(b) 


Fic. 1. Two possible graphs contributing to two-pion photo 
production; (a) shows the graph by which our interaction [Eq. 
(1)] contributes to two-pion photoproduction; (b) is a typical 
nucleon graph of the same process. Nucleon lines are solid, 
photon lines wavy, and meson lines broken. 


6 G. F. Chew and F. E. Low (to be published). 
7S. Fubini, Nuovo cimento 3, 1425 (1956). 
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nucleon can be very important’ and theretore a relativ- 
istic dispersion analysis of the problem is very desirable. 
However, we feel that this first field-theoretical explo- 
ration of the problem might be of some use since it 
gives the rigorous 1/M-—>0 limit of any relativistic 
analysis without rescattering. 


2. CHARGE AND MAGNETIC MOMENT DENSITY 


In order to obtain charge and magnetic moment we 
have to evaluate (Wo! Hint(x)|Wo), where |Wo) is the 
physical nucleon state. 

By expanding the pion fields ¢,(«) in the usual way, 

1 


{axe 
1 
(2u;.)# 


+a xe ik 


Q(X) =) 


H in.(x) can be cast into a linear combination of expec- 
tation values in the physical nucleon states of three pion 
creation or annihilation operators. To be more specific, 
the different kinds of expectation values are the 
following: 

(2) 


Wo 9 (Wo A p'AgA; Vo 9 


(Wo d pl 4A) 


and their complex conjugates. 

We must now evaluate expressions (2) using the 
static model and neglecting the rescattering corrections, 
as previously stated. In doing this it is important to 
pay attention to the order of meson operators: all the 
creation operators must be placed to the left of the 
annihilation operators.° 

Let us use the following identities: 


Wo [H,apa,a; |) Vo) =0 
Wo|[H,aptaga, || Vo) =0, 
where H=H +H’; Hp is the free-pion field’s Hamil- 
tonian, and H’ is the usual static pion-nucleon inter- 
action, 
H’=>>.(Viaet Vi-taz'), 
V; = i(4r)}( / 0 p)o-kr,0(k) (2a, ) 


By explicit evaluation of the commutator one obtains: 


ee (wptwotwr)(Vo| dpa gai Vy 
(W,! V p'a,ay Wo)+ Vo V ,'ai.0p Vy 


+ (WP, V; dp, VY, 


~ Wp) Vo p'd glk Vo 


Vo +o V aidplay V, 
(Wl V, 


- (wg wx 
(Wo V;, 


tayla, 
1 Qj Wy). 
Let us now remember the identities: 
ay V))= = (w,+H) lV, y Wo), 
Wo) = (wp top th) V at (wpe +A) V et) Wo) 
+ (wap +H)IV et (wr +H) 1V 44 | Wo). 
‘J. D. Walecka (to be published) ; and reference 1 and 2 


® This point is discussed in detail in Bosco, Fubini, and Stan 
ghellini, Nuclear Phys. 10, 663 (1959). 


Aya, 


(4) 
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From (3’) and (3’’), taking in account (4), we finally 
obtain, in the zero-meson approximation, for the 
needed expectation values, 

(Wo! ApAe, | Vo) 

i u)*(4ar)** ‘v(p)e (q)o(k) 


kiabeneteul Bieinuate)? i 


(o7)» (or) (o7)s 


(wat wx)wr 


(a7) p(oT)x (oT) 


(wg twi)wg 


(7) q(or)a( (oT) p 


(wptw.)wp 


(o7)q(o7)» (or) 


(w adie 


(ar)x(o7) p(o7)g 


(o7)x(o7)4(oT)p 


(wptwy)w, (wptw,)wp 


(Vo Ap'AgAy Vo } 


i( f/u)*(4mr)! 
——————1(p)v(q)v(k) 


1 
(Bw eg.) # 


(oT) p(oT)- (oT) q (97) o( (ar) (aor), 
x —__—_—+ _ 


Wg p(Watwx) isiiaian veil 


(6) 


In (5) and (6) f is the renormalized pion-nucleon 
coupling constant and (or), means @- pry. Expressions 
(5), (6), and their complex conjugates, after quite 
simple but rather tedious calculation allow us to write 
down the expression for the charge and current density : 


e(X/H*) ( (f/)* (4x) 


5 Iperrs 


Xexp{i(kit+k.+k;) -x}d*kd*kod*k;, 
Sie(A H)( (f/p)*(4ar)} 


(2x)? 


‘S33 


Wko— Wk 
bo (ky)v(ke)v(k 
initia: 


Xexp{i(ki tk. +k;) -x}d°hidkod*hs, 


p(x)= 


re (ky)v(Re)0(Rs) 


(7) 
j(x)= 


(oe: ky) ( k. ks) (ki Xk ) 


(8) 


3. SPECTRAL REPRESENTATION OF CHARGE 
AND MAGNETIC MOMENT 


Our purpose is now to obtain a spectral representation 
for charge and magnetic moment corresponding to (7) 
and (8). 
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TABLE I. Values of a, magnetic moment, and X for different omax, 
the charge being normalized to one, in units e/2. 





Magnetic 
moment PN 


0.047 1.7 130 
0.026 1.1 5.4 
0.011 0.70 0.19 
0.0063 0.48 0.025 


Charge a 


From here on we neglect the cutoff functions, since 
they affect only the high-energy behavior of our inte- 
grands. 

From (7), by performing the integration, one obtains 


3 e(d/us) (f/u)* 


p(r)=- (2/19+-6p/ 18+ 7p? /r7 
4 


ri 
{- 4u3/r>+-ys/r5)¢ Sur, 
Our final step is to put p(r) in the form 
© e7re 
p(r) -f F(a)——do. 
3u r 


With an obvious change of variable we get 


et 


po)mem J Fe+s—a, 
y 


We can immediately obtain G(é)=F (+3) as the in- 
verse Laplace transform of rp(r)e*“". Furthermore, since 
ro(r)e#" is of the form >-,~48(c,/r”"), F(o)=G(o—3y) 
is of the form >> »{ (a—3u)""!/(n—1)!] which insures 
that the spectral function vanishes at the lower limit 
of integration. 

In this way, from (9) one obtains 


1 e(\/u*) (f/m)? f*% ev” 
p(r) =- ————_ -f da —(o—3y)* 
4 8407? 3 r 


X (04+ 90% n+ 1207 u?— Sop — Sut). (11) 


If, as usual, we consider the Fourier transform 


G,5(q"), we get 


1 ” gi5 (a7) 
G1°(q*) =- J do?, 
wY(3y)? o-+¢" 


(3n) 
where 


men f* g 3 a\? o\2 
arr o(--*) [(C) +9) 
1680 \yu m m 
o "a i 
12 -3-3(“) | (12) 
M Me 


The analogous calculation for the magnetic moment 
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100 180 200 


Fic. 2. Spectral functions (1/Af*)[[g15 (0) /o? ] and 
(1/Af?) [oS (0?) /o?] versus 0°. 


yields 
go5(0?) 


1 L 
T ss a+” 
where 


7 Serf 1 oy 
g25 (a?) =—— {nf ( ) 
Qn 5040 \u 


X (200 — 1058+ 1128?— 706° — 140° 


P 
do”, 


G5 (q") ' 


~ 21687) 


1 sek 
_ -( ) (112+ 158+808?+ 108*°— 16°) 
720\yu 


1 o 
+—(1+26*)+— ~(16+38+ 26%) 


1 
18 96 u 


1 fo\? 1 sox\* 1 oy 
“5G5) 64+ 50(2) F see) 
45\u 210\u 96 
cy) OCG 
+2(“) -§"] inte + oe}, (13) 
u bu 


and 6=(c—y)/2u. Its derivation is similar to the 
previous one, though much more cumbersome. The 
details are given in the Appendix. 

It is evident from the expressions just obtained for 
gi5(o") and geS(o?), that our integrals are strongly 
divergent. In order to obtain some indication we shall 
limit our integrals to some values gmax of the ‘‘mass.” 

In Fig. 2 are shown the curves representing 
(1/A f*)[_g18 (0?) /o?] in units e/2, and (1/d f*)[_ go (0?) /o? | 
in units e/2M. 

We give in Table I the values of the scalar magnetic 
moment and of a=¢(ris*) which experimentally is 
between 0.03/y? and 0.05/y?, for different values of 
Tmax. These values are obtained by normalizing the 
charge to one (in units e/2). In the last column the 
corresponding values of A are given. q@ is in units 1/p’. 


4. CONCLUSIONS 


It has been shown in the preceding sections that the 
three-pion contribution to the electromagnetic structure 
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of the nucleon can be simply computed in the static 
no-rescattering approximation. 

From this preliminary investigation it is still difficult 
to draw any conclusion whether the three-pion effects 
could reasonably account for the scalar part of the 
charge and magnetic moment of the nucleon. 

From our calculation it follows that for those values 
of \ compatible with photoproduction experiments, the 
experimental charge distribution could be roughly fitted 
with a cutoff in the dispersion integrals of the order 
of 7y. 

The magnetic moment (whose experimental value is 
—0.06 nuclear magneton) comes out rather large and 
with the wrong (positive) sign. 

It is difficult to predict whether accounting for the 
recoil effects would remove such discrepancy. 

One trivial 1/M correction is to define G25(0)=ys+34 
(in units e/2M), because the expectation value of the 
current in the physical nucleon is related to the total 
magnetic moment. Such a correction goes in the right 
direction but is still insufficient. 

Therefore, we should finally like to point out that a 
relativistic computation of the three-pion effects would 
be very desirable in order to see whether a large charge 
effect is compatible with a small magnetic moment. 
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APPENDIX 


We start from (8) and perform the angular integra- 
tion. We get 


; 3e(A/u*)(f/u)® x r* pdp 
i(xy=—- — 0X f jul pr)— 


9/2 2 
7 r“y Wp 


kdk q'dq 

x|r f — ‘ihe = 

Wa 
" k'dk q‘d 
-rf jue — Jol (qr — 
0 Wr 0 Wa 


Wa Wk 7 ; 
—r ff Jilkr) Lg j2(gr) 
Wot, 


kg? 
"ix (gr) } dag}, (Al) 


WW” 


where j;(kr) is the spherical Bessel function. 

By using the explicit expressions for h and j2, the 
integrals fo* ji (kr) (R8/w,*)dk and So* j2(kr) (k*/w,2)dk 
can be evaluated by elementary 8 li 

The double integral also can be transformed, by 
multiplying and dividing by w,—«, and using the 


AND V 


De ALFARO 


relation 


pf - 
0 


Then (A1) can be written in the form 


3 (4ar) $e(X/u5) (f/u)* “(- -) 
x eer 


sin (qr) 
qdq = 3m cos(kr) 
gk 


(for r>0). 


jx) -_—____—e ; rae 


(2m) r 


- kdk k?dk 
x | arf sin2kr— —ar+f cos2kr 


Wk Wk 


- k'dk . kidk 
—arsf sindkr—+r* f costhr—|, 
0 0 


Wk Wk 


zy? ¢ 


or, in equivalent form, 


3 (4a) fe(d u)( (f/ au) x 
—oX 


>__t. Dy ‘) 
3 


kdk 
sin2kr—. 
Wk 


(A2) 


For our purpose it is useful now to write the integral 


So” (k/w,) sin2krdk in the form 


x 2ar 


~ k sin2kr ae 
f coenenenii J : da. 
0 Wk (a?—p?)} 


u 


(A3) 


This identity follows from the fact that the integrand 
has the branching points at k=-+iyu. The integration 
path is shown in Fig. 3. 

By inserting (A3) into (A2) with some manipulations 
one finally obtains j(x) in the form 


ae OU FEY 
CIE 
reo mee) sare 


e-"dy 
(C(y—n)/2 Pw} 


Let us remember the relation between current and 
magnetic moment density, 


(A4) 
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x dur) 
j(x) =0X- —— 
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Fic. 3. Path of integration to be used in order 
to obtain formula (A3). 
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du ( an 3 e( a 


yoy i 
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dr 4 wl 3 2 a 
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PCE) 
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© VC(y—w)/2 Py! 


We write now du(r)/dr in the form 


du(r) 
See af F(c)e~*"do 
=-f "J — F (oc) 
d —e~"'d 


and, by integration by parts, we get 


then 


of af POO, (AS) 


With considerations analogous to those on formula 
(10) one can see that G(t)=F(é+y) is the inverse 
Laplace transform of the function 
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The first integrand in (A5) then clearly vanishes, and 


pm -f ‘af dL F( a“ so 


One obtains in this way, by reversing the order of 
integration, 


4 5/2 


———ae 
ou r 


3 e(d/p?) ( Jn)? p® enor 
e a 


u(r) =- 


6 


Dd nC,(y)o""dy 


n=l 


x —- , 
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(A6) 
The C,, are 

Ce= (y—n)/5040, 
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ee 
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960 


Y+2uy—Sp’), 


Y~# accel ial 
=——(¥— 3p? +3y*y+ 15p'), 
1152 


Cr=—— (5 — Sur + Sup 15 py? + 30M). 
960 


Co does not contribute to (A6). 


ae 
C_y=——— (997 — 63pry® + 175p?y>— 245 y3 4+ 140p*y*). 
13.440 


The Fourier transform of u(r) yields 


do*® 6 
— } o”¢,(c), (A7) 


"9S (g*) _ ‘ . 
3y)? o’+q° n=—1 


— 


Qn} 


where 

F C n(y)dy 
alo)=nf — 
(Cr— H) 2} —* yh 


Su 


(A8) 


The ¢,(¢) can be evaluated by quite elementary, if 
rather lengthy, methods. When the results are inserted 
into (A8), we obtain for g2*(o) the expression (13) of 
the text. 
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A simple theorem relating the structure of the bare and dressed photon commutators and propagators is 
derived, and its implication, with respect to the choice of photon gauge, is discussed. 


1. INTRODUCTION 

N a recent paper, Bogoljubov and Sirkov' have 

criticized the form of the photon propagator 
assumed by Gell-Mann and Low,’ and have emphasized 
the need of using a gauge-invariant form in order to 
obtain a consistent renormalization procedure. Such a 
gauge-invariant propagator has also been utilized by 
Umezawa ef al.,’* in their discussion of the renormali- 
zation program. Because of this evident need to con- 
sider a gauge-invariant quantity (thereby avoiding the 
danger of mishandling gauge-variant terms), it seems 
worthwhile to state a simple but pertinent theorem 
relating the structure of the bare photon propagator to 
that of the dressed (unrenormalized) propagator. The 
physical content of this theorem may be expressed by 
the statement that the gauge-variant portion of the 
bare propagator is unchanged by the fermion-photon 
interaction; and that although one usually expects to 
renormalize only the gauge-invariant part of the 
dressed propagator, nevertheless its gauge-variant 
portion must also be renormalized if the dressed photon 
operators are to be proportional, but not equal, to the 
renormalized photon operators. This observation is 
made plausible by an examination of the propagator 
constructed in reference 3; but since the theorem also 
provides a similar relation connecting the bare and 
dressed commutators, it perhaps merits a formal state- 
ment and proof. 


2. DERIVATION 
Consider first the unrenormalized photon commutator 


1Dyy’ (x— x’) = (0| nA, (x),A,(2’) ]| 0), 


where the photon and current Heisenberg operators 
satisfy the relations 


OA,=J,, 


Under the following general assumptions: 


0,J ,= 0. 


(a) Dyy' (x) | x0 0 Dyy(x) | xo =-0=(0: 


0 0 
(b) Dy»' (x) | x0 0 
OXy 


i (x) | ro =0 
OXo 


640(1) ; 


1'N. N. Bogoljubov and D. V. Sirkov, Nuovo cimento 3, 845 
(1956). 

2M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 

3 Umezawa, Tomozawa, Konuma, and Kamefuchi, Nuovo 
cimento 3, 772 (1956). 

*S. Kamefuchi and H 
(1956). 


Umezawa, Nuovo cimento 3, 1060 


at equal times the photon and current operators 
commute; 

(d) all matrix elements of J,(x) vanish outside of a 
sufficiently large volume in configuration space ; 


the theorem to be proved states that 
O,9,Dyy' (%) = Oy0,Dyy (x). (1) 


With the usual choice® of the free-field commutator, 
Dy =6yD(x), the right-hand side of Eq. (1) vanishes. 
The dressed commutator D,,’ can therefore not have the 
form D,,'=6,,D’+0,0,G, where G is a gauge-variant 
function satisfying OG=0, since such form together 
with Eq. (1) implies that O.D’=0. On the contrary, 
G must contain a (gauge-invariant) term, G,, which 
obeys the relation 0D’/+O0G,=0. 

A similar statement holds for the unrenormalized 
photon propagator, 


0,0,D Pyy (x) = O,0,D Fyr(X), ( 


where, with the usual choice® of the bare propagator, 
Dey =5 D(x), the right-hand side of Eq. (2) does not 
vanish. This relation will be proved in a manner similar 
to that used in deriving Eq. (1), and also by direct 
construction in momentum space using the gauge- 
invariant form of the photon self-energy II,,. 

The proof of Eq. (1) may be obtained by first cal- 
culating 


OD,’ (x) = —i(0| nL J, («),A,(0) ]|0), (3) 


and then finding the solution of Eq. (3) which obeys 
the boundary conditions of assumptions (a) and (6). 
Writing 


D,,' (x) = Dy x)—i fay D(x,v) 
XO! nLJu(y),A,(0)])0), (4) 


Eq. (4) will be a unique solution for D,,’(x) if there 
exists a Green’s function D(x,y) with the properties 
0,D=8(x—y), Dlr=-0=0, 9D/dxo|r0-0=0, (5) 
for all points y. [If there is a particular function satis- 
fying Eq. (5) it must be unique. ] Constructing D out 
of the available Green’s functions: it must contain one 


5 This assumption will be held until the discussion following 
Eq. (12). As the remarks following Eqs. (6) and (10) indicate, 
both Eqs. (1) and (2) hold in the stronger sense: 0,D,.’=0,D,., 
OpD rys’ = Op D Frys. 
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member which is a solution of the inhomogeneous wave 
equation with a 6(x—y) source; further, any of the 
Green’s functions obeying the homogeneous wave 
equation may be multiplied by a factor e(+yo) 
=+y0/|yo| with a resulting change in the form of their 
boundary conditions. If one uses the convention of 
defining all Green’s functions in terms of the usual 
contour integrals, each having the common multi- 
plicative factor —(2z)~*, that function which satisfies 
the conditions of Eq. (5) can be written as 


D(x,y) = Dr(x—y) —3D™ (x— y)+}e(— yo) D(x—y) 
= 3{€(— yo) —€(xo— yo)} D(a—y), 


and Eq. (4) then becomes® 
; 

Dyy' (x) = Dyy(x) —- fare e(—y)—e(x—y)} 
? 


X D(x—y)(O|nLJu(y),A+(0) ]|0). (6) 


The remainder of the proof then consists of applying 
0, to both sides of Eq. (6), and using current conser- 
vation to obtain 


0 ra) 
( — )he(-9) =e yDee=y) 
OX, OV, 


x (0|nLJu(y),4,(0)]|0 


276 (yo) D(x— y)(0| nL J4(y),A,(0) ]| 0). 


By assumption (c), the equal time commutator of J, 
and A, vanishes; what remains is the relation 


j 
O,Dyy' (X) = OpDyy (x) + fae A 4) —es—9)} 
? 
X D(x— y)(O| nLJu(y),A,(0) J} 0). 


By assumption (d) this surface integral reduces to (the 
difference of) two volume integrals as y+. 
Finally, since the limit {e(—y)—e(«—y)}y+42=9, 
each such volume integral multiples a zero coefficient. 
[One needs the reasonable implicit assumption that all 
matrix elements of J,(y) yield well-behaved volume 
integrals as yy —> +%.] Operation with 0, [necessary 
if Eq. (3) is written symmetrically in J, and A,] then 
yields Eq. (1). This relation is satisfied by the para- 

6 Performing the y integration of Eq. (6) will yield a covariant 
result on the indices u,v because the function multiplying D(x,y) 
has the space-time dependence of a commutator; that is, the 
quantity 


© , ‘ 
f dx? 3 (k*) a €(k)5(k?+x°) [ary D(x,y)et*-u 
0 R < 


is an invariant function of x. An extension of this procedure 
permits one to attempt a spectral representation for D,,’ without 
assuming relations between the one-photon matrix elements of 
A, and its asymptotic form, as used in reference 7. 


FOR 


PHOTON PROPAGATOR 
metric representations of the commutators as given by 
Kallén’ and Wightman.* 

The corresponding relation between the propagators, 
Eq. (2), can be obtain by writing 


Dey! (x—x') = (0| nT z,2(Au(x)A,(x’))|0), 


which, using the previous assumptions (a) and (8), 
satisfies the equation 


DO Dry’ (x) = O Dey (x) +(0| nT ,,0(J(x)A,(0)){0). (7) 


The boundary conditions on Dr,,’ suggest a different 
approach, at this point, from that employed above. 
Applying the operator 0,0, (or just 0, alone) to both 
sides of Eq. (7), using current conservation and as- 
sumption (c), one obtains 


0,0,0 (Dey (x) — Dey (x))=0, 
which has the solution 
0,0, (Dery’ — Dry) =aD(x)+bD (x), (8) 


where a and 0 are constants.’ The boundary conditions 
imposed on Dr,,’, as well as on Dr,,, are such that the 
left-hand side of Eq. (8) has positive frequency de- 
pendence for x>0 and negative frequency dependence 
for xo<0; the right-hand side of Eq. (8), however, has 
a frequency dependence proportional to 


a sinkxy—ib coskx 


= —4i[ (b+a)e*+ (b—a)e**0], R20. 


For ao>0 one must require b+a=Q0, while for x9<0 
the requirement is b—a=0; therefore a=b=0, and 
Eq. (8) reduces to Eq. (2). 


3. DISCUSSION 
In momentum space Eq. (2) reads 
RukyDewy'(k) = kukvDrws(k), (9) 


and may be obtained in a direct way by the use of the 


relation 


Dry’ ( k)= Dery (k) +Dryr (k) IT. (k) Dry’ (k), (10) 


where the function II,,(&) is the sum of all proper photon 
self-energy parts, assumed to have the gauge-invariant 


form 


Huy (R) = (6:0 — Ruky/ Rk?) 11 (R?). 


7G. Killén, Helv. Phys. Acta 25, 417 (1952). Both Eqs. (1) 
and (2) are satisfied as relations between the renormalized fields 
A, and A,®, even through the corresponding commutators obey 
different spacelike commutation relations; this is because Killén’s 
formalism is just an operator gauge transformation away from 
the more conventional equation for the renormalized fields. 

8 A. S. Wightman (private conversation). 

9 This argument is shorthand for setting Eq. (8) equal to 


[ d'y{D(x—y)f(y)4 DY (x—y)g(y)}, 


where f and g are even functions of y but are otherwise arbitrary. 
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With Dry = Sy»D p (R*) and Dp'=Dr+DrllDr’, Eq. (10) 
requires that Dr,,’ have the form 
Dry’ (k) = (Buy — Ryuhy/k*) De’ (kh?) + (huh /k?) De (k*), 
which evidently satisfies Eq. (9). One sees that if only 
the gauge-invariant part of Dp,,’ is renormalized, 
Dr'=Z3Dr.', (11) 
then one cannot simultaneously write 


Ay=Z3'Apge, Dry! =ZsD Pure (12) 


since the latter statement, together with Eqs. (9) and 
(11), leads to the requirement that Z;=1. 
If one begins with the more general bare propagator 


Dey (R) = (Guv—ARyk,/R?) De (R?), 


Eq. (10) then requires the dressed propagator to have 
the form 


Dry’ = (Ou— kyk,/k®) Dp’ + (1—A) (kyk,/k*) Dr. 


In order for the usual multiplicative renormalization of 
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Eqs. (11) and (12) to hold, one must choose 
Deyo’ = (b0— kyk,y/R®) Dee’ + c(i cies d), ‘Z3] (kuk,/k*) Dr. 


Since Z; is probably zero, in the interest of keeping a 
finite function finite one should probably choose \= 1; 
the propagators then have manifestly gauge-invariant 
forms, with Eqs. (2) and (9) vanishing identically. 

Aside from this desirable property, it is interesting to 
note that in this special gauge, calculations to first 
order in e® yield a convergent result for the renor- 
malization constants Z, and Z2; that is, the only di- 
vergence present in the electron’s self-energy, 2, is that 
corresponding to a mass renormalization, 6m.'° Sub- 
tracting the latter, the quantity 2—6m is finite, as, by 
virtue of Ward’s identity, is the corresponding vertex 
operator. 

ACKNOWLEDGMENTS 

It is a pleasure to acknowledge several stimulating 
discussions with Professor R. Finkelstein, Professor D. 
Yennie, Professor A. Wightman, and Professor S. Drell. 


10H. M. Fried and D. R. Yennie, Phys. Rev. 112, 1391 (1958). 
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